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An inconsistency is found involving heavy quarkonia energy levels in the usual single-
channel potential picture. Coupling to the nearest hadronic channel resolves the diffi-

culty.

PACS numbers: 12.35.Eq, 11.10.St, 14.40.Jz

The potential model for bound states of a heavy
quark and antiquark has been generally quite sat-
isfactory.! It is important for any scheme that as
more elaborate calculations are made, better
agreement with experimental quantities should re-
sult. We shall show, in a rather model-indepen-
dent way, that this is not the case for a single-
channel confined quark system. Even for the
sharp states below open-flavor threshold we
should take into account virtual hadron coupling
to the quark pair. When this is done a calculation-
ally accurate model is achieved.

We first consider the interquark power poten-
tial®

V(r)=A+Br’. (1)

Even though this potential is not QCD motivated
and does not agree completely with all of the ex-
perimental data,® it has certain compelling ad-
vantages. The energy-level predictions and ra-
tios of leptonic widths, within a given flavor, are
quite accurately predicted and the power poten-
tial closely approximates the actual interquark
potential in the intermediate distance range* 0.2
<7 <5 GeV ', Rescaling the Schrddinger equa-
tion shows that the energy levels can be expressed
as?

E,,=2mg+A+(B/m ) *V Cn, L v).  (2)

From this it is easy to see that the ratio of two
energy differences

(E,-E,)/(E;—E,)=f(v,quantum numbers) (3)

depends only on the power v and is independent
of the quark mass m, and the potential param-
eters A and B.

For charmonium there are three spin-averaged
states? below open-charm threshold. These are
the 1S, 1P, and 2S levels having energies of
3067, 3523, and 3663 MeV, respectively.*® The
ratio of differences 7, =(E, p~—E,()/(E,s~E, ;) as
a function of v is shown by the solid curve in Fig.
1. The experimental value for this ratio is also
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shown, implying that the effective cc power is

V5 ~—0.10. (4)

For bottomonium we use the three S-wave states
below BB threshold. These are the 1S, 25, and
3S levels having energies of 9439, 9999, and
10328 MeV.* The ratio of differences 7 =(E,
—-E,5)/(E;5 - E; ) as a function of v is given by
the dashed curve of Fig. 1. The experimental
value for this ratio implies an effective b5 power
of

Vyy =+0.12.

(5)

We feel that the difference v, 5 — v z~0.22 is sig-
nificant.®

Because of their greater masses, the bb states
have smaller average radii than the c¢c states. A
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FIG. 1. The ratios r, and » depend only on the
power v for a power potential V=4 + B»?. The solid
circles represent the observed values of these ratios
with corresponding powers v,; and v,;. Coupling to
hadronic channels primarily changes 7, so that the
common power with hadronic coupling is nearly v,;
and the contribution to vy due to DD coupling is given
by the two open circles.
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realistic potential with an attractive Coulomb-
like singularity would then imply that the effective
bb power should be less than the cc effective pow-
er. This is opposite to the experimental result

of Eqs. (4) and (5). As pointed out in Ref. 4, a
similar inconsistency is observed for a wide class
of potentials. In all cases studied,* a potential
which fits the three lowest S-wave T states and
the two S-wave ¥ states predicts a charmed yx
center of gravity about 25 MeV low. Comparison
with Fig. 1 shows that this is equivalent to the
problem encountered with the power potential.

An initial reaction to the above difficulty might
be that the charmed system is more relativistic
than the bottom system so that consistency would
be regained after the proper relativistic correc-
tions are made. This turns out to be incorrect.
For the three lowest cc states the net relativistic
shift is positive and is smallest for the P-wave™?®
state by about 10 MeV. This means that a po-
tential which fits the 1S and 2S will make an even
lower prediction for the 1P state when relativistic
corrections are included. We conclude that there
is no simple potential which can account for the
spin-averaged states.®

The proximity of a coupled hadronic channel,
however, resolves this problem. Coupling of the
closed quark channel to a hadronic channel re-
sults in a depression of all quarkonium levels
lying below continuum threshold. Above threshold
the level energies become complex. The energy
shift is largest for those states closest to the
hadronic threshold. Of the states we have con-
sidered we see from Table I that only the charm
2S state is less than 200 MeV from threshold.
The 2S state lies just 63 MeV below the open-

TABLE I. Level shifts expected due to coupling to
the lowest-lying hadronic states having the open flavor.
The transition potential V of Eq. (9) is assumed to be
50 MeV.

Energy below

Energy shift (MeV) flavor threshold

State (with V=50 MeV) (MeV)

P states
18 -2 659
1P -5 203
28 - 29 63

T states
1S -2 1114
28 -3 544
3S -8 225
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flavor DD threshold. Since only one state is
strongly shifted, we anticipate that the open chan-
nel will raise the predicted value for the cc ratio
of Fig. 1, thereby increasing the effective power
Vog
To explore the effect of an open channel, we
use a simple model.'’® A single hadronic channel
communicating with the confined quark channel
satisfies the system of Schrddinger equations

Haz)ba + leh :quv
Vo + H, ¥, =EY,.

When the transition potential V vanishes, the dis-
crete eigenvalues of Eq. (6a) give the usual con-
fined quarkonia levels. When V#0, the quark
states above the hadronic threshold are immersed
in a continuum and their energies become com-
plex. Making the simplest assumptions, we take
V constant and 4, to be force-free and we neglect
quark and hadron spin effects., With the usual
definitions for central potentials for the wave
functions ¥(7) = [u(r)/7] ¥,,(6, ¢) and for the wave
numbers

(6a)
(6b)

ququ(E—zmq)’ khZEmh(E—zmh)’ (M

we have, for a given partial wave /, the formal
solution to Eq. (6b),

u,(r)= fom Glr,r"Ym, Vu,(r"dr’,
Glr, v") == ik, vv'j, (kv Db, (ky7 ).

(8)

Here 7. (r,) is the smaller (larger) of » and 7’
and j, and k,' are the spherical Bessel and first
Hankel functions.

Solving Eq. (6a) by perturbation using the solu-
tion of Eq. (8), we find that

E=E,+m, szomdruqo*(r)fomdr’ G, ¥"ugo(7"),,
(9)

where the unperturbed quark energy is E, and the
unperturbed quark wave function is given by u (7).
Below flavor threshold!! it is easy to see that all
states are shifted downwards independent of the
sign of V.

Our calculational scheme is straightforward.
For a given set of energy states (e.g., 15, 1P,
and 2S for cc) we solve for the potential param-
eters A, B, and v of Eq. (1) fixing the c-quark
mass at the value 1.40 GeV found in a more com-
plete analysis.* The resulting wave functions
then are used along with a D meson mass of 1863
MeV to compute the energy shift £ - E, from Eq.
(9). First-order changes in the wave functions
as usual result in only second-order changes in



VoLuME 50, NUMBER 16

PHYSICAL REVIEW LETTERS

18 ApriL 1983

the energy shift. The energy shifts for V=50
MeV are given in Table I. A similar analysis
for the upsilon states (with m, =4.790 MeV, a B
mass of 5277 MeV, and V=50 MeV) is also given
in Table I.

We first conclude from Table I that all of the
energy shifts are relatively small except the 25
shift. The bb ratio of Fig. 1 will thus not appreci-
ably change and the common power must thus be
nearly v,y ~0.12. From Fig. 1, with use of this
power, the uncoupled ratio »,, must be about
0.718, so that by Table I

- - 29 V¥
rw 1:71[»0 l—m(%> . (10)
Solving for V gives
V ~60 MeV. (11)

Since 7 4 is roughly independent of V, the result
given in Eq. (11) is the transition potential of cc
to DD, although one would expect V to be flavor
independent. A more careful analysis gives v
=0.145 and V=69 MeV.

Although the specific model calculation present-
ed here is considerably oversimplified,'? we only
wish to point out the qualitative effects produced
by a coupled hadronic channel. Independent of the
sign of the transition potential, levels below the
hadronic threshold will be depressed and the
greatest depression occurs for levels nearest
threshold. This type of shift is needed to recon-
cile the spin-averaged spectra of the ¥ and T
families within the potential model. Hadronic ef-
fects must be allowed for in any scheme where
relativistic corrections are made to a potential
model, especially for those states near a hadronic
threshold.
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