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GIANT FLUCTUATIONS IN A DEGENERATE FERMI GAS
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In two recent notes, '~' Overhauser has sug-
gested that the ground state of an interacting gas
of fermions has giant density or spin-density
fluctuations. On the basis of his considerations,
he has cast serious doubt on current theories of
nuclear and metallic structure. We wish to pre-
sent reasons for our view that even if such fluc-
tuations occur in one dimension, ' there is at
present no reason to believe that they exist in
two or three dimensions, provided the inter-
action is sufficiently weak.

Overhauser has pointed out the remarkable
fact that both the Hartree and Hartree-Fock
equations of a one-dimensional gas have solu-
tions which give lower energies than the customary
plane wave solutions. That for strong interactions
such lower solutions exist had been well known:
signer's electron crystal lattice in the low-
density (or strong-interaction) limit is an ex-
ample. What makes Overhauser's conclusions
so disturbing is that they apply also to systems
with quite weak interactions, such as nuclear
matter and metallic electron gases. (In these
systems, although the interactions contribute
substantially to the total energy, their effect on
the dynamics of the particles is generally re-
garded as fairly sma. ll. ) In the present paper,
we put forward arguments for the view that for
sufficiently weak interactions the Hartree (and
Hartree-Fock) ground states in two or more
dimensions are the familiar plane wave states.

For simplicity, we restrict our considerations
to the case of Hartree's equations. Let the inter-
action between particles be given by

P' =y Q v(r. - r.),
z)g z

where the r. denote the positions of the one- or
2

more-dimensional fermions. If we denote the
density of the gas by n(r), then the Hartree
potential is

V(r) =y v(r -r')n(r')dr'. (2)

Clearly, only if the density is nonuniform can
we have a nonconstant Hartree potential and,
hence, a nontrivial solution of Hartree's equa-
tions. For y =0, the ground state is the familiar
one with n(r) =no. For a small y, it follows from
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that in the Hartree ground state we

n(r) =n, +e '(r ) + ~ - ~

where we may normalize n'(r) by the condition

(4)

(0 =volume of system), and where

limX =0.
y-0

Hence, apart from an irrelevant constant,

V(r) =yXU(r),
where

(6)
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, +e cos(q r) /=ED.
Z g

(10)

To first order in e the normalized solutions are

i i(k+q) r -i(k-q) r~-

2 (k'-(k+q)' k'- (k-q)')

Now we shall check the self-consistency. We
solve the Schrddinger equations,

82
, +yAU(r) (=Eg,

~ ex .- 2 i

and from the lowest solutions construct the new

density, n(r). If for small values of (yX), n(r)
is linear in this parameter, we have

n (r) =n, +yXn '(r) + ~ ~ ~ .
Comparison with Eq. (3) shows that this is a
contradiction unless X =0, which is the trivial
solution.

We must then examine the crucial question of
the above-mentioned linearity. We shall make
the assumption —to which we come back at the
end of this paper —that the dependence of n on

(yX) is linear provided that first order perturba-
tion theory on the unperturbed ground state gives
a finite result.

Let us Fourier-analyze U(r), which leads to
the problem
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and the corresponding density change is

5n(r) = dk

(2m) - (k+q)'k

Here v is the dimensionality of the particles,
the integral over k extends over the unperturbed
Fermi "sphere" and, if singularities occur in
the integrand, principal values are to be taken.

In one dimension, the result is

s 1 q'+2k q
iln(x) = ——ln —, —

I
cos(qv), (13)

2m q q'- 2k q

where kp is the Fermi momentum. The coef-
ficient of c is finite except at q=2k&. We con-
clude that nontrivial self -consistent solutions
can exist only for q-2k'. (These are in fact
just Overhauser's density fluctuations. )

On the other hand, in two dimensions Eq. (12)
gives

5n(r) = ( /&4m')F(q) cos(q r),

where

=-m{1 -[1-(2k /q)']~], q -2k . (15)

If q, or q, =2k~, the Fermi surface has a flat
portion of length —(yX)~2 which contributes a

+ cos(q r). nonanalytic term of the form (yX)'~ in(yX); this
k' - (k - q)' is, however, negligible compared to the first

(12) order term.
We have also studied approximately the poly-

gonal Fermi surfaces suggested by Overhauser.
As (yA. ) -0, the number of sides must rapidly
approach ~ if the energy is to be lower than in
the trivial solution. However, because the
dimension of the individual sides then approaches
zero with (yA. ), self-consistency again appears
to be impossible.

Thus we conclude that for weak interactions
the Hartree equations have a nontrivial ground
state only in one dimension. Although we have
not yet demonstrated it in detail, there is little
doubt that the same is true of the Hartree-Fock
equation.

We suggest that the quantitative successes of
current theories of nuclear and metallic struc-
ture imply that in general the interactions are

(14) sufficiently weak so that the usual Hartree-Fock
functions represent the correct lowest order
approximation.

q ~2k It is a pleasure to thank Dr. K. Sawada for
stimulating conversations.

Here the coefficient of e remains finite even for
@=2k~. The same is true in three dimensions.

We now come back to the basic assumption
stated in the paragraph following Etl. (9). This
has not been generally proved and remains the
weak point in our considerations. However, it
has been verified in the following exactly soluble
cases:

1. One dimension, U=cosqx. Here the exact
n is, to leading order, linear in (yX) except for
q=2k&, where the exact 5n-(yX) in(yX).

2. Two dimensions, U=c, cosq,x+c, cosq~.
Here the exact 5n (calculated with a distorted
Fermi surface) is linear in (yA) for all q„q, ~
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