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Spectral Dimension for the Diffusion-Limited Aggregation Model of Colloid Growth
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The spectral dimension d, =2d&/d is calculated for the diffusion-limited aggregation
model of colloids and dendritic growth; here d& is the fractal dimension of the aggregate,
and d the fractal dimension of a random walk on the cluster substrate. d =1.2—1.4 is
found for d'=2 and 3, to within the accuracy of the present Monte Carlo calculations.
Thus Witten-Sander aggregates may possess the same remarkable "superuniversality"
discovered for percolation clusters and argued to possibly hold for all homogeneous
fractals.

PACS numbers: 64.60.Cn, 05.70.Jk, 66.10.Cb, 82.70.-y

When diffusion occurs on a fractal, there is a
second length scale, the "radius of gyration" g&,
which is related to the "mass" N& through the
fractal dimension

Iv, - (h, )". (jb)

For Euclidean spaces d =2 for all values of
, while we must distinguish two ranges of g„.'

ff $„» $z, then d =2, while if l «$ «$f,
then $„may in general be expected to take on a
value that depends on the system under considera-
tion. Moreover, interesting parallels exist be-
tween classical diffusion and quantum localization,
as can be seen' by translating results from Eu-
clidean lattices' to fractals.

Qn what specific features of the substrate frac-
tal does d depend'~ For percolation c1usters, an
example of homogeneous fractals, ' Alexander and
Qrbach made a remarkable numerical discovery. '
While d indeed depends strongly on d, the spec-

A wide range of natural phenomena occur in
spaces of noninteger dimension. ' ' Such "fractal
phenomena" are of tremendous current interest.
Most of the attention thus far has focused on char-
acterizing the geometrical properties of fractals.
However, it is of greater importance to seek to
discover how the fundamental laws of nature are
modified for fractal objects. For example, the
laws of diffusion in Euclidean space involve only
a single length scale, the rms displacement g„,
which is related to the number of steps in a ran-
dom walk N„ through the fractal dimension of the
walk, '

tral dimension d, = 2d&/d„appears to be inde-
pendent of d (for d ~ 2); this discovery has been
confirmed by careful studies using Monte Carlo
simulations' and exact enumeration procedures";
to the available numerical accuracy, d, =&4. In
contrast, for the Sierpinski sponge, an example
of a nonhomogeneous fractal, d, depends on d

ld& = [ln(d+1)]/ln2, and d„= [ln(d+ 3)]/1n2). '
Could a general feature of fractals be that d, is
independent of d for all homogeneous fractals Y

If so, the homogeneous fractals would possess a
marvelous "superuniversality" that would dis-
tinguish them in a fundamental way from non-
homogeneous fractals

Here we address this intriguing question by con-
sidering %itten-Sander aggregates, ""which are
homogeneous fractals distinctly different from
percolation clusters (and also different from lat-
tice animals, "another type of homogeneous frac-
tal). Witten-Sander fractals have been used to
describe irreversible aggregation phenomena
ranging from soot particles to colloid growth. ""
By obtaining good statistics from extensive direct
Monte Carlo simulations of very large fractals,
we find that d, is approximately the same for d
= 2 and d = 3, suggesting that d, is independent of
d (unlike percolation, however, there may be no

uppe r c r itic al dime nsio n).
Qur calculation consists of two steps, the first

being the generation of a fractal and the second
being the generation of a random walk on the frac-
tal. Step one has been described elsewhere. "
One places a seed particle on a lattice site at
time t=1. At f=2 a second particle is released
from a random point on a hypersphere surround-
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FIG. 1. A random walk of 2500 steps on a fractal
with 1000 sites (a small aggregate). The sites visited
by the walk are indicated by heavy lines.

ing the seed particle and allowed to undergo a
random walk until it reaches a perimeter site of
the seed." At S= 3, a third particle is released,
and this process continues until typically at times
of order 10' fractals with a large number (Nz = t)
of particles have been formed. The results of
computer simulations suggest that d& —=~d for
small d,"and this finding has been interpreted
theoretically. " For our purpose here, nine large
clusters (averaging 9568 particles per cluster)
were generated for d = 2, and eleven clusters (av-
eraging 7662 sites) were obtained for d = 3. In ad-
dition, five very large (25 000-site) d = 3 clusters
were generated.

The second step is to simulate random walks
on each cluster. To do this, we select at random
one of the cluster sites to be the origin. " We
randomly choose one of the neighboring cluster
sites to be the first step of the random walker,
and then continue this process until a long random
walk has been generated. We started by generat-
ing large numbers (=10') of short walks (200
steps for d = 3 and 1000 steps for d = 2) to obtain
good statistics and avoid the outer (not fully de-
veloped) regions of the Witten-Sander clusters.
However, we found that the effective exponents
describing the random walks were dependent on
the length of the walks" and that longer walks
could be taken without significant sampling of the
outer regions. Consequently, several thousand
walks of up to 2" (8192) steps were generated on
each of the d = 2 clusters and several thousand
walks of up to 2000 steps were generated on the

d = 3 clusters; walks of 5000 steps each were
used on the very large (25 000-site) d = 3 clusters.
Figure 1 displays a walk of 2500 steps on a very
small (1000-site) d = 2 fractal.

Figure 2 shows double logarithmic plots of $
'

vs N„, for typical walks on d = 2 and d = 3 Witten-
Sander aggregates. From the definition (la) we
expect the data to be linear for 1 «( «g&, a
least-squares fit to the linear region for longer
walks gives the values 2/d =0.78+0.03 for d=2
and 0.6+0.05 for d= 3 corresponding to

2.56+0.10, d = 2,
3.33 +0.25, d = 3. (2)
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FIG. 2. Double-logarithmic plot of dependence of
mean square end-to-end distance ( on the number of
steps in the walk, Ã „ for walks on (a), a d=2 fractal
(cg& ——~3), and (b), a d = 3 fractal (0& -—2.4) . The slope
of the straight line is a measure of 2/d, where d
is the fractal dimension of the walk. This particular
d=2 cluster had 6540 sites, while the d'=3 cluster had
7076 sites.

Both statistical uncertainties and our estimates
of systematic uncertainties due to finite-size ef-
fects, etc. , are included in the error limits.

To determine the spectral dimension d, = 2dz/
d„, we calculated d& for the same aggregates
used in this study. Using the definition (1b), we
found 1/d& ——0.580+0.019 for the nine a=2 clus-
ters and 0.398+0.0l2 for the eleven d =3 clusters.
These results are in good agreement with earlier
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(s& =(Z ) (4)

so that d, can be obtained directly without the
need to measure d&. The plots for typical d =2
and d=3 walks are shown in Fig. 3. Averaging
over all walks and all clusters studied, we find

s 1.30 ~0.06 d= 3

work. "" A more detailed analysis" of the five
large (25000-site) d = 3 clusters indicates that dz
=2.4+0.1 (1/d& ——0,416+0.016) and it is this re-
sult that we use to analyze our d= 3 data. From
these results we find

1.35 +0,10, d = 2,
3..44 +Q.20, d = 3.

Thus our results are consistent with the concept
that d, is independent of dimension.

We also calculated the mea'n number of sites
visited by the random walk, '

scatter, and the exponents showed no significant
tendency to increase or decrease for longer walks.
The second type of calculation was for "higher
moments. " For example, EII. (1a) implies that
the mean of the fourth power of the displacement
scales as (JIf )4/~~ so that measurements of this
quantity provide an estimate of d that weights
the longer walks more than the shorter walks,
and is independent of the value obtained from EII.
(la). Similarly, Eq. (4) implies (s') -(N )"~.
Our calculations for these higher moments give
essentially the same results as in (2)-(4), in-
creasing our confidence that the walks studied
were sufficiently long to provide reliable exponent
values.

Finally we calculated the probability of return
to the origin by measuring the fraction, E„of
walks that return to the origin after a walk of
length No. One expects that' '

(~ } ds/~ (6)

To check for systematic trends for longer walks,
we carried out two additional types of calculation.
The first of these consisted of binning data by
powers of two. The binned data displayed little

and we estimate

1.20+0.1, d = 2,
s 1 30~01 (7)
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In summary, we have introduced the problem of
random walks on Witten-Sander aggregates,
which is of interest because one can determine
the spectral dimension d, for a random fractal.
Our results support the concept that all the prop-
erties of a random walk on a homogeneous fractal
substrate can be described in terms of the fractal
dimension (d&) of the substrate and the spectral
dimension (d, = 2d&/d ). In addition, our results
are consistent with the conjecture that the spec-
tral dimension is independent of the Euclidean
dimension (d). However, our data could also be
interpreted to indicate a slightly larger spectral
dimension for d = 3 than d = 2. We are hoping to
carry out larger-scale simulations to obtain more
accurate estimates.

We thank S. Bedner for a useful conversation.
This work was supported in part by the National
Science Foundation, the U. S. Army Research Of-
fice, and the U. S. Office of Naval Research.
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FIG. 3. DouMe-logarithmic plot of the dependence
of the mean number of sites visited (s) on X for
typical walks on the same d=2 and d= 3 fractals shown
in Fig. 2. The slope of the straight line is a measure
of df /d = d /2 where d is the spectral dimension
(Ref. 8).
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