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Quasilinear Evolution of Current-Driven Ion-Acoustic Instability in a Magnetic Field
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Three-dimensional evolution of current-driven ion-acoustic instability in a magnetic
field is studied numerically in the quasilinear framework. The electron-cyclotron reso-
nance {anomalous Doppler effect) is shown to be responsible for the observed rapid cross-
field heating of electrons. The formation of a high-energy ion tail, previously studied in
a one-dimensional model, remains effective both parallel and perpendicular to the elec-
tron current and governs the saturation of the instability, subsequent decay, and anoma-
lous k spectrum dominated by cross-field modes.

PACS numbers: 52.35.Dm, 52.35.Py

The simulation by Dum, Chodura, and Biskamp'
has indicated that the evolution of current-driven
ion-acoustic instabilities in a collisionless plas-
ma is governed by quasilinear effects. Recent
studies" indeed support this, although these
studies have been limited to either one-dimen-
sional' or unmagnetized plasma. ' In practice,
most experiments' ' relevant to the instabilities
are done in a strong magnetic field which may
greatly modify the evolution of the instabilities.
In a strong magnetic field, turbulent electron
heating is expected to occur only along the mag-
netic field since the cross-field electron motion
is governed by E&B velocity, which is small for
reasonable fluctuation level. Yet it has been
widely observed that effective electron heating
perpendicular to a magnetic field occurs in turbu-
lent heating experiments. It will be shown that
transfer from parallel electron energy to perpen-
dicular energy is governed by the anomalous col-
lision frequency, and thus extremely rapid.

Another surprising observation" in current-
driven ion-aeoustic instability in a magnetic field
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is that the k spectrum of the fluctuations is domi-
nated by those modes propagating at large angles
to the magnetic field, or the electron drift. (Line-
ar analyses for Mmavellian elec"rons and ions
predict the maximum growth along the magnetic
field. ) It will be shown that the anisotropic high-
energy ion tail, which is formed quasilinearly,
can explain the anomalous k spectrum.

We consider a plasma in which hot electrons
are drifting with constant velocity relative to cold
ions along a uniform external magnetic field. The
magnetic field intensity is varied in a wide range,

/re~ =0.2-5, where w =eB/mc is the elec-
tron cyclotron frequency and ~~, =(4«,e'/m)"' is
the electron plasma frequency. Ion-acoustic in-
stability is characterized by the frequency range
~ ~ &u~; (ion plasma frequency), and we may as-
sume the following ordering:
where Id„=eB/Mc is the ion cyclotron frequency.
Ions are then assumed to be unmangetized, while
electrons are magnetized and expected to be
strongly influenced by the magnetic field. The
distribution functions of ions and electrons evolve
according to the quasilinear equation
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where f, =f;, e, =e, m, =M for ions and f, =f„e,= -e, m, =m for electrons The ex.ternal electric
field E,(t) is imposed to maintain constant current. The ion diffusion tensor contains both resonant
and nonresonant contributions and is formulated by Ishihara and Hirose. ' The problem of negative
diffusion coefficient" for nonresonant particles has been resolved by Bodner' and Kaufman. " For
damped waves, nonresonant particles obviously cannot diffuse as argued by Bodner, and we put y„
(growth or damping rate) in D Na (the nonresonant part of the diffusion coefficient) equal to zero when-
ever y, becomes negative. This procedure had been correctly used already by Field and Fried,"who
numerically analyzed the quasilinear evolution of electron distribution function for the first time. The
electron diffusion tensor is given by
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where 8 k is the electric field energy density associated with a mode k and &„is the Bessel function of
order n. The electron diffusion tensor includes the Cherenkov resonance (~i, ——k, iv ii) and cyclotron reso-
nances, both anomalous (n &0) and normal (n &0) Doppler effects. The evolution of the fluctuation ener-
gy ~k is described by

s& k/&t =2r k &k,

with the quasilinear growth rate
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The oscillation frequency &l, is determined through the linear dispersion relation

(4b)
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which reduces to the relations

1 —&»'/&„+(kD„ /k )(1—2V~ /U, ii') =0

for &««~, and

~p' /~ k + (kD il /k )Il 2(t d /~ II ) exp( ~)lo(~)~ + (kD /k )(1 T &/T ii)tl —exp(-&)I, (&)) =0
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for ~„»w~„where kDii=(4nn, e'/T„,)"', k»

m)"', A. =(k u, &/&„)'/2, and J,(A. ) is a modified
Bessel function of the 0th order. The parallel
and perpendicular temperatures are defined as
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The system of Eqs. (1)-(5) has been solved by
the method of finite differences —alternating
direction implicit method. " Ions are initially
Maxwellian with isotropic temperature, T;(t =0)

+ 'p while electrons are initially shifted Max-
wellian with a drift velocity t/„ in the & direction
and isotropic temperature, T,(t =0) =I'„.Essen-
tial boundary conditions are assumed, i.e. , f;-0 and f,-0 for u- ~, and the condition (Bf;/
» ii)„„,=0 is imposed to confine the computation-
al range to the positive region (U ii& 0) for ions.
The delta function in Egs. (2) and (4b) is approxi-
mated by a smooth function with a half-width of
velocity mesh size. Typical results are shown
in Figs. 1-3 with parameters M/m =1836, T,,/
T,o =0.01, V„=0.3U„,and &u„/&u~, =1. Initial fluc-
tuation energy density @(k~, k, i) =0.5&&10 'n,T„is
given to each mode in the domain defined by k~/
k» -—I0.2, 1.0j and k „i/kdo =I0.05, 1.0] with &k~
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FIG. 1. (a) Space-averaged ion distribution function
in velocity space at t =60~&,- . Logarithmically equally
spaced contours are drawn. The high-energy tail ex-
tends not only in the direction of the electron drift but
also in the oblique direction. The velocity is normal-
ized by the initial ion-acoustic velocity, C, o. (b) Space-
averaged electron distribution function at t =60~&,.
The velocity is in units of initial electron thermal ve-
locity~ v&0.
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=0.2&n, and &k, i-—0.05kD„where &» =(4~n, e'/
T„)"'.In computation, the summation over n for
the Bessel function runs up to I n I = 5.

Figure 1(a) shows the ion distribution function
at t =60~~& '. The formation of a high-energy
tail is clearly seen in both directions, parallel
and perpendicular to the electron drift. Even by
the time of t =90~~; ', the bulk ions are only
slightly heated (0.01T

„

to 0.02T„)and energetic
tail ions are characterized by anisotropic temper-
atures, T;„it= 0 ~ 5T„(parallel) and T;I„=0.1T

„

(perpendicular). The ion population of the high-
energy tail amounts tu 6% of the whole population.

Figure 1(b) shows the electron distribution func-
tion at t = 60~; '. Heating in the perpendicular
direction as well as the parallel can be clearly
seen. If the cyclotron resonance terms in the
electron diffusion equation are artificially sup-
pressed, no heating in the perpendicular direction
is observed. After +~;t =70, f,(v ii, vi=0) in a
drift frame takes an asymptotic form off,
~ exp(- ~

ii
"), where & = 4.3—5.0. It is interesting

to note that this value is somewhat larger than
3.6-4.0 observed in a computer simulation' and
somewhat smaller than 5 predicted in a quasiline-
ar theory" both for an unmagnetized plasma.

Figure 2 shows the evolution of the fluctuation
energy density and electron temperatures. The
fluctuation energy saturates completely by t

I5—

Ki

I.O

CU t =30

=65~~; ' and slowly decays thereafter. The de-
cay is mainly due to Landau damping through the
high-energy ion tail. The electron temperatures,
both parallel and perpendicular, grow even dur-
ing the decay of the fluctuation energy.

The evolution of the electron distribution func-
tion may be summarized in the context first pro-
posed by Rudakov. ' '" First, electrons are turbu-
lently heated (as in the one-dimensional case)
through Cherenkov resonance. For the parame-
ters &„~&~„there are a sufficiently large num-
ber of electrons which can experience the Dop-
pler effects of cyclotron resonances. Parallel
energy of electrons is then transferred to perpen-
dicular energy through scattering caused by the
cyclotron resonance. A quasilinear estimate for
energy transfer in the ion-acoustic turbulence is
dT,ijdt = &v *(T,ti

—T,i) where n = 1 for &„~&&,

and v* is the anomalous momentum-transfer col-
lision frequency. Our numerical results are in
good agreement with the above estimate. For the
parameter ~„»~~„the perpendicular scattering
of electrons is no more appreciable and the in-
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FIG. 2. Time evolution of the fluctuation energy den-
sity W = Z 1-, 8p and parallel (Te ii) and perpendicular
(T, ~) electron temperatures.
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FIQ. 3. Time evolution of the fluctuation spectrum
8 (KJ i Kii)/ 80T, p. Kg = kp/knii and Ki = k„/'kni, where
kDII= (47Inoe /TeII~ and kD+= (4~noe /Te+i ~
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crease in I', & becomes insubstantial.
The time evolution of the spectral distribution

&(k~, h t, ) is shown in Fig. 3. A linear dispersion
relation determines the energy spectrum for
~; t ~ 30, and the dominant modes are in the di-
rection of electron drift or magnetic field. As
was shown, the ion tail extends widely in angles
but predominantly toward the drift direction of
electrons as the fluctuation grows. The formation
of the ion tail makes the wave damp in the direc-
tion of the drift. As a result the oblique modes
almost perpendicular to V„orB become dominant
in its nonlinear state as can be seen at ~;t =90.
Such a pronounced transition of wave spectrum
has already been observed for an unmagnetized
plasma' and does not depend on the strength of
the magnetic field,"although a particle simula-
tion showed an increasing obliqueness of modes
with magnetic field." This may explain the ex-
perimental observations known as the anomalous
%. spectrum in the ion-acoustic instability afore-
mentioned.

In conclusion, numerical solutions to the sys-
tem of quasilinear equations reveal the multidi-
mensional structure of the nonlinear evolution of

the current-driven ion-acoustic instability in a
magnetic field. The fluctuation energy density
saturates at a, level of W/n, T„=3.5&&10 ' accom-
panied by turbulent heating of electrons and ions.
The heating rate of the electrons perpendicular
to the magnetic field is large and of the order of
the anomalous collision frequency for the param-
eter ~„/~~,&1. The formation of the anisotropic
high-energy ion tail is mainly responsible for the
stabilization of the instability and the dominance
of the cross-field modes.
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