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A phenomenological mean-field model of globules for a three-component microemulsion
is presented and typical phase diagrams are obtained. Two types of two-phase coexis-
tence are found as well as a three-phase equilibrium. The topology of the phase diagram
is determined by the ratio of the critical globule radius to the natural bending radius and
by the radius dependence of the attractive interactions.
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Recent experimental interest has focused on
the phase-separation critical behavior of oil-
water-surfactant mixtures (“microemulsions”).
The equilibrium, three-component microemul-
sion is characterized by a globular or domainlike
(~100 A) arrangement of oil and water regions
with surfactant molecules, which have hydrophilic
polar heads and hydrophobic hydrocarbon tails,
at the interfaces.! For some low-density sys-
tems, neutron scattering indicates that the micro-
emulsion consists of a single phase of monodis-
perse spherical globules of one component (e.g.,
water) coated with a surfactant layer, immersed
in a sea of the other component (e.g., 0il).>® As
either the concentration or the temperature is
varied, this single phase of globules separates
into two coexisting phases. Light scattering ex-
periments have identified a critical point associ-
ated with this phase separation, with correla-
tion-length exponents appropriate to a binary mix-
ture,* ® In addition, measurements of the second
virial coefficient in the single-phase region in-
dicate that those systems possessing a critical
point are characterized by large attractive inter-
actions between globules.®”

Most previous theoretical studies of phase sep-
aration in microemulsions have concentrated on
the coexistence of the globular phase with a phase
of excess fluid (e.g., water, for water globules in
an oil-continuous medium).*° The observation of
a critical point for phase separation is inconsis-
tent with this type of two-phase behavior and im-
plies the coexistence of two globular phases with
the same continuous component. Ruckenstein and
Chi'® have presented numerical calculations of the
free energy for microemulsions, but have neither
analyzed the critical point for phase separation,
nor presented a general picture of the phase dia-
gram. Jouffroy, Levinson, and de Gennes!! have
used a model proposed by Talmon and Prager'?
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to examine phase equilibria. However, they ne-
glect attractive interactions between globules and
only generate a single type of two-phase equilib-
rium, in distinction to the experiments which in-
dicate the existence of two types of two-phase
equilibria as well as a three-phase region.* %13

This paper analyzes a phenomenological mean-
field model for the free energy of a microemul-
sion in the limit of small globule concentration.
It is shown that there exist two types of two-
phase equilibria: (i) globules coexisting with an
excess phase, (ii) two phases (high and low den-
sity) of globules—with a critical point at which
both phases become identical. The first type of
phase separation is driven by the bending energy
of a single globule, while the second is driven by
the interactions between globules. The possibil-
ity of both types of phase separation gives rise
to a three-phase region in the phase diagram.

The free energy (per unit volume) used in these
calculations has an intraglobular contribution
from the bending energy F, of the globules, and
an interglobular contribution from the entropy of
mixing S, of the globules and the background
fluid and from the attractive interaction F'; be-
tween the globules.

The bending energy reflects the tendency of the
surfactant interface to bend locally towards either
the oil or water region through the “natural”
bending radius p, of the globules. The remaining
discussion will consider water-in-oil systems,
where p, will be defined to be positive; oil-in-
water microemulsions can be treated by revers-
ing the sign of p,. For a single phase of » iden-
tical, spherical globules per unit volume, the
bending energy is'*

F,=16mK (1-p/p,)?, (1)

where p is the actual radius of the globule. For
p,"'=0, Eq. (1) reduces to the splay energy for a
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single layer of a smectic liquid crystal where
typically K ~ 0.1 eV, although a lower value of K
is expected for microemulsions or micelles.!!
The radius p and the volume fraction x of spheres
are related to the volume fractions v,, and v of
water and surfactant by

x=v,+3v, =2 anp®, )
we=x[1-(1-5/p)]. (3)

In Egs. (2) and (3), the volume of surfactant has
been divided between the water and oil phases;
6 is a typical surfactant length (~10 A). We later
use the scaled globule radius » =p/§. Fluctua-
tions in the shape and size of the globules* are
negligible in the region of the phase diagram that
is examined in the following calculations.

The entropy of mixing is calculated from the
virial expansion for hard spheres and takes the
form?*®

S, ==nok[ x(lnx —1) +4x2 + 5x® +x* + Bx5], (4)

where 5, ' is the volume of a water globule and
where y =~ 6.12 and 8=~ 17.06. The attractive inter-
action between globules is phenomenologically
written as

F;==3nkTA(p,T)x?, (5)

where A(p,T) is a dimensionless function of both
the radius of the globules and the temperature.!®

The single phase of spherical globules is un-
stable with respect to phase separation into a
two-phase equilibrium of water-in-oil globules
and excess water when 8F/8x =0 (at fixed p),
where the chemical potential of the excess water
has been set equal to zero. In the limit that the
bending energy is much larger than the tempera-
ture'” or the interaction energy, this phase sep-
aration occurs whenever p = p,. The physical
origin of this phase separation lies in the bend-
ing energy being minimized for p~p,. For
small water concentrations, droplets of radii p
<p, are formed. As water is added, the drop-
lets grow in radius. When p reaches p,, the
bending energy can be minimized by constraining
all droplets to have this optimum size, and ex-
pelling the excess water into a separate phase.
This equilibrium has previously been consid-
ered.B- 10, 13

In addition to this emulsification failure in-
stability, the single phase can separate into two
phases of globules with the same continuous com-
ponent. In the limit that the bending energy is
much larger than the temperature or the inter-

actions, it can be shown that the two coexisting
phases of spheres have identical radii.!” This
phase separation is thus analogous to that of a
binary mixture; the two phases consist of a high
and low density of globules. It is to be noted that
the radius of the globules enters via the interac-
tion term. Equating the chemical potentials and
requiring total volume conservation in the two-
phase region yields a critical volume fraction x,
=~0.13 and a critical interaction strength A, ~21,
We define the critical globule radius v, by A(»
=y,)=A, and €(r)=[A,~A(»)] /A,. For e>0, the
single phase is stable, while for € <0, we obtain
two coexisting phases. For € <0, the difference
in volume fractions between the two phases is
made proportional to vl el in our mean-field ap-
proximation.

The coexistence curve for x as a function of
€(r) is shown in Fig. 1. The tie lines connecting
the two coexisting phases are lines of constant €
and hence constant radius. For € > 0, the single
phase of interacting spheres is stable with re-
spect to this type of phase separation. However,
the ultimate stability of the one-phase region is
determined by the phase separation into globules
coexisting with an excess phase which is driven
by the bending energy for » > »,=p,/6. Since it
is assumed that the bending energy is larger than
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FIG. 1. Scaled coexistence curves as a function of the
volume fraction x and e=[A,-A(r)]1/A,. The case
where ¢ decreases with increasing globule radius is
shown. The region marked 1 is a single phase of
spheres, 2 is a two-phase region with two phases of
globules, and 3 denotes a three-phase region. In the
three-phase region, excess water coexists with the low-
density (“oillike”) and high-density (“middle’) globular
phases located at the intersection between the dashed
and solid lines. The phase marked 2’ refers to the
coexistence of an excess-water phase and a globular
phase.
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either the temperature or the interactions, the
latter phase separation precludes the separation
into two phases of globules for »,<7,. On the
other hand, if »,>7,, as shown in Fig. 1, a
more complicated phase diagram arises. For
radii » < 7, , the single phase (1) of spheres is
stable, while for », < » < 7,, two phases of
spheres (2) coexist, with values of x given on
the coexistence curve. For »>v,, the phase
separation into globules and an excess phase
dominates and the regions marked 2’ denote
regions of coexistence of water-in-oil globules
and excess water. However, the phase of glob-
ules with » =7, which coexists with the excess
water is itself unstable to phase separation into
two phases, each with » =»; but with different
volume fractions of spheres. This gives rise
to a three-phase region consisting of the two
globular phases with values of x on the coex-
istence curve at €(r,), in equilibrium with the
excess-water phase.

A more conventional representation of the
phase diagram in terms of the water and sur-
factant volume fractions is shown in Fig. 2, The
dependence of the interaction energy on the radius
is parametrized'® by writing e=a(r, —7). We
first consider the case »,>7, and a >0 which
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FIG. 2. Phase diagram calculated from Fig. 1 for
7.=6, «=0.1 and ¥,;>%,. The notations 1, 2, 2’, and 3
are defined in the caption of Fig. 1. The point C is the
critical point for the type-ii phase separation. The
three-phase region, bounded by the dashed lines, con-
sists of excess water in equilibrium with globular
phases whose concentrations are those at points A—the
“oillike”™—and B-the “middle” phases. The dotted
line is the continuation of the coexistence curve into the
2’ region, where it is no longer a phase boundary. The
region near point A has been exaggerated for clarity.
The inset shows the phase diagram for »,<v,, for the
same values of @ and 7.
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implies the accessibility of the critical point and
the three-phase region. The labeling of the re-
gions in Fig, 2 follows that of Fig. 1 and the crit-
ical point is labeled by C. In Fig. 2, the points
labeled A and B are the concentrations of the two
globular phases which coexist with the excess-
water phase in the three-phase region. Since a
very small volume fraction of globules exists at
A, it can be termed the “o0il” phase which coex-
ists with both the excess-water and the globular
phase B, which is termed the “middle phase,”*®
Although phase B has a relatively small volume
fraction of globules for the calculation presented
here, this is merely a limitation of the simple
form assumed for the dependence of € on the ra-
dius. The inset to Fig. 2 shows the phase dia-
gram for », < 7., where only the phases 1 and

2’ are stable and there is no longer a critical
point.

Figure 3 shows the qualitatively different phase
diagrams that result for the case o <0. For #,
<7, | Fig. 3(a)], a three-phase region exists,
but without a critical point. For »,> », [ Fig.
3(b)] , we recover the critical point, but there
is no three-phase region. Thus, the observation
of both a critical point and a three-phase region
would imply a > 0.

In summary, we have analyzed a phenomeno-
logical free energy containing both the bending
energy and the interactions between spherical
microemulsion globules. In the limit of large
bending energies, the model admits an emulsifi-
cation failure phase separation into a globular
and an excess phase as well as a phase separa-
tion into two globular phases. A three-phase
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FIG. 3. Phase diagram for o= - 0.1 for (a) »,<7, and
(b) »y>7,. The notation is the same as in Figs. 1 and 2.
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equilibrium is predicted as well. The topology .
of the phase diagram is determined by the ratio
r,/7. and, through the sign of o, by the depen-
dence of the attractive interactions on the globule
radius near .. We believe the AOT-water-de-
cane system of Refs. 3 and 4 to conform to the
phase diagram of Fig. 2. Experimental deter-
minations of the nature of the phases in simple
microemulsion systems will further test the
qualitative predictions of this model phase dia-
gram. Finally, measurements of the radius de-
pendence of the second virial coefficient will en-
able a better understanding of the interaction
terms.
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