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Electrons on Films of Helium: A Quantum Mechanical Two-Dimensional Fermion System
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The phase diagram of electrons on films of helium is investigated with use of simple
qualitative ideas. It is shown that several new very interesting experimentally accessible
regimes are possible. Quantum effects can be important and a new fluidlike state (pg 0,
T 0) appears.

PACS numbers: 67.50.-b, 67.20.+k, 05.30.Fk

Electrons on the surface of liquid helium make
a particularly interesting almost ideal two-di-
mensional (2D) fermion system" For bulk he-
lium (the only system investigated experimental-
ly), a finite concentration of them (10~ & n & 109

cm ') are held onto the free surface by a com-
bination of an external field and an image poten-
tial which traps the electrons in their lowest
quantum state for motion perpendicular to the
surface. Motion parallel to the surface is essen-
tially unrestricted although coupling to the rip-
plons (capillary waves) of the surface ca,n play
an important role. '

For bulk helium such a system is very accurate-
ly characterized by a 20 gas with a pairwise po-
tential V (r) =e'/~ immersed in a uniform back-
ground of charge. ' At realistically achievable
densities of n= 10' cm ' the mean potential en-
ergy of the electrons (V)„=e'ri' n'~' is much
greater than the mean classical kinetic energy
(K) = k a T, i.e. e'&' 'n'~'/k a T = 10' for n = 10'
cm ', T =1 K. In this regime we expect solidifi-
cation as one raises the density or lowers the
temperature for a fixed density. Such a classical
freezing transition has been observed~ when
e'rr' 'n' '/ha TKT = F KT —= 137. By now it is gen-
erally agreed that the mechanism for melting of
the classical solid is the unbinding of pairs of
defects as first suggested by Kosterlitz and
Thouless (KT)' and elaborated on by Halperin
and Nelson. ' This theory predicts' a I'K~ =125
for a Coulombic potential and tells us that

the density, i.e., when r, /a a = me'/h'n' 'n' ' = r,-
Very little is known about this transition.

Physical intuition might argue that an ~,' =100
is expected. However, this region is not normal-
ly accessible to current experiments on bulk He.
Lowering the temperature to 10 ' K at a density
of 10' cm ' does nothing but cool down the classi-
cal solid (r, = 3& 10' for n = 10' cm ').

In a typical experimental situation the He layer
sits on top of an insulating substrate of dielec-
tric constant c which in turn is adjacent to a
metal electrode. This electrode provides elec-
trical contact to an external voltage source per-
mitting a holding field to be applied between the
electron layer and the metal. A sketch of the
geometric arrangement of the various substrates
is shown in Fig. 1. When the bulk He substrate
is thinned down (thickness d) so that d becomes
comparable to the interparticle spacing, i.e., d
=—100 A; then several very amusing and physical-
ly interesting changes occur.

(1) The maximum density to which the surface
can be charged increases drastically. ' If the
underlying substrate is an insulator and has a
dielectric constant e then for films d &1000 A
the maximum density to which the film may be
charged is n, = (3o.T)' '/(2rre'e)' 'd, with a the
van der Waals constant for the substrate and 7.

the surface tension of the helium. For n =n, the
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for more general solids. Here c, and c, are the
transverse and longitudinal sound velocities.

There is, however another region of the phase
diagram, i.e., the low-temperature region,
where the Fermi energy (K)=E F =h'rtn/m dom-
inates the kinetics of the electron gas. In this
regime (T =0) one expects a melting transition
(Wigner transition) to occur as one increases
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FIG. 1. The geometry.

1983 The American Physical Society 2021



VOLUME 50, +UMBER 25 PHYSICAL REVIEW LETTERS 20 JUNE 1983

surface is unstable at a wave vector k, =(3n/
r)'~'/d . Typically n, = 10"cm for d = 100 A,
a=10. When the substrate is a metal, ~= ~ and
the surface is unstable near k, =0 for an n, =(2n/
4' g)b = 10" cm ' for d = 1PP A.

(2) The law of force between the electrons is
changed because of the presence of the image
charge when the thickness of the film is small
compared to the interparticle spacing. For the
case of a film lying on a substrate with dielectric
constant ~,

~d (+) e
(

2 4d2)1/2

with 6=(e -1)/(a+1).
In this Letter we will make the simplest esti-

mate of the phase diagram of such a 2D fermion
gas supported on a film of He typically 100 A

thick. This estimate will be based on KT theory
and on the law of force given in Eq. (2). This
estimate which is basically a dimensional argu-
ment is expected to be quantitatively correct at
high temperatures kB T&EF and at best qualita-
tive at low temperatures. The picture which
emerges from such qualitative considerations is
one of experimental interest, i.e., a 2D fermion
system with an easily accessible quantum as well
as classical solid-to-liquid phase transition. In
addition there will be a region which will remain
a normal fluid as n-0, T-0. We neglect any
ripplon coupling. When ripplon coupling is taken
into account the normal fluid will surely become
a superfluid. In addition, all of these properties
are variable by simply changing film thickness
and surface charge density.

Since we physically expect any liquid to crystal-
lize when the potential energy is large we can get

a qualitative picture of the shape and nature of
the pha. se diagram by calculating (V)„/(&) in the
gas phase and setting it equal to a, quantity I"

which we determine in the classical regime from
KT, i.e.,

(3)

For the case under consideration,

-( .,4d.)iI2,

with &&0'=n ', and

( )
2 d2p e~
n (2~)' exp[P(e, —p)]+1 '

with e~=P /2m and with

d'p 1
(»)' exp[&(~ —p.))+1

KT tells us that,

KT( ) KT( ) c 2(d) 1 2(d)/c 2(d) (

We take 1 Kz(~) = 137 and use zero-temperature
values of the sound velocities (10%-20%accura-
cy). The sound velocities were calculated' for
a harmonic solid with a pairwise potential of the
form given in Eq. (2) by methods identical to
those used in Ref. 10. The results are shown in
Fig. 2.

Figure 3 shows the essential results of the cal-
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FIG. 2. A plot of I (d), Eq. (7), for P =0.9 and 1.

FIG. 3. The phase diagram fwith use of Eq. (3)] for
bulk helium and for a d =100-5 film lying on two dif-
ferent substrates (sapphire P =0.9 and metallic g =1).
yg =2.4x 10 cm and T =33 K.
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tern is always a normal liquid. Our estimates
show that for a 100-A film n» —= 10"cm '.
From the study made in Ref. 2 we know that
typical phonon energies are of order 10 ' K so
that we could legitimately expect a simple BCS
superfluid transition of the 2D liquid.

For 5=0.9 there is similar behavior; however,
the fluid does not persist for finite n to 7 =0.
The boundary curves in our estimate drop (ver-
tical dotted line in Fig. 3) at very low tempera-
tures (T & 2 x10 ' K) approaching the classical
parabola

e2(1 Q)2nl/2pl/2 i/ T F (gp) (8)
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FlG. 4. The phase diagram near T =0 Iwith use of
Eq. (3)] for a metallic substrate, and varying film thick-
nesses. The solid dots are the stability points for the
film.

culation with n, =2.4&10' cm and T, =33 K.
The curve labeled 5= 0.9 is for a typically insulat-
ing substrate like sapphire & = 10. For the
metallic substrate (5 = 1) we show a blow up of the
phase diagram, Fig. 4, in the quantum regime
for a variety of film thickness. The solid dots
on each curve indicate the stability limit for such
films, i.e., lower densities are stable.

The drastic screening of the Coulomb interac-
tions by the substrate is obvious. The curved
quantum region of the diagram is pushed to low-
er densities and temperatures. This fact and
the fact that the films can support higher densi-
ties makes this region experimentally accessible.
In addition we see a fluidlike region remaining
as n-0, T-0 for the metallic substrate. This
new interesting feature arises because the force
is strictly dipolar at large distances, ( V)„- n'/'

(n-0), so that the system must remain a liquid
(T =0) for some n &n». At higher densities it
will be solid and then melt again for n )n„, the
Wigner transition. The values of nDp and n„
depend on the film thickness. In fact for d =70 A

in our model nDp=n„so that the solid region
has shrunk to a point. For thinner films the sys-

While our approximation, Eq. (3), is a naive
qualitative estimate of the properties of this
fascinating ideal system, and while experimental
observation for a metallic substrate may be diffi-
cult (though not impossible with a thin film) our
conclusion is that such a system can be an al-
most ideal lab for testing the properties of inter-
acting 2D systems in the quantum regime.
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