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Chaos in the Semiclassical N-Atom Jaynes-Cummings Model: Failure
of the Rotating-Wave Approximation
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The problem of a collection of two-level atoms interacting with a single-mode classical
electromagnetic field is considered. It is found that the model with an initial population
inversion exhibits chaotic behavior that becomes stronger for higher atomic number den-
sity. The chaos is characterized by Fourier analysis and the maximal Lyapunov exponent.
In the rotating-wave approximation, however, there is no prediction of chaos.

PACS numbers: 42.50.+q

x(t) = —~,y,
y(t) = c,x+ (2p/S)E(t)z(t),

z(t) = —(2P/~)E(t )y(t ) .

(1a)

(lb)

(1c)

One of the fundamental theoretical paradigms of
quantum optics is the Jaynes-Cummings model. '
As originally formulated, the model consists of
a two-state atom interacting with a single mode
of the electromagnetic field. The virtue of the
model is that, within the rotating-wave approxi-
mation (RWA), it is exactly solvable, regardless
of whether the field is treated classically or quan-
tum mechanically. A generalization of this model
to include N two-state atoms interacting with a
single mode of the electromagnetic field was
studied by Tavis and Cummings. ' Again, with the
RWA it is exactly solvable.

The RWA is used almost universally in quantum
optics, and its validity is seldom questioned. An
exact treatment, if possible, typically leads in
resonance problems to only very small quantita-
tive differences from the RWA. An example is
the Bloch-Siegert shift. ' Tavis and Cummings'
note that the breakdown in the RWA occurs for
extremely high-intensity fields. In fact, it is
just in this regime where the atomic system can
generate high-intensity fields that we observe
chaos and the failure of the RWA.

In this Letter we reconsider the model of Tavis
and Cummings, a system of N atoms per unit
volume interacting with a single-mode field. We
treat their fully quantum problem semiclassically
(i.e., no field quantization), but do not restrict
ourselves to the RWA. We show that this funda-
mental model of quantum optics admits chaotic
behavior. However, when the RWA is made, only
quasiperiodic solutions are found.

The interaction of a two-state atom with an elec-
tric field E(t) is described by the well-known
optical Bloch equations':

With a density N of atoms, the single-mode field
of frequency co satisfies the Maxwell equation

E(f ) + ~'E(t) = -4~~Ps(t) . (2)

We are using a fairly standard notation in which

p is the transition dipole moment, assumed to be
real. ~0 is the transition frequency of each atom,
z is the population difference, and x and y are
the dipole variables defined in terms of off-diag-
onal density-matrix elements. I et T = &u, t, E(t )
=(2p/S~, )E(t). Then with T as the independent
variable, we may write (1) and (2) as

x(~) = -y(~),

y(T) =x(7.) +E(7)z(T),

z(~) = -E(T)y(T),

E(~) + ~'E(~) = py(T),

(3a)

(3b)

(3c)

(3d)

where we have introduced the dimensionless pa-
rameters

P, = (d/(do, p= 8vNp /R(u, .
Taking p =1 D and v, =10" Hz, we have p= 2.4
F10 "N, where N is given in units of inverse
cubic centimeters.

Equations (3) have been solved numerically for
various values of y. and P and for different initial
conditions. For our purposes here it is sufficient
to focus on the particular case of exact resonance
( p, = 1) and the initial conditions x(0) =y(0) =0, z(0)
=+1 for the atomic variables. In other words,
all the atoms are excited (z =+1) or in their
ground state (z =-1) at t=0. For the case of no

population inversion we do not find chaotic be-
havior. This occurs physically because our ini-
tial conditions for the electric field are such that
the RWA initially is a valid approximation, E(0)
= 10 ', and E(0) = 0. If the initial conditions for
the atoms allows a population inversion (z & 0)
and there are a sufficiently large number of
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atoms, then this initially small electric field can
grow to high intensities, the RWA will fail, and
chaos will be exhibited. We have found that the
better the RWA is in describing the dynamics,
the weaker the degree of chaotic behavior.

Let us now consider the physically interesting
regime where initially z =+ 1, E(0) = 10 ', and
E(0) = 0 as a function of the atomic density. through
the parameter P. Figures 1 and 2 show z(v), to-
gether with the power spectrum of this time ser-
ies obtained by applying a cosine bell window and
then taking a 4096-point fast Fourier transform.
As s9 increases we see increasingly greater com-
plexity in the spectrum. Figure 2, for instance,
strongly suggests that the system is chaotic for
P= l.

The dynamical system (3) with /= 0 is manifest-
ly orderly (nonchaotic), for the integral x'+y'+z'
=1 reduces it to a system of order two. Figure
3(a) is a plot of x vs y for this case. In Fig. 3(b)
we show the corresponding result for /=1. 0. The

orderly pattern in the case P = 0 has been de-
stroyed.

Chaotic behavior is characterized by "very sen-
sitive dependence on initial conditions. " In par-
ticular, it is generally recognized that a rigorous
measure of chaotic behavior may be given in
terms of the Lyapunov spectrum of the system.
A positive characteristic Lyapunov exponent is
associated with chaotic behavior because on av-
erage it represents an exponential separation of
initially close trajectories. For the purpose of
simply identifying chaotic behavior it is suffi-
cient to compute the largest exponent, and this
may be done by use of the technique described
by Benettin, Galgani, and Strelcyn. The result
of the computation for the parameters of Fig. 2

gives A. =0.087, showing that the atom-field sys-
tem in this case exhibits chaos. For small val-
ues of P we appear to be converging to smaller
values A. &0, whereas for P=Q, A. =O. Thus the
chaotic behavior of the system appears to be-
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FIG. 1. (a) Population inversion z(T) for P= 0.01.
(b) Power spectrum of the time series shown in (a).
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FIG. 2. (a) Population inversionz(T) for P = 1.0.
(b) Power spectrum of the time series shown in (a).
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come more pronounced as P increases.
In the RWA we write

x(t) = u(t) cos~t —v(t) sin&et,

y(t) =u(t) sin(ut+v(t) cosset,

z(t) =u(t),

E(t) = e(t) cosset,

(5a)

(5b)

(5c)

(5d)

and assume that u, t, u, and ~ are slowly vary-
ing compared with cos~t. Then the RWA version
of (1) and (2) is found to be'

u(t) = -t v(t),

v(t) = ~u(t) +(p/a)e(t)u(t),

k(t) = -(p/8)e(t)v(t),

i(t) = 2pN~mv(t) .

(6a)

(6b)

(6c)

(6d)

This system has two integrals: u +0 +N =const
and halo c'+/4& = cotn, sand these reduce the
dimension of the autonomous system (6) to two.

FIG. 3. x(z) vs y(7-) for (a) P = 0 and (b) P = 1.0 where
Z(0) =1.

In such a case the RWA equations can give only
orderly time dynamics [analytical solutions of
(6) have been known for some time].

However, the integrals of (6) break down when
damping terms are included. In fact the system
(6) with A = 0 and damping terms included is iso-
morphic to the Lorenz model, as previously noted
by Haken. ' Thus, with damping terms included,
the RWA equations of the semiclassical Tavis-
Cummings model admit chaos for a certain range
of parameter values. '

The fact that the RWA version (6) of the system
(1) precludes chaotic evolution suggests that cau-
tion should be exercised in other quantum-optical
problems where the possibility of chaotic behav-
ior exists. This is not the only example in which
a well-known approximation fails in this context:
If one includes damping terms in (6) and then
makes the rate-equation approximation, the order
of the system is reduced from three to two, and
the new dynamical system has only regular be-
havior.

A more detailed analysis of this model of chaot-
ic behavior in quantum optics will be given else-
where. At this point it may be useful to summa-
rize our main results: (A) The system (3) exhibits
chaotic behavior, but its RWA version (6) does
not. (B) The degree of chaos observed in (3) is
inversely related to the validity of the RWA as
we have found by observing the time development
of the magnitude of the variable F(r). (C) The
chaos becomes more pronounced as P increases,
but it may nevertheless be present for all P&0.
(D) Chaotic behavior is obtained for certain pa-
rameter ranges if damping terms are included
in the RWA equations (6).

The initial field value E(0) =10 ' assumed in
Figs. 1 and 2 corresponds to an initial Rabi fre-
quency of 10 times the transition circular fre-
quency, a physically reasonable value. Actually
our conclusions are insensitive to E(0). The
values / =0.01 and 1.0 correspond to N = (4.17
and 417) x 10~0 atoms/cm-" for p = 1 D. Fairly
large number densities are therefore required
to realize the strongly chaotic regime. When N
is large, the field generated by the atoms be-
comes large, and, as we previously stated, this
is just the regime where the RWA fails. For low-
er values of N, the RWA may give an excellent
approximation for the oscillation amplitudes,
while nevertheless giving orderly rather than
chaotic evolution. In such a case there is little
relative energy in the broadband, chaotic portion
of the time evolution.
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The problem of extending a classical or semi-
classical analysis of chaotic behavior to quan-
tum mechanics is of great interest. Within the
RWA neither the semiclassical nor fully quantized
treatments predict chaos, ' whereas we have
shown that without the RWA the semiclassical
theory does predict chaos. It would therefore
be very interesting to consider the fully quan-
tized Tavis-Cummings model without the RWA.
This problem is presently under investigation.
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