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Quantum Statistics for Distinguishable Particles
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Quantum statistics can be reconciled with such classical ideas as distinguishable parti-
cles. Bose-Einstein and Fermi-Dirac statistics are derived for distinguishable particles
by making an assumption regarding probabilities which is different from the traditional as-
sumption but equally reasonable.
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Since the inception of modern quantum mechan-
ics, there has been interest in reconciling quan-
tum theory of measurement with classical ideas
such as distinguishability, locality, and determin-
ism. ' One approach is to assume that the quan-
tum state vector corresponds not to the particle
itself, but to some statistical ensemble of par-
ticles. This interpretation immediately suggests
remedies for the most disturbing aspects of quan-
tum measurement theory.

Unfortunately, many conceptual and practical
barriers impede the development of a consistent
statistical interpretation in which quantum me-
chanical equations are viewed as describing en-
sembles of essentially classical particles. Among
these is the fact that such classical particles are
presumably to be treated as distinguishable. Yet,
distinguishable particles obey Maxwell-Boltzmann
statistics, whereas real particles obey Bose-Ein-
stein or Fermi-Dirac statistics.

Here we show that distinguishable particles can
in fact obey Bose-Einstein or Fermi-Dirac statis-
tics. This result is surprising and fascinating in
its own right. Moreover, the crucial step in de-

riving quantum statistics for distinguishable par-
ticles is a simple change in the usual assumptions
regarding probabilities. Thus, our work suggests
that a reconciliation of quantum mechanics with
the classical idea of distinguishability must begin
with a reassessment of traditional probability as-
sumptions. Pitowsky' reached similar conclu-
sions regarding the reconciliation of quantum
mechanics with the principle of locality.

In a traditional derivation of quantum statistics, '
one assumes that an electron will occupy each
available state with equal probability weighting.
Thus, all distinct configurations are equally like-
ly, aside from constraints due to conservation
laws. For N particles distributed among M dis-
crete states, the probability of a set of occupan-
cies, (n,. ), i = I, . . . , M, is simply proportional
to the number of distinct configurations corre-
sponding to jn,.). If one counts distinct configura-
tions assuming distinguishable particles, one ob-
tains Maxwell-Boltzmann statistics, with the
probability

P(n, j=M "N!/n, !n, ! ~ n~! .
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With indistinguishable particles each (n,.j defines
a unique configuration, and one obtains Bose-
Einstein statistics,

(2)

independent of the particular (n,.j. If one further
imposes the Pauli exclusion principle, Fermi-
Dirac statistics are obtained.

Two crucial assumptions are made in deriving
(1) and (2). First, each distinct configuration is
taken to have equal probability. This assumption
is (apparently) dictated by symmetry and simplic-
ity. To obtain quantum statistics, one further
assumes particles to be indistinguishable. Though
contrary to familiar classical thinking, this as-
sumption is accepted because it yields physically
correct results for observable quantities.

Here we show that the latter assumption can be
replaced with the more intuitive one of distin-
guishable particles, if we modify the assumption
that all distinct configurations have fixed equal
probability weighting. We instead assign each
discrete state i an arbitrary probability weighting

(zo,j, subject only to the fundamental restrictions
on probabilities, 0 &w,. &1 and P, ,w, = l. The ob-
served statistical distribution is taken to be the
average over all possible fm, j. Thus, the Max-
well-Boltzmann distribution (1) is replaced by

(3)

The integral can be evaluated easily by incorporat-
ing the constraint on w,. via the limits of integra-
tion, taking 0 &g ~1-zv„etc. Each successive
integral then has the form

f w (a-u)"dw

and (3) can be solved recursively with the result
P{n,.j=N!(M- I)!((N+M-1)!. This is exactly
the Bose-Einstein result (2).

For the case of Fermi-Dirae statistics, the
Pauli exclusion principle requires that n,. =0 or
1. Then (3) still gives P(n,.j independent of In,.j
(for all allowed values) as does a traditional analy-
sis assuming eitkexdistinguishable or indistin-
guishable particles.

The assumption made here of a uniform random
distribution of probability weightings may at first
seem arbitrary. However, in the absence of prior

knowledge it is arguably more natural (i.e., en-
tails a weaker assumption) to take the probability
weights of the states as arbitrary and random
than equal. Equation (3) is merely the statistical
average over ensembles of systems with inde-
pendent arbitrary weights (w,j.

We mentioned the possible significance of this
result for a statistical interpretation of quantum
mechanics. The ensemble average (3) immediate-
ly suggests a stochastic hidden-variable theory.
Hidden-variable theories represent a major
class of attempts to resolve problems in the
interpretation of quantum mechanics. " Since
there is no reason why such a theory should be
factorizable, it need not have the undesirable
features of deterministic hidden-variable theo-
ries (such as satisfying the Bell inequalities). '

On the other hand, our result has at least one
interesting implication even within the frame-
work of traditional quantum theory. Indistin-
guishability is often taken to refer simply to the
counting assumption underlying the usual deriva-
tion of (2), viz. , that configurations differing
only by exchange of particles are not counted as
distinct. Since we have shown that either set of
counting assumptions can lead to quantum statis-
tics, the statistics which particles obey cannot
be a criterion for their distinguishability.

Pitowsky' recently showed that spin- —,
' statistics

may be reconciled with the principle of locality
by the introduction of a nontraditional model of
probabilities. That result, together with our own,
forcefully suggests that quantum mechanics may
after all be compatible with classical ideas of
locality and distinguishability; the key appears
to lie in a reevaluation of underlying assumptions
about probabilitie s.
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