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Critical-Exponent Measurements of a Two-Dimensional Superconductor
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Voltage-current measurements of an amorphous indium/indium-oxide thin-film compos-
ite have yielded values for the exponent q(T) describing, the power-law decay of the order-
parameter correlation function appropriate to the Kosterlitz-Thouless description of phase
transitions in two-dimensional systems. A pronounced crossover in the characteristics
at the phase-transition temperature is obtained. Theoretical expressions both above and
below T, are verified, and a value of q(T, ) = 0.23 is measured for a film with normal-
state sheet resistance of 3560 0/ measured at 8 K.

PACS numbers: 74.40.+k, 73.60.Ka

The suggestion that the ideas of Kosterlitz and
Thouless' might app1.y to thin-fil. m superconduc-
tors ' has generated a number of experiments6
seeking a detail. ed confirmation of the theory. As
applied to two-dimensional. (2D) superfluids, it is
the fluctuations in the phase of the order parame-
ter, driven by vortex excitations, which deter-
mine the details of the transition. A fundamental
resul. t of the theory is that the equilibrium order-
parameter correlation function (((r)g*(0)) decays
algebraically to zero with the dependence x ".
The exponent g is temperature dependent and var-
ies from g = 0 at T = 0 to g = 4 at the 2D phase
transition temper ature T,. The Kosterl. itz- Thou-
1.ess results apply only because there is a 1oga-
rithmic interaction between vortices separated by
a distance r, of the form 2m' in(r/f, ) where K»
the renormalized stiffness coefficient, is propor-
tional to the superfiuid density and $, is the vor-
tex core size.'"" For thin-film superconductors,
this logarithmic interaction takes place for 8„(r
&A, where the 2D magnetic screening length A

can be on the order of 1 cm for thin-film super-
conductors with a suitab1. y high normal-state
resistivity. '

Theoretical. l.y, the stability of the superft. uid is
determined by the condition ti =k sT/2mKs (-4

where g has the universal. value of 4 at T=T,."
The critical. temperature T„ less than the mean-
field transition temperature T„, demarcates two
regions of phase space with markedl. y different
physical behavior. Below T, and in the absence
of finite-size effects the electrical. response is
dominated by the presence of bound pairs of
therma1. ly excited vortices of opposite circulation.
Above T„where the order-parameter corre1.a-
tion function decays exponential. ly, the response
is dominated by a plasma of thermal. ly excited
free vortices. Experimental. results using dc

techniques have been reported for a variety of
2D superconducting systems including granul. ar
Al,' granular NbN, ' quench-condensed Hg-Xe, '
and periodic arrays of proximity-coupl. ed super-
cond~ctors"" and Josephson junctions " Non
linear voltage- current (V I) mea-surements' "
below T, or resistance transitions ' ' ""above
T, have been found to be consistent with the the-
oretical predictions. In addition, extrapo1. ation
to zero frequency of finite-frequency measure-
ments of K~ have been used to infer T, for both
thin-film superconductors' and superfluid hel-
ium. " The caiculated ratio k, T, /2m'(T, ) is in
reasonable agreement (- 25%) with theory for
both of these experiments. For granular systems
it has been demonstrated that film inhomogeneity
can be critical. ly important, ' although it is be-
lieved that this probl. em is somewhat alleviated
with the more controlled fabrication of array
structures. ' "

In this Letter, measurements on a thin-film
indium/indium-oxide composite superconductor
are reported which show good agreement with
theory both above and belozo T,. Values for il(T)
are determined from nonlinear V-I character-
istics for T& T, and a pronounced crossover from
nonlinear towards l.inear dependence for T) T, is
used to establ. ish T,. Parameters such as the
normal. -state resistance R„and $, are extracted
from the data and found to be reasonabl. e. The
excell. ent agreement with theory is obtained be-
cause of the use of indium/indium-oxide compos-
ites which have an amorphous metal. lic compo-
nent" and which appear to be homogeneous over
the longest l.ength scales (0.05 cm) probed by
this experiment. The 100-A-thick film used for
study is 0.01 cm wide by 0.05 cm long. The am-
bient magnetic fiel.d is 1.ess than 0.01 Oe.

The power-l. aw dependences of the curves in
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Fig. 1 are a direct consequence of the current-
induced unbinding of vortex pairs, a process in-
dicated schematically in the upper left portion of
the figure. Theory predicts a V-I dependence
for T & T, of the form'

V= 2R„ I [a(T ) —3](I/I, )'~~,

where a(T) =1+0.5/q(T) is a power-law exponent,
I,=wek~T, jhj, is a critical current, andw is the
film width. If we assume a mean-field tempera-
ture dependence of the superfluid density, the
exponent a(T) has an approximate dependence
1+ 2(T„—T)/(T„—T, ), except near T„where
theory predicts a square-root cusp dependence
of the form a(T) = 3+ m[(T, —T )jb (T,o

—T,)]' 2.'~
The constant b wilI. be determined below from ex-
periment and is nonuniversal. Most importantl. y,
one can deduce values for q(T) from measure-
ments of a(T). One would therefore expect to ob-
serve a rapid crossover in behavior at T =T,
where vortices with the largest separations un-
bind and q(T, ) = —,, implying a(T, ) = 3.

The data in Fig. 1 il.lustrate, in essence, just

such a behavior. The transition temperature T,
is defined as the highest temperature at which no

deviation from power-law behavior at low cur-
rents is observed. This criterion is satisfied by
curve d, measured at T =T, =1.903 K, which has
a slope a(T, ) = 3.281(3) calculated from data ex-
tending over six decades in voltage. For the
lower-temperature data, the straight-line por-
tions below 10 ' V were used to obtain a(T). The
plot in Fig. 2 of a(T) vs T reveals linea. r behavior
with an extrapol. ated value of 3 occurring at T„
= 1~ 939 K. At this temperature (curve a of Fig. 1)
the voltage at small currents is linear in current,
which is the expected response for thermally ex-
cited free vortices, and so T„ is clearly above
T,. It is important to note that the power-l. aw

dependences of the data in Fig. 1 extend over a
l.arge enough range and show a sharp discontinu-
ity in slope as a function of T (compare c, which
is at a temperature just 6 mK higher than d) in

agreement with theoretical expectations of a
sharp phase transition. This pronounced cross-
over in behavior establishes T, to within approx-
imatel. y + 3 mK and enabl. es us to make aninde-
pendent measurement of a(T,), in contrast to pre-
vious experiments' "where T, is defined as that
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FIG. 1. Plot on logarithmic axes of the V-I charac-
teristics taken at thirteen successively lower tempera-
tures rangirg from 1.939 K (curve a) to 1.460 K {curve
m). The curves are low-frequency (24.2 Hz) digitized
data representing approximately 200 points per voltage
decade. The nonlinear pair-breaking process is illus-
trated schematically in the inset. T, and T, are dis-
cussed in the text.
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FIG. 2. Plot of power-law slopes extracted from
curves d-m of Fig. 1 as a function of temperature.
The temperatures T,„,T, and T 0 together with the
theoretical fits are discussed in the text.
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FIG. 3. Plot for T )T~ of the logarithm of the resis-
tance as a function of (T —T,)

~ where T = 1.903 K.
These data represent the flux-flow resistance (linear
V-I characteristics) of thermally excited vortices, a
process indicated schematically in the inset. The theory
fits are discussed in the text.

temperature where a(T) is exactly 3. An extrapo-
lation of a(T) to unity in Fig. 2 gives the addition-
al. result T p 2 206 Ky in reasonable agreement
with the value T,p 2o3 K determined from a fit
of the Aslamosov-Larkin theory of paraconduc-
tivity' to the resistive transition in the region
T + T p This fit, carried out over a temperature
range of 1.8 K, ignores the temperature depen-
dence of R„and gives a normal-state sheet re-
sistance of 3735 0/o.

For T )T, the presence of thermally excited
free vortices, indicated schematically in the inset
in Fig. 3, gives rise to linear V-I characteris-
tics with a resistance R which has the theoretical
dependence near T, of the form'

R = 10.8bR„exp(- 2[b(T,O
—T,)/(T- T,)]ii j2. (2)

The nonuniversal constant b is the same parame-
ter which appears in the square-root cusp of the
exponent in Eq. (1). The data in Fig. 3 used to
test this functional. dependence were taken at low
enough currents to assure that nonlinear pair
breaking was not occurring. Use of the previous-
ly determined values for T, and T p the slope

and intercept of the regression fit to the data,
which extends over four decades in resistance,
yields the parameters b and R„. The goodness
of fit in the data of Fig. 3 is insensitive to the
+ 3-mK uncertainty in T, although the uncertain-
ties in b 6 ~ 28 y p5 and R„=20850,,",~pp are
large. This value for R„ is in agreement with
the resistance of 17800 0 (3560 0/ ) measured
at 8 K in the paraconductivity regime which may
be somewhat fortuitous because of the theoretical
approximations affecting the pref actors in Eqs.
(1) and (2).'

Additional. parameters can now be extracted
from the data. With use of R„and the Ginzburg-
Landau temperature dependence for $„anon-
linear optimal fit of curves d-rn of Fig. 1 by the
theoretical form of Eq. (1) gives the values I,(T,)
=0.77 mA and $, (T, )=52A ~ This rather short
coherence length is typical for amorphous ma-
terial. s. If we know $„b, T„and T,» it is a
straightforward matter to calculate the pair cor-
relation length $' which represents the average
distance between thermal. ly excited vortices.
Interestingly, at the lowest temperature (1.928 K)
for which linear V Idata c-ould be obtained, $'
is calculated to be 6.7 p. m, a factor of 1000 lar-
ger than $, but still appreciably smaller than the
100-JL(,m width of the fil.m.

To ascertain the effects of large-seal. e fil.m in-
homogeneity, ' a linear gradient in T, along the
length and width of the fil.m was modeled into
Eqs. (1) and (2). For a gradient of (T,„-T,)/
(0.05 cm)=0. 72 K/cm, a less than 2% effect on
the measured slopes of Eq. (1) was found. The
effect on Eq. (2), however, for this same gradient
along the film length is appreciable as shown by
the dotted line in Fig. 3. Clearly, such a large
gradient in T, is not present, and the difference
between T, and T,„ is not explained by inhomogen-
eity of this type.

Once we have obtained b, the square-root cusp
component of the theoretical. behavior for a(T)
near T, is revealed by the dotted curve in Fig. 2.
There are no adjustabl. e parameters since the
previously stated values for b, T„and T„were
used. The good qualitative agreement between
the "size" of the cusp and the data reflects the
importance of renormal. ization effects near T,.
The discrepancy between theory and the data at
lower temperatures arises because the square-
root dependence is valid only near T, and al.so
does not include the mean-field temperature de-
pendence of the superfluid density. The inft. uence
of the finite measurement length near T, can be
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estimated by considering the lowest measuring
current, I=0.46 p. A or curve din Fig. 1, which
corresponds to depairing of vortices with separa-
tion greater than x, =11 p, m." The correction
to a(T, ) is theoretically given as [ln(x, /$, )] '
= 0.13"

The critical. exponent q(T, ) = 0.5[a(T,) —1] ' ob-
tained from curve d is 0.219. Application of the
theoretical finite-length correction to a(T, ) gives
q(T, ) = 0.23. This latter value is to be compared
with the theory for the asymptotic, long-l. ength
limit, q(T, ) =0.25. The difference of 0.02 re-
mains unexplained.

In conclusion, critical-exponent measurements
of a 2D superconductor have been made and good
agreement with theory both above and below T,
has been obtained. The results reported here
are also consistent with ac'~ and dc measure-
ments on two additional fil.ms." The deviation
of q(T, ) from the theoretical value, after correc-
tion for finite length effects, is small. An addi-
tional concern in accounting for any systematic
deviations is that q(T, ) may in fact be renormal-
ized as the normal-state sheet resistance in-
creases towards 30 000 ~, a region where super-
conductivity has been found to be severely weak-
ened by local. ization effects."
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