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High-Current Betatron with Stellarator Fields
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By adding an ! =2 stellarator field to a betatron accelerator, a new configuration is ob-
tained which is capable of accelerating multikiloamp beams and which will tolerate a large
(more than 50%) mismatch between the particle energy and the vertical magnetic field. The
additional field is a twisted quadrupole which acts as a strong-focusing system. This de-
vice has been analyzed both analytically and numerically.

PACS numbers: 52.75.Di, 29.20.Fj

Conventional betatrons'2 are current limited at
injection. Recently, efforts have been made to ex-
tend the current-carrying capability of the beta-
tron. For example, the plasma betatron® employs
a toroidal magnetic field in the direction of the
particle orbit to contain the plasma. Current in-
terest is focused on high-current nonneutral
electron acceleration in modified betatrons.*"®

By adding a stellarator field to a cyclic accel-
erator, a strong-focusing system’ is obtained
which can sustain high currents and large mis-
match between particle energy and vertical field.
The energy bandwidth relaxes the design require-
ments for the injector and the magnetic field sys-
tem. Unlike fixed-field alternating-gradient beta-
trons,® the stellarator-betatron (or stellatron) in-
cludes a strong toroidal field to confine very high
currents. Figure 1 shows a sketch of the stel-
latron configuration.

We have quantitatively studied the stellatron
configuration. Our studies have consisted of nu-
merical and single-particle orbit calculations,
as well as analytical linearized orbit theory, in-
cluding the beam self-fields.

We may study the behavior of an intense elec-
tron beam in the stellatron quantitatively by con-
sidering small departures from a “reference
orbit,” a circle located at the null point in the
quadrupole field, at ¥ =v,, 2=0. Here and below
we use a cylindrical (»,6,z) coordinate system
with origin at the center of the torus’s major
cross section. Quantities evaluated at the ref-
erence orbit will carry a subscript 0 below; de-
partures from this orbit will carry a subscript 1.

The twisted quadrupole field, of period 21 /m,
then is written as

B, =kB (-7, sinmb +z, cosm9),

¢y

B,=kB(r, cosmb+z, sinm0), Bg=Bg,,

where 2,B;,Bg, are constants, and the betatron
field is

B‘r‘E —nBzozl/yos BZEBZO[I—n(rl/ro)]} (2)

where B, is the vertical field at the reference
orbit and # is the usual field index.

We consider the motion of an electron located
within a beam whose center is located at » =7,
+A7, z=Az; the electron’s position is » =7,
+Ar +0r=7r,+7v,, 2=Az+06z=2z,. Using a cylin-
drical approximation for the beam self-fields, we

Betatron
Field

Stellarator
Field

FIG. 1. Stellatron configuration.
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0

0,== /702, (3¢c)

where Q,,=¢B,,/myC, v, is the relativistic factor
for the reference orbit, w,2=4me?/my,, n, is
the beam number density, 7, is the minor radius
of the beam, a is the minor radius of the (perfect-
ly conducting) chamber, and u=Fkv,B,/B,,.

By performing a formal ensemble average of
(3a)-(3c) one may find equations governing single-
particle motion and that of the beam centroid.
Details will be published elsewhere. By changing
the independent variable from ¢ to 6, and making
the transformation & = (r,+iZ,)/7,=9 exp(im6/2),
one obtains an equation for ¢ which may be solved
in the special case, n=3, with the following re-
sults.

Particle motion is oscillatory (under certain
conditions; see below) about a center located at

& _ A=)
vy Ty +pEmE+mb—n,)t?

4)

where 71, =3 —ng, 1y =w,%/2y,22,2, b=Bgo/B,0,
A=v,/B,2v,, and angular brackets denote an en-
semble average. There are five characterisitc
oscillation frequencies, mQ,, and (m/2+v,)Q
where

20

V*2=ﬁ+71,1’7’1,2:(: Am2 + “2)1/2 (5)

with 7 =72, +5b%, M =m+b. These frequencies

are real when the system is located within the
regions of the plane of Fig. 2 marked “stable.”
We remark that for low-current beams (z,— 0)
the stability condition reduces to

|3m2+mb—=1| >|2ul. (6)

The “most” stable configuration results when the
field lines are twisted clockwise (m >0) when
viewed in the direction of Bo6, i.e., in the same
sense as electron gyration about Bg.
Similarly, the motion of the beam center is it-
self oscillatory about a center located at
Ar @) @

vy Ty + pEmE+mb —n,)7t?

where 7, =3 — (r, 2/a®)n, with characteristic fre-
quencies as in (5), under the replacement 7
- (r,2/a®*m;.

Two important features of the solution are worth
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|pointing out. First, stable motion is possible
throughout an injection-acceleration cycle. This
has been checked for many possible time histo-
ries. A typical trajectory in the stability plane is
shown in Fig. 2. The unstable region on the left
of the diagram would not be entered in this case
even if the acceleration were continued; “u”
never changes sign in this case.

The second important feature of the solution
pertains to the energy bandwidth of this machine.
We note that the radial shift (7) of the orbit of a
mismatched beam is, as expected, much smaller
than that in a weak focusing (1 =0) device. (u
can easily exceed 100-200 in designs we have
considered.) The stellatron’s large energy band-
width has very helpful consequences for injector
and magnetic field design tolerances.

The introduction of fixed toroidal and helical
fields to the betatron causes the betatron wave-
lengths to depend on energy, resulting in reso-
nant instabilities driven by field errors during
acceleration. If the toroidal field is sufficiently
large, the betatron wavelengths will be insensitive
to beam current. Such instabilities may be avoid-
ed by holding all the fields in constant ratio dur-
ing acceleration. Alternatively, the effect of the

05
v u=(b?+2-4nJlim+bP
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FIG. 2. Stellatron stability plane (z =3). The dotted
line is the trajectory of an experiment with 7 =10 kA,
Bgo=5kG, ¢ =2u/mb=1, m=20, ry=1 m, while B,,
is raised from 118 to 1700 G, corresponding to an in-
crease in energy from ~ 3.5 to 50 MeV.
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instabilities may be minimized if the energy gain
per revolution is large enough to pass rapidly
through each resonance.

A single-particle code, which integrates the
relativistic equations of motion for an electron in
an applied magnetic field, has been utilized to
study certain nonlinear aspects of the stellatron
configuration. Unlike the analytical analysis of
the preceding paragraphs, this analysis does not
employ a paraxial approximation for the electron
motion and does not use an expansion in the parti-
cle displacement from a reference orbit. Also,
the applied field in this analysis includes toroidal
corrections to first order in the inverse aspect
ratio.

The total magnetic field utilized by the code
may be expressed as B= ﬁb +}_?;s , Where ﬁb is
the conventional betatron field, given by Eq. (2),
and B, is the stellarator field, given by B, =V&,
in terms of the magnetic scalar potential, &,
which may be expressed as &, +& ‘", where

@, p,0,s)=Bg,is +(€,/a),(x)sin[l(p - as)]}.

Here, x=lap, a=21/L, L is the helix pitch
length, and I, represents the modified Bessel”
function. The coordinates (p,¢,s) form a local
cylindrical system centered on the minor axis,
where s =R 0 is distance measured along the
minor axis for toroidal angle 6, and (p,¢) are
polar coordinates in the plane transverse to the
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FIG. 3. Stellatron single-particle bandwidth. The
bandwidth Au /u,, whereu =y8, is plotted against ¢,
=2u/mb. The accelerator is matched at y=7 with B,,
=118 G, and Byy=1 kG.

minor axis at s. The toroidal correction, ¢,
is given to first order in the inverse aspect ratio
by Danilkin.® All calculations have been per-
formed for /=2, The variables u and m, which
describe the helical field in the previous analyti-
cal analysis, are given by yu=emb/2 and m
=2aR, for I=2,

This model has been utilized to investigate the
single-particle bandwidth of the stellatron. As
€, increases, the allowed mismatch in the stel-
latron becomes too large to be correctly modeled
by the linearized theory. Figure 3 shows the re-
sults from both models for bandwidth versus ¢, .
These calculations assume a torus having a 1-m

a)

b}

DR

FIG. 4. Single-particle orbits. (a) Without the
helical field components (¢; =0), Au/uy==3%; (b) stel-
latron orbit with €; =3, Au/uy=+50%.

509



VOLUME 50, NUMBER 7

PHYSICAL REVIEW LETTERS

14 FEBRUARY 1983

major radius and a 10-cm minor radius. A test
electron is launched tangent to the minor axis
with relativistic momentum u =y8, which differs
from the matched momentum, u,, by varying
amounts, Au. The figure shows Au/u, against €, ,
and represents the maximum IAu/uol for which
the test orbit remained confined in the device.
Mismatch in excess of 50% can be tolerated for
these parameters.

Figure 4(b) shows typical stellatron orbits, pro-
jected on the minor cross section, for By,=5
kG, €,=% for +50% mismatch. The betatron field
is again 118 G withn =3, Without the helical field
contribution, Fig. 4(a) shows that as little as
+ 3% mismatch is not tolerable.

The superposition of twisted quadrupole, toroi-
dal, and conventional betatron magnetic fields ap-
pears to offer significant practical advantages
for the confinement and acceleration of large
electron currents (tens of kiloamperes) to moder-
ate energies (hundreds of megaelectronvolts).
Foremost among these advantages is the greatly
improved energy bandwidth over that of a weak-
focusing device. The large bandwidth of the stel-
latron relaxes the requirements for monoener-
getic injection, for a uniform (within a few per-
cent) magnetic field configuration, and for a rigid
mechanical design. Injection should not be any
more difficult than for other high-current ac-
celerator concepts, and is facilitated by the ex-
ternally applied rotational transform of the stel-
lerator field. The orbits should remain stable
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from injection up to the highest energies achiev-
able by conventional inductive acceleration.
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