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Monte Carlo Study of the Two-Dimensional Hubbard Model
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A two-dimensional model of interacting electrons on a lattice, the Hubbard
model, has been studied by means of a numerical simulation technique. Besults
for the half-filled-band sector are presented for lattices of up to 6 x 6 spatial
sites, as a function of temperature and electron-electron repulsion U. In the
ground state, the system is found to exhibit antiferromagnetic long-range order
for all values of U, although greatly reduced from the Incan-field-theory pre-
dictions.

PACS numbers: 75.10.I p, 71.10.+x

Recently, various techniques have been devel-
oped to study interacting quantum systems on a
lattice with use of Monte Carlo (MC) methods. ' '
These techniques open up the possibility of study-
ing in a nonperturbative way previously intract-
able many-electron problems where both features
of band structure and interactions play an essen-
tial role. This approach should be useful in bridg-
ing the gap between localized and itinerant-elec-
tron descriptions of magnetism in narrow-band
systems. ' Here, I begin a study of these ques-
tions by considering the two-dimensional half-
filled Hubbard model on a square lattice.

The Hubbard Ha, miltonian' is a simple model

for interacting electrons on a lattice: It describes
a single band formed by overlapping s orbitals,
with a repulsive interaction between electrons of
opposite spin at the same site. It is thought to
be able to describe many of the features of nar-
row-band magnetism. ' ' In one dimension, it has
been solved exactly with use of Bethe Ansatz
techniques. ' Furthermore, f inite -lattice exact"
and MC" calculations have provided information
on thermodynamic properties and correlation
functions. In more than one dimension, essential-
ly no exact calculations exist although a va.riety
of approximate studies have been performed. ' '

The model is defined by the Hamiltonian

B= P c,„K,,c,„+Urn &n& —ting(n, —0 5),

with n, ~= c; tc,. the fermion occupation number
for spin n = &, & at site i, and K;,. = -t if i, j are
nearest neighbors on a square lattice, and zero
otherwise. p, = V/2 for the half-filled-band case.
The single-particle eigenstates for the case U
=0 have energy

e(k„, k, ) = -2t(cosk„+cosk, ) .
The bandwidth is W= 8t, and I will use units so

that t=1.
I write a functional integral formulation for the

partition function, using a transformation recent-
ly proposed to eliminate the fermion-fermion
interaction, introducing auxiliary Ising variables
v,. (~) =+1. The procedure is simila. r to the usual
Hubbard-Stratoriovich transformation and is dis-
cussed in detail elsewhere. " The result is

Z= Tre —=Tr(, . ~,, &) Tr g exp( a7 g c-, R, ,c,„)exp[+Ac, (T, )(n;~ —n; ~)J, (2)

A, = 2 a,rctanh {[ tanh( AT U'/4) ]~ ) . (3)

The error in obtaining Eq. (2) is O(AT'tU). I have used ATU=0. 5, which should give systematic errors
of a few percent at most. "

Taking the trace over fermion degrees of freedom in Eq. (2) yields'

Z = Tr(, .&,, &)Q det[1+B„(n)B~,(o) ~ ~ ~ B,( ) J
=oTr, det(O~)det(O&),

B,(ct) = exp( ETK) e'xp[ V-,(n) ],
[exp V, (o.)],.„=6,, exp[Ao. a,(T, ) ], .

(4a)

(4b)

(4c)

1900 1983 The American Physical Society



VoLUME 51 N UMBER 20 PHYSICAL REVIEWW LETTERS 14 NovOVEMBER 1983I

(5a)

„,) &c, ,„tc

Similar relatio

, ,„c,, )(c,,„,tc,

lOn funCtiOnS.
r lme-depende ent corre-

slm

df
ion functions " ermion spin- spln

e heat-bath
Monte C

- ath algorithm

band
ht F

an ipartite latt'ices, the
-filled-

lt f
re a-

d = e,)exp[-X P o, (T

ce hat the prod t

corn li
negative at lo

ermi-

sl ation
ures,

somewhat.

g
a Is g sp

od db Bl nk

n ugar, ' which
a enbec ler

h pdates th
c ion at each

ations
p

patlal

een t'me slices the Gr
e recomputed b

e Green's funet

round
eca se of de

convenient tc odoach
arge lattic es &4x4

kinetic-e

lt 1S

zng matrices a e. Beare sparse " Be
'„ Io 1 dt

unction forones in
i he Gre

p ~ p

een s
rough a 6x6

m lation in ol d 20
0 measurem

ve 20 warmu
s. I havee compared

th exact
an found o

At finite

good agree-

inite temperature ional
mo elis n

o- imensi

eeause of
o have m

At 7=0
th M

' -W
}lo th ce of lon-ong-range

! magnetic orde p qeris ano
ry predicts antif

ion. Hartree-
g e le 1Ong-

). = o
i

range ord
uctuations d

atues of U

u estro t

o ' unction:
e spin-

y(k) p ik R ( o~ -noi)(n,~e
'

(n,e — „,-n„i)) . (8)

, this quanti i
c si ein-

is essential t
ace ommoda

p
er finite latti

e, it

e state usin ' '
ounding periodic bound-

HF r0.5-

0.5

SITf, ~~
04

03

0.2

0.1

i

1/81/36 1/26 1/16 1/10

FIG. 1.
1/N

trapolation
ts are

ot used

ar conditions exc oun
=4. F

i ions were used.
agnetiz at ion~ vs U

e . The inset

f 111' thro

ine .
ock

points is
predictions

(z),, =ac and Q=+1 The eequal-time Green'

i+a,(~)a, i(~) ~ ~

ges over more o
'.e.,

products ofo ermion o eo
' operators are obt '

ing

(5b)

j n j2n j3n'

o e o tained bo t '
y performing W' ' o

)

ing iek's eoing
' ' ontractions,

+5~~~(c C.+ti „c,,„)&c c t).i2n i3 n

1901



pH~SI CAI. RE VIE~ LFTTERS 14 NOvEMBER 198351 NUMBER 20VOLUME

0.7

0.6
(s)

862

U/t

ner y vs U for d=2 (MC re-
its) and d=l (exact, rom . . e

are Hartree-Fock re

,
U=O

2

kg T/t

etic moment vs temp erature ongQ i
l lattice ana6x — ' a6 two-dimensiona

dimensional lattice.

t b Oitmaa andns as pointed ou y
'th 11Betts " Such lattices w

d for any num e
'+s' with r an s intisfying N=r +s, w

~)iN at tempera-r +s even. Figure & ra
r = . v~ lotted versus

d Betts groun-he Oitmaa an
s ' for the antiferromag

1 which is the U-~ ' ' Hu-
half -fi e, aal

ults fit a linear ep
st that the model hasexcept for Ã== 8 and suggest a

etic order in the gantif erromagne 1c
s thes . Th inset shows esof U. esact t for all values

ered magnet1za igroun-und-state staggere
reduced from ethe predictions o

Hartree-Fock theory as a resul o
tuations.

s the extrapolated groun-d-state
-Fokth o

'
ldsus U. Hartree- ocenergy versus . ee oc

easonable upp
0= 1 are a soFock results for

hows the em
netic moment, e ithe local magnet e 1

(9)2(S')= (~(n, , -n, ,

is uantity was found to be6 &6 lattice. This quan b
ens1t1ve to

an finite U e
es the noninterac ing va ue a ' a

al system has a
b interaction, bea given value o

ns have more pa sof the fact ath t the electrons
delocalize. ~

netic susceptibi iili ver-Figure s4 hows the magne i

10-
—U=O

U=2. U-4i U=8

0.5 — 'i

0

k8 T/t

sce tibility vs temperaerature on
th —o ti-

FIG.
6 x 6 lattice. The asa

e lattice.bl 1 yl t for an infxnxte

re on a 6&6 lattice. From com-p
parison w1th r

start becoming noti
the o' t act g

- ize effects to s ar ot1
-0.75. In e n

X arithmically as T-
tes at

t 1 hth t
in larity in e

hisItis no ct e

ti-n he magnetic suscep 1-The interact1onn enhances t e m
the d = 1 case (no tless than in e

shown). Aga, in the e
t' n of temperature.ion

nested Ferm1 suurface, the sys-Because of the nes
red here is e pxecet d to be insulating

arResu s
~ ~

for all values of U.
ce of various corre a i1 tion funct1ons

d

1

this pre 1c iappe
p btle because thethe ap 1s su

p ldb hdo not fit a simp
and w111 be d1scusse e

I have reporte r
lf-

In summary,
-dimensional haCarlo simulations of the two- i

1902



VOLUME 51, NUMBER 20 PHYSICAL REVIEW LETTERS 14 NOVEMBER 198$

filled Hubbard model. This is the first Monte
Carlo study of an electronic lattice model of
interest to condensed matter physics in more
than one dimension. I conclude that the system
is an antiferromagnetic insulator in the ground
state as predicted by mean-field theory, although
the staggered magnetization is greatly reduced
from the mean-field prediction. At finite tern
peratures, the behavior is qualitatively similar
to the one-dimensional case: The system is a
paramagnetic insulator, and the magnetic sus-
ceptibility and local moment increase smoothly

.as the temperature is decreased. It will be of
interest to consider the model with further than
nearest-neighbor hopping, so that the Fermi sur-
face is nonnested, as well as the non-half-filled-
band sectors where ferromagnetism could possi-
bly occur. In addition, calculations for small
lattices in three dimensions (4 &4 x 4) appear to
be quite feasible.

This work was supported by the National Sci-
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