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The confinement oi the observed fluorescence to
the 3p-5d transitions in C II and the absence of
fluorescence with the Mg plasma were proof that
three-body recombination pumping was not the
cause of the observed fluorescence.

In summary, selective optical pumping of an

upper state in one ion species using nearly coin-
cident line radiation from another species has
been experimentally demonstrated. While the
fluorescence observed is in the ultraviolet, the
concept verified here is the principal. pumping
scheme for a new generation of soft-x-ray laser
experiments. With the modest pump powers
available to us, experiments in the x-ray regime
are not feasible. However, extreme ultraviolet
fluorescence measurements at 62.2 and 48.4 nm
based on the 2s2p'-2s'2p' Mg VI line at 29.135
nm pumping the 2s5p-2s' C III transition at
29.133 nm are underway.
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Model mode-coupling equations for the resistive drift-wave instability are derived and
numerically solved to study the properties of turbulence near a plasma edge. The wave-
number spectrum of the turbulence is found to exhibit an inverse cascade to form an iso-
tropic, two-dimensional Kolmogorov spectrum, jz, in the large —wave-number regime.
The turbulence has a broad frequency spectrum with a large saturation level and produces
Bohm-type particle diffusion.

PACS numbers: 52.30.+ r, 52.35.Ra

A number of experiments now clearly indicate
that a tokamak-type plasma with a strong mag-
netic field exhibits a large level of density fluc-
tuations which increase near the edge. '*' The
observed frequency spectra are usually broader
than the drift-wave frequency revealing their
strongly turbulent nature. ' '

Recognizing that the classic weak-turbulence
theory fails to explain these results, Fyfe and
Montgomery4 as well as Hasegawa, Kodama, and
Maclennan' have presented theories of strongly

turbulent drift waves based on the model equation
derived by Hasegawa and Mima. ' It was found
that the wave-number spectrum rotates from that
peaked in the azimuthal direction to that peaked
in the radial direction' and that the spectrum
obeys the two-dimensional (2D) Kolmogorov
law. 4'

The importance of mode coupling in such strong-
ly turbulent plasmas is now being recognized by
many authors. In particular Waltz' as well as
and Terry and Horton' have made extensive nu. -
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merical studies of the spectrum evolution based
on model mode-coupling equations and have suc-
cessfully demonstrated that a broad frequency
spectrum in fact originates from these models.

In this Letter we report a derivation of model
equations suitable to explain drift-wave turbu-
lence observed near the edge of tokamak plasmas,
and the results of numerical solution of these
equations. We present a dynamic evolution of the
spectrum and the resultant particle diffusion
across the magnetic field. The resulting wave-
number spectrum at saturation is of the 2D Kol-
mogorov type (-k ') and the frequency spectrum
is broad and peaked at &u ~ ~ (~„ is the drift-
wave frequency) in good agreement with observa-
tions. ' ' In addition, a Bohm-type diffusion is
found to result from the turbulence. The dis-
covery of the Bohm-type diffusion is based on

our theoretical recognition that the turbulence is
found to be controlled by only two parameters,
the normalized density gradient tcp, [where K

(=
~

&Inn, /Sx ~) is a measure of the density grad-
ient, and p, = (T, /m, )' '/~„ is the ion Larmor
radius at the electron temperature, T, ] and the
normalized ion viscosity

(where T; is the ion temperature and v, , is the
ion-ion collision rate), and that the particle flux
induced by the turbulence is found to depend al-
most entirely on ~p, .
We consider an edge plasma where the tempera-

ture is sufficiently low such that the electron
mean free path is shorter than qR (q is the safety
factor and R is the major radius). There the
Landau damping is less important than the colli-
sional damping, yet the parallel heat conductivity
is sufficiently large that the electrons may be
treated as an isothermal fluid. These conditions
are met if cuv, '«U~'(v, qR) 'x O(1), where &u

is the typical frequency of the turbulence, v, is
the electron collision rate, and v ~, is the thermal
speed. The resulting mode-coupling equations
significantly simplify the earlier attempt for col-
lisional drift-wave turbulence. "

We treat ions as a 2D warm fluid with ordering
similar to that of the Hasegawa-Mima equation. '
The equation for ion vorticity Vxv = (V'y/B )z is

d ~ VjgXg 'V,
dt &t Bp

(2)

where 2 is the unit vector in the direction of the
magnetic field.

The quasineutrality condition relates the ion
number density to the electron number density
through the continuity equation:

fl 1 1 ~J,
+ lnnpdt np

' enp eZ

where d/dt is the same as Eq. (2) and 4, is the
perturbed current density in the S direction. The
assumption of the isothermal electron fluid re-
lates J, to n and y through the equation of motion
in the S direction by

T ~ n, ep

Here T, (=const) is the electron temperature and

g is the resistivity.
If we eliminate t„we can construct coupled

nonlinear equations for y and n, . If we use the
normalization ey/T, = cp, n, /no—=n,—~„t=t, and

x/p, =x, the coupled equations become

——Vyxk V V'y=cy y —n +c,V'q (5)

8——VyXk V n+lnnp =c, cp-n,

where

c C

Similar equations were recently derived also by
Bekki et al." The conservation laws for the en-
ergy E and potential enstrophy U result from Eqs.
(5) and (6):

then given by'

d 7'p n, V y
dt Bp(d ' 'np Bpct)

where n, is the density perturbation, cp is the
electrostatic potential, n, (x) is the background
density which varies in the x direction, and p,

[=3T; v;;/(1O m;~„)] is the kinematic ion-vis-
cosity coefficient. The convective derivative d/dt
is given by

——f [n +(Vy) ]dV=- —E(t) = —c,J(n —y) dV —c, f (V y)'dV- fn(I&TI) Vq dV,
2 ~t ~t

(8)

—J (V' cp —n) ' d V = —U(t ) = —c,J (n —V' y) V q d V —J n(Zx R) ~ V y d V,
2 ~t ~t
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where k= -p, Vine, = Kp, .
Near the plasma edge, we assume that the den-

sity gradient has a constant value which is equiva-
lent to an exponential density profile. Then Eqs.
(5) and (6) become uniform in space. Equations
(5) and (6) show that the nonlinear behavior of re-
sistive drift waves is completely characterized
only by three parameters, Kp„c„and c,.

We postulate that in a toroidal geometry the
plasma will choose the parallel wave number
such that the growth rate of the instability is max-
imized for a given value of the perpendicular
wave number of a perturbation. Then c, is given
by" c, = 4k'k, R/(1+k')', where k =(k„'+k, ')' ' is
the perpendicular wave number which is normal-
ized by p, '. Under this assumption, on1.y two
free parameters are left: Kp, and c,.

We have solved Eqs. (5) and (6) numerically to
study the nature of the turbulence described by
these model equations for various values of Kp,
and c,. The number of modes used in the calcula-
tion is 24X24. The integration time step is tak-
en to be —,', -4', . The numerical error is checked
with the energy conservation law, Eq. (8), and is
kept within 5%. When we start from an initial
condition of

~ y, ~' = 0.005/(1+k'), saturation in
the total energy E(t) is found to appear at t =150.
E(t) is then found to oscillate around the satura-
tion level. The saturation level is found to in-
crease linearly with K indicating that the source
of the instability is the density gradient.

Figures 1(a) and 1(b) show the temporal varia-
tions of the k„and k, spectra obtained by inte-
grating the energy spectrum —,'( ~n„~'+k'~ y„~') with

respect to k, and k„, respectively. Near satura-
tion, the wave-number spectrum of the energy is
seen to form an inverse cascade in the y direc-
tion from a peaked spectrum and to cascade to a
larger wave number in the x direction, a tendency
qualitatively similar to that found earlier" for
collisionless drift-wave turbulence. The wave-
number spectrum at large k is very close to the
2D Kolmogorov spectrum, ' E,=k '. This spec-
trum corresponds to the inertial range of en-
strophy, ' and thus the energy does not cascade in
this range.

The frequency spectrum of the number-density
fluctuation for a fixed value of k=k„~a@~I, is
shown in Fig. 2 for k, =(0.59, 0.59). It is obtained
by averaging over a time interval after the satura-
tion. Here ~ is the drift-wave frequency k, k/(1
+k') for k =k,. The frequency spectrum for a
larger value of k was also studied and found to be
significantly broader. The qualitative fea.tures
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of the broad spectrum peaked near ~ ~ ~+ agree
well with the experimental observations. ' '

The total energy F(t) = -,'5, ( ~
n„p+k'I y, l

') at
saturation, E„„is found to be proportional to K

and c, for the range of parameters, 0.2 ~ K ~ 0.8
and 5x10 '~c, &3x10 '. (This range of c2 is
chosen for numerical reasons. ) The best fit to
the several runs yields

F„,=6K(1+140c,),
while the saturated squared density fluctuation
—,'p„~n, ~' was approximately 75@ of F. „,. The
reason that E„, increases with c, is probably
the inverse cascade nature of the turbulence. We
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FIG. 2. Frequency spectrum of the density perturba-
tion at a fixed value of the wave number 40 ——(0.59, 0.59).

note that the saturation can occur by excitation of
a mode with k, in the direction of the ions' dia-
magnetic drift.

Since K is taken to be constant, the numerical
results give a spatially uniform particle flux in
the x direction, r(t) = (nu„). r(f) grows in time
and approaches a stationary level as the instabil-
ity saturates. The saturated level of the flux I'
then also depends only on the two parameters K

and c,. From several numerical runs, I' is also
found to increase linearly mith K and c, for the
range of the parameters as shown in Fig. 3.
From the results shown in this figure, we find
r =1.0~(1+60 e,) .

Now the unnormalized particle flux I", is given
by

r, =-((ey/&y)n, ) = rn, c, .
For most plasmas c, =0, thus l = 1.0 K = 1.0Kp, „
and hence

I 0 Kp, noc, .
This flux corresponds to a diffusion coefficient
D given by

D = r, /~n, = T, /e&„

which is Bohm-type diffusion (but with the coeffi-
cient 16 times that given by Bohm). The particle
diffusion near the edge of tokamaks is in fact
found to be Bohm type in several experiments. "''4

If we take the example of the Caltech Research
Tokamak (R =45 cm, a = 15 cm, 8~=4 kG, T,d
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FIG. 3. Dependencies of the saturated particle flux 1
on parameters (a) K and {b) c2. Examples shown are
for c2 ——0.025 and K=0.4, respectively.

=25 eV, n~« =10"cm ', the plasma is marginal-
ly collisional), then c,=5&10' cm/sec, p, =0.13
cm, and thus if we take K=6 ' cm ' and K= 48,
Eq. (11) gives I;=1.0xlo" cm 'sec '. In addi-
tion, Eq. (10) gives E „,=0.13. Since —,'Pin, i' is
75/0 of F.„„this gives I(n, /n, ) i

=0.31. Both of
these numbers are in good agreement with the
observation. "

In summary, we find that the plasma turbulence
excited by a resistive drift-wave instability is
characterized primarily by only one parameter,
Kp, . The resulting particle diffusion is of the
Bohm type, D = T, /eB» and the wave-number
spectrum is of the Kolmogorov type, k '. The
results compare well with the experimental ob-
servations qualitatively as mell as quantitatively.

One of the authors (A.H. ) appreciates valuable
discussions with P. K. Kam, H. Takayasu, and
T. Taniuti on theoretical aspects of the work, and
with S. Zweben and C. M. Surko on the experi-
mental observations of plasma edge turbulence.
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The first renormalization-group approach for irreversible growth models of randomly
branched aggregates is presented. The main result is that the Witten-Sander diffusion-
limited aggregation model, a discrete version of a dendritic growth model, is in a dif-
ferent universality class than "equilibrium" lattice animals. Also calculated is the frac-
tal dimension for the Witten-Sander model and the Eden model (a model developed for
the study of biological structures).

PACS numbers: 68.70.+w, 05.70.Jk, 64.60.Cn, 82.70.Rr

There has been considerable recent interest in
the physical mechanisms governing the structure
of randomly branched aggregates or clusters
formed by an irreversible kinetic process. Much
of this interest is due to the applicability of these
mechanisms to a va.riety of problems such as
branched polymers and the sol-gel transition, '
coagulation of smoke particles, "turbul. ence,"
the early stages of nucleation, ' and the growth of
tumors. "Much of our understanding of the
structure of clusters formed by irreversibl. e
growth processes has been obtained by computer

si.mulation. Although such a procedure can yield
accurate results and many insights into the struc-
ture of such clusters, it nevertheless is not usual-
ly sufficient to establish the universality classes
for kinetic aggregation nor to determine how the
structure of such clusters might differ from clus-
ters formed by a random "equilibrium" process';
e.g. , percolation clusters which model gelation
and random lattice animals which model dilute
branched polymers. Here we develop a renormal-
ization-group method applicable to kinetic ag-
gregation problems.
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