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Global Phase Diagram for the Wetting Transition at Interfaces in Fluid Mixtures
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The authors analyze the wetting behavior at interfaces of three-phase equilibria ex-
hibited by a fluid with two independent densities when described in mean Beld. The cal-
culation treats nonuniformities exactly and regions are identified in interaction space
where first- or second-order transitions or no transitions occur. Sullivan's model of the
Quid-solid interface is obtained as a limitirg case, but the global phase diagram is quali-
tatively different from that pertaining to a system described by one bulk order parame-
ter plus bvo surface fields.

PACS numbers: 68.10.Cr

Our understanding of the phenomena of wetting
in terms of the structure and thermodynamics of
the interfaces involved stems from the phenomeno-
logical work of Widom and Cahn. ' Both new in-
sight and new questions, still to be answered by
experiment, have arisen since. ' ' The most
significant effort to obtain a statistical-mechan-
ical description of the wetting transition has been
the study of model systems with one bulk order
parameter in contact with an inert phase or wall
that introduces one' or bvo' ' additional surface
parameters. The global behavior of this class of
systems, i.e., the possibility of first- or second-
order perfect-to-partial wetting transitions, pre-
wetting transitions, and associated surface criti-
cal phenomena, is now well understood. " Here
we briefly communicate the wetting properties of
another model whose global behavior does not co-
incide with that of the above systems. This model
corresponds to the thermodynamic formulas of the
van der Waals (vdW) binary mixture, "and is de-
scribed by a two-component order parameter in
the absence of external (surface) fields under the
restriction that the range of the interaction poten-
tials is the same for like and unlike pairs. The
wetting transition associated with models of fluid-
fluid interfaces has already been calculated in the
square-gradient approximation' and also studied
with a very similar density functional scheme as

!
described here. ' Here we attempt to construct a

"global interfacial phase diagram" by studying
the interfacial properties as a function of the
interaction potential parameters. In contrast to
the one-density Quid model against a wall, the
restriction on the ranges of the attractive interac-
tions to be the same does not suppress the appear-
ance of different types of behavior. It has been
shown" that the relative ranges of the solid-
fluid and fluid-fluid potentials play a crucial role
in determining the order of the wetting transition.
Tarazona, Telo da Gama, and Evans' have a1.so
considered the dependence of the order of the
transition on the relative range of like and unlike
pairs for certain model fluid mixtures. We stud-
ied the model for the range of values of the pa- .

rameters A. and f of van Konynenbur, g and Scott"
for which the equal-diameter mixture exhibits
three-phase equilibria terminating at only one

(upper) critical end point (UCEP). A and g pro-
vide, respectively, a measure of heat of mixing
and critical-point separation of the pure com-
ponents, and therefore with a similar character-
ization of real binary mixtures contact can be
established with experimental results. "

The calculation, which is exact' in the limit of
one-dimensional infinitely ranged interactions
and not restricted to the square-gradient approx-
imation, begins with the consideration of Kac-
type pair potentials between like and unlike pairs
and leads to the following (nonlocal) expressions
for the density functional:

p&= fdr'LfC p, (~)) + -.' Q ~„f«'exp(-I ~-~'l)[p;(~) -pg(~')3lp, (~) p, (~')& &~ p -g C g (~)),-

where

Pf(p, )=pin(l —up)+ Q p, (l —Inp, )+P Q n, , p, p, , p=p, +p, ,

and where the n;,. are the interaction parameters, 0 the molecular diameter of both types of molecules,
p; the chemical potentials, and P the inverse temperature. In terms of the n„we have that A= (n„
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FIG. 1. The interaction space (A, () of the van der
Waals binary mixture and the temperature behavior
of interfacial tensions at three-phase states for the
different interaction regions shown.

+n„—2 n„)/(c|„+o.„)and f = (a„—o.„)/(a„
+ e»). The associated equations for the profiles
are solved under the conditions that phase equi-
libria is possible among three phases. The inter-
facial tensions are subsequently determined as
the excess free energy.

In general, and within the accuracy of our nu-
merical calculations, two sets of density profiles
are obtained for each of the three possible inter-
faces of a three-phase state (in the absence of
gravity). One of them is always the composite of
the profiles for the two other interfaces that satis-
fies the boundary conditions of the interface of
interest. This solution describes, therefore, a
wetting film. The other solution participates in
the description of partial wetting. In what follows
we describe the wetting types found with the help
of interfacial tension versus temperature plots.
Figure 1(a) represents a symmetrical mixture
with an ordinary UCEP, 0& 6& 0.3478 and f =0.
The tensions 0 z and a 8 z are identical for all T
and greater than O„q (the liquid-liquid interface);
the wetting film structure has ahvays the largest
tension. Figure 1(b) corresponds to mixtures
with the geometric-mean combining rule, 5'+ (&
-1)' =1, and, as shown by Sullivan, ' the uy inter-
face has only one possible structure, this being
the composite of the aP and Py profiles. The sys-
tem exhibits perfect-wetting states for all T - T, .
Figure l(c) describes mixtures for which phase
equilibria occur mith total segregation or im-
miscibility of the components. This requires
that, say, n»- ~, so that A =1 and g =1. The
other two parameters, or, what matters, their
ratio n»/n» remains undertermined. This is

the system that maps into Sullivan's model for
the solid-fluid interface' with +» identified as
the fluid-to-mall interaction &. The density pro-
file p, (r) is always a step function, while that for
p, (v) is the fluid-to-wall profile described in Ref.
2. At low temperatures there exist tmo different
structures for the +y interface, the film always
with the largest tension. The two tensions join
tangentially at a transition temperature T -I', ,
the value of which is determined by a»/n». For
temperatures» T only the film structure per-
sists. The system exhibits a second-order wet-
ting transition. Figure 1(d) represents the be-
havior for mixtures in the region in (A, t;) space
bounded by the symmetrical and the geometric-
mean mixtures, i.e., t, "+(&—1)'&1 and A&1.
For these mixtures there exist two distinct struc-
tures for the +y interface for every T & T, . At
lorv temperatures the largest tension corr'esponds
to the film structure and at temperatures closer
to T, the situation is reversed and the film be-
comes the equilibrium state. The transition at
T is first order. There is a corresponding
latent heat and the two interface structures can
coexist at T in regions separated by contours
with a positive line tension. Figure l(e) corre-
sponds to mixtures bounded by the geometric-
mean mixtures and the limiting case &» —0, i.e.,
6'+ (& —1)'&1, l &1, and»0. There exist two
distinct solutions for the &y interface for all T
~ T, but the metting film tension is almays the
smaller. Finally, the dotted curve in the A t;-
plot of Fig. 1 divides (A, &) space into two regions.
Above this line the interface that experiences
the transition is of the liquid-liquid type and be-
low the line it is of the liquid-vapor type. The
curve originates, within the precision of our
calculations, at the center of the so-called shield
region, "where the three-phase line splits into
three branches at high temperatures, and termi-
nates at ~ =f =1, where the perfect-wetting and
nonwetting regimes reported in Ref. 2 corre-
spond to the two possibilities mentioned. The
mixtures on the dotted curve have the behavior
shown in Fig. 1(a)."

Tarazona et al.' have found a second-order
transition in a model mixture with equal-ranged
potentials that falls in our region d (A =0.204 and
g =O.OS5); however, we note an important differ-
ence between the respective model mixtures.
Our calculations correspond to the exact density
functional of the one-dimensional Kac potential
mixture in the vdW limit, where the range of the
repulsions is reduced to a point on the scale in
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which the attractions and the density profiles
vary. This has the effect' that, while the contri-
bution to the functional arising from the repul-
sions becomes local in position, the integrations
in the term representing the attractions range
from zero to infinite separation of the two parti-
cles, and not from the hard-core diameter (clos-
est contact in the original scale before taking the
vdW limit). The difference in the integral equa-
tions for the profiles is not negligible and this
must account for our finding a first-order transi-
tion for these same values of & and f.

The tensions o~&, a~&, and o 8, 8& in Fig. l
are all drawn to meet tangentially at T, . Since
o 8 vanishes with (classical, in this case) expo-
nent p =~ at T, , the film tension o„~,~& joins

aqua with the same exponent. To find how o z ap-
proaches v~ ~ (when it is different from v ~, ~ ~

near T,f we look at the density expansion of their
difference. The lowest-order terms in ~

T —T, ',

for &o =v
&

—o 8 &
can be found by expansion of

Eq. (1) under the condition of stationarity. We ob-
tain

93
r Q " ap, Op,. op„+. . ., (2)

& Bp Bp Bp&

where f„ is the contribution to f from the hard-
core repulsions and ~p; is the difference in densi-
ty i between the ~y and Py profiles. When the
critical end point is approached only one of the
two correlation lengths associated with the pro-
files diverges, and a linear transformation re-

lates p, and p, with the normal density variables
g, and g„each of which responds to only one of
the correlation lengths. Rewriting Eq. (2) in
terms of these variables we obtain for the tem-
perature dependence of &v around 1', the form
hv-

~
T -T,~"'. This result is consistent with

the recently derived" general proof on the tan-
gency of &o for systems under the square-gradi-
ent approximation.

The locus of the transition temperature in (A,
t;) space, shown in Fig. 2, is composed of three
surfaces; two of them appear at opposite sides
of the g =0 axis and correspond to wetting at liq-
uid-vapor interfaces, and the third represents
wetting at the liquid-liquid interface. The sur-
faces meet at T =T, along ridges where the two
liquid-vapor interfaces or a liquid-vapor and the
liquid-liquid interfaces have the same tensions
for all T - T, (they represent mixtures with par-
tial wetting for all T ~ T,). There, the perfect-
and partial-wetting tensions become tangent at
T =T, and hence we identify these ridges as loci
of critical wetting transitions that we denote as
Sp (special points). The three surfaces meet in
the shield region where the three Sp lines merge.
This point is therefore a wetting multicritical
point that we label SR for shield region. Two
other multicritical points appear associated with
the Sp lines, located at the common terminus of
these and the lines of continuous wetting transi-
tions at ~ =+ g =1; we label them PI for perfect
immiscibility. In Fig. 3 we show different sec-

cIN

FIG. 2. The interfacial transition temperature at
three-phase coexistence in interaction space (A, ()
showing wetting surfaces W, critical lines C ', and
multicritical points (encircled labels) .

FIG. 3. Sections of the global interfacial phase
diagram showing wetting lines 8, critical lines Cppp
C„', and C ", and multicritical points (encircled la-
bels). 4 represents the departure from three-phase
states along two-phase coexistence loci.
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tions at constant A of Fig. 2 where in addition we
represent prewetting' transitions and their asso-
ciated interfacial critical points. The variable k

represents the departure in (y,„p,) space along
two-phase lines from the three-phase point at T.
Prewetting occurs at only one of the three two-
phase lines for a given mixture and in the figure,
where we have followed the nomenclature of Ref.
4, we indicate the type of two-phase line to which
h refers in the different regions. We observe
that the Sp points (as in Ref. 4) constitute the
common terminus of the wetting and critical pre-
wetting lines, and hence the SH point is in turn
a higher-order multicritical point, the common
end of the three different Sp lines.

The model mixture is limited by construction
to the regime of marginal surface enhancements, '

j O
p sine e the parti c1e interaction cannot ex-

perience relaxation at interfacial regions rela-
tive to their bulk values. Also, only in the limit-
ing case & =+ f =1 can the ratios o. ;, /o.';; be re-
lated to a surface incremental field. For these
reasons the model does not exhibit the eharaeter-
istie behavior induced by surface enhancements
and fields. On the contrary, the restriction en-
sures that the wetting properties found, such as
the SH and PI multicritical points, are due only
to the consideration of a two-component order
parameter.
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