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the experimental procedure is very simple, and
needs no auxiliary measurements as in previous
experiments with single-channel polarizers. We
are thus led to the rejection of realistic local
theories if we accept the assumption that there
is no bias in the detected samples: Experiments
support this natural assumption.

Only two loopholes remain open for advocates
of realistic theories without action at a distance,®
The first one, exploiting the low efficiencies of
detectors, could be ruled out by a feasible experi-
ment.!* The second one, exploiting the static
character of all previous experiments, could
also be ruled out by a “timing experiment” with
variable analyzers'? now in progress.

The authors acknowledge many valuable discus-
sions with F. Lalo€ about the principle of this
experiment, They are grateful to C. Imbert who
sponsors this work.
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Hopping Mechanism Generating 1/f Noise in Nonlinear Systems

F. T. Arecchi and F. Lisi
University of Flovence and Istituto Nazionale di Ottica, Flovence, Italy
(Received 17 February 1982)

It is shown experimentally that a bistable system is driven by a suitable external mod-
ulation to a region of random intermittency which displays a low-frequency power-law
divergence. This low-frequency divergence is associated with a topological alternation
between two strange attractors in phase space, either unsymmetric or fully symmetric
depending on whether the two potential valleys are differently or equally located. This
picture seems sufficiently general to apply to most cases of low-frequency noise current-

ly reported.
PACS numbers: 05.40.+j, 05.70.Ln

We show evidence of a mechanism responsible
for low-frequency excess noise in a nonlinear
system. The mechanism seems to be sufficiently
general to be a possible explanantion for many
physical cases where excess, or 1/f, noise ap-
pears, even though we do not pretend to claim full
universality.

In order to study the routes to chaos in nonline-
ar nonequilibrium physical systems we have built
a suitable electronic oscillator with a cubic non-
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linearity imposed by a selected field-effect tran-
sistor device and driven by an external modulation.
The internal force law corresponds to a two-
valley potential. The dynamical equation for the
normalized oscillator output x(#) is

2,
%+k%—x+4x3=A COSWT, (1)

where T=w.f, w, is the oscillator frequency, w
is the modulation frequency normalized to w,,
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TABLE I. Values of the modulation amplitude v, at
the onset of the f/2" subharmonic, increments AV, ,
and relative increments 6,= (V,,1=V,)/ (Vo0 =V, 1),
for a modulation frequency of f = 573.3+ 0.1 Hz,

v, (mV) AV, (mV) 5,
f/2 572.15+0.05 .
f/4 618.72+ 0.05 46,6+ 0.1 4.65%0.05
7/8 628.75% 0.05 10.0%0.1 4.7£0.3
f/16 630.85+ 0.05 2.1+0.1

and £ =0.154 is the scaled damping rate. The
modulation amplitude A is taken as control param-
eter. In the following it will be given in terms of
the rms value V (volts) of the modulation signal.
We set the modulation frequency f around 560 Hz
against an intrinsic frequency f,=459.1 Hz.

As long as the motion is confined within one
valley, we have the standard sequence of sub-
harmonic bifurcations'™® leading eventually to a
strange attractor.

For some ranges of the modulation frequency
and amplitude, the system can “hop” between the
two valleys. Strong modulation induces a stable
hopping with a power spectrum qualitatively not
different from that associated with motion in one
valley. However, for selected modulation ranges,
this hopping is accompanied by a strong low-
frequency branch of the continuous power spec-
trum.” This branch can be fitted by af™“ law,
with = 0.6 or @=1.0, depending on two distinct,

(@

but repeatable, modes of phase-space motion. In
the first set of experiments we introduce a small
bias in order to have the left valley, correspond-
ing to negative values, preferred with respect to
the right one. For small modulation amplitudes
the motion is confined within that valley, so that
we revisit situations analogous to those of Ref. 2,
but eventually we break the similarity when the
system explores the second valley as well. In
the second set, we study a purely bistable situa-
tion (no bias) so that there is no a priori prefer-
ence for one valley. <

For increasing values of A, the sequence of
plots reported in Fig. 1 is representative for the
biased set of experiments. In each of the three
parts [(a), (b), and (c)], we report the following
experimental data: (i) the phase plot x(¢), x(¢)
recorded on an oscilloscope; (ii) the averaged
power spectrum, measured with a Rockland spec-
trum analyzer.

Figure 1(a) shows the f/8 case of a standard
subharmonic bifurcation sequence that we are
able to follow up to f/16.8 The critical values of
the control parameter for which a new subhar-
monic appears are reported in Table I, and the
experimentally meaningful values of 6, =(V, .,
-V,)/(V,.s=V,..) are seen to be in good agree-
ment with Feigenbaum’s value 6=4.669... . Fur-
thermore, as shown in the log representation of
the spectrum in Fig. 1(a), the line connecting the
peaks of f/4 and its harmonic 3f/4 lies 16.2 dB
above the line averaging over the four peaks f/8,
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FIG. 1. Three examples of nonlinear motion for a modulation frequency f=575.2 Hz. Row I:
Row II: power spectra in log (vertical)-linear (horizontal) scales. (a) V =642.76 mV, line spec-

[ horizontal x (£)].

phase-space plots

trum; (b) V=649.12 mV, one strange attractor, broad spectrum with low-frequency cutoff; (c) V =685.56 mV, two

strange attractors, low-frequency divergence.
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37/8, 5f/8, and Tf/8, thus verifying that the pu
value obeys the relation' 10log,,u = 8.2 dB. This
agrees with previous measurements.®"®

As we further increase the critical parameter
we get a strange-attractor regime confined around
the left minimum of the nonlinear potential [Fig.
1(b)].

Notice that the broadened spectrum has a dras-
tic cutoff at low frequencies. Indeed, the com-
bination of our experimental device and the meas-
uring apparatus is free from low-frequency noise
contributions down to 0.5 Hz.

For still higher values of the control param-
eter, the system is allowed to explore also the
right valley, even though less frequently than the
left [Fig. 1(c)]. This corresponds to a sudden
dramatic increase of the continuous spectrum at
low frequencies showing a marked low-frequency
divergence already in the linear scale. To ex-
plore such a new feature, we present in Fig. 2 a
log-log plot of the spectrum corresponding to the
low-frequency region, taken for the cases of Figs.
1(b) and 1(c). At the lowest measured frequency
(about two decades below the modulation fre-
quency) the divergent component is 80 dB above
the previous spectrum.

We point out the following relevant features:

(i) We show evidence of a low-frequency excess
noise which diverges as f~® with a~0.6. (ii) As
shown at the top of Fig. 1(c), this low-frequency
noise is associated with a random hopping between
two types of attractors, one confined in the left
valley, the other intruding into the right valley.

We have explored a series of cases where,
qualitatively, the phase plot was showing the
same ratio of occupation of the left and right
sides. We have consistently measured a power-
law spectrum S(f)=/"% with & values ranging be-
tween 0.53 and 0.66 for pairs of control param-
eters (modulation amplitude and frequency) rang-
ing, respectively, between 0.6260 and 0.8598 V
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FIG. 2. Comparison of the low-frequency parts of
the spectra (b) (dashed line) and (c¢) (solid line) of
Fig. 1, in a log-log representation.
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and 558.8 and 624.0 Hz. Whether in the space of
control parameters there is a point where the
values merge to a unique universal value is still
an open question that would require a much larger
body of experiments.

By far more interesting is the behavior in the
unbiased, purely bistable, set of experiments.
For increasing values of the control parameter
(precisely, above 1.8 eV), the system rapidly
evolves towards a random hopping between the
two types of attractors, one bifurcated on the
left, the other on the right. The two alternating
phase plots reported in Fig. 3(a) show a complete
symmetry with respect to the origin. The power
spectrum [Fig. 3(b)] shows subharmonics down
to f/8, plus a low-frequency divergence account-
ing for the random hopping between the two basins
of attraction. Notice the accurate 1/f law in the
log-log plot. For convenience we show also a
sample of the time behavior of x(¢) [Fig. 3(c)].

The two f~¢ spectra of Figs. 2 and 3 seem dif-
ferent, insofar as the first is accompanied by a
broadened high-frequency spectrum, whereas
the second does not show other significant chaotic
features besides the /8 broadening. In the first
case, the two basins of attraction have unequal
extension. Indeed [as qualitatively shown by the
traces of Fig. 1(c)] the attractor confined in the
left valley occurs more frequently than the one
hopping over the two valleys and hence crossing
x=0. Thus this low-frequency divergence is as-
sociated with a randomness in zero crossing. In
the second case the two attractors are mirror-
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FIG. 3. Hopping between two attractors and associ-
ated 1/f spectrum in the purely bistable case. Modula-
tion values: f = 558.4 Hz, V =1.45151 V. (a) Symmetric
phase-space plots; (b) log-log spectrum showing the
1/f branch, a broadened f/8 line, and a narrow f/4
line; (c) a sample of the x(¢) plot.
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like and thus have a stable rate of zero crossing.
However, the bifurcated loop moves randomly
from left to right, thus inducing the 1/f diver-
gence.

To specify this difference we have considered
a new type of measurement, namely, the proba-
bility distribution P(¢) of the times of zero cross-
ing of the amplitude x(¢). These are obtained by
classifying the time distances between succes-
sive zero crossings with positive slope on a mul-
tiscalar analyzer. Figure 4 shows that in the
first case we have a long tail, while in the second
case we have a distribution P(¢) confined to a
single channel and hence a stable frequency of
zero crossings. This appears also from the oscil-
loscope plot of Fig. 3(c). i

It is suggestive to think that the old problem of
1/f noise® ! may have a heuristic explanation as
due to long-time jumps between different basins
of attraction within each of which the motion has
correlation functions with relatively short life-
times. It is clear that an added external noise
may bridge the two basins, drastically changing
the 1/f features. This fact will be dealt with
elsewhere.

A relation between random intermittency and
1/f spectrum has already been observed by a
computer model,'? without, however, connecting
such a feature with the detailed dynamical motion
as we have clearly displayed in our phase-space
plots.

If we extrapolate our picture to other situations
with a multiplicity of stable valleys and a driving
external force, we can think of, e.g., the flicker
noise of electrons in a resistor driven by a cur-
rent as due to random jumps from one surface
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FIG. 4. Statistical distributions of time intervals
between zero crossings of x(¢). Circles: broad distri-
bution associated with unsymmetric attractors. Loz-
enge: single-channel line associated with symmetric
attractors.

trap to another.'

In quantum optics, phenomena like optical bi-
stability'® should easily display such features by
a suitable modulation of the input laser field.
Another example can be suggested in selective
photochemistry of large molecules by infrared
lasers. Here the multiphoton excitation of a vi-
brational mode is hampered by the intramolecular
coupling of that mode with the thermal bath of all
other modes.!* The associated relaxation occurs
in the picosecond region. If we consider two-
valley potential systems as in isomerization pro-
cesses,'® we anticipate that a suitable choice of
the frequency and amplitude of the exciting laser
should yield a long-time 1/f tail.

These are just qualitative hints, but we feel
allowed to take such a bold attitude by the fact
that, for the first time in the history of low-fre-
quency noise, we are not limited to giving a mod-
el without experimental counterpart, nor to an
empirical measurement without an understanding
of the underlying phenomena, as has been done
thus far.®
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From 12000 charged-current v, D events obtained in an exposure of the Fermilab 15-ft
bubble chamber to a high-energy wide-band neutrino beam, the absolute neutrino flux is
determined using the reaction v ,n —u"p. For the total charged-current cross section,
0;=kE,, k=(0.68+0.04+0.10)x 10" % ¢m?/GeV is obtained for E, between 10 and 200
GeV. No clear energy dependence of the slope parameter # is observed.

PACS numbers: 13.15.Em

In a naive quark-parton model, the total cross
sections for neutrino and antineutrino interac-
tions are expected to show a linear rise with the
beam energy,

o,=kE,. oy

Deviations from the linear rise indicate a scaling
violation and may suggest new effects such as
neutrino oscillations. Previous measurements of
o, suggested such deviations®?; however, accu-
rate determination of the slope parameter & is
difficult because of uncertainties in the neutrino
flux measurements. In this paper, we present the
first measurement of the neutrino flux in the

Fermilab wide-band beam using the neutrino
quasielastic reaction,

~

vptn— W +p. 2)

The flux is then used to obtain the total cross sec-
tion for the charged-current reaction on an iso-
scalar target,

Vu+Dy—= " +X. (3)

Other results concerning reaction (3) obtained in
this experiment have been reported elsewhere.*™®
The data sample comes from a 328 000-frame
exposure of the Fermilab 15-ft deuterium-filled
bubble chamber, with a two-plane external muon
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FIG. 1. Three examples of nonlinear motion for a modulation frequency f=575.2 Hz. Row l: phase-space plots
l horizontal x(¢)]. Row II: power spectra in log (verticall-linear (horizontal) scales. (a) ¥V =642.76 mV, line spec-
trum; (b) V =649.12 mV, one strange attractor, broad spectrum with low-frequency cutoff; (c¢) ¥V =685.56 mV, two
strange attractors, low-frequency divergence.
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FIG. 3. Hopping between two attractors and associ-
ated 1/ spectrum in the purely bistable case. Modula-
tion values: f = 558.4 Hz, V = 1.45151 V. (a) Symmetric
phase-space plots; (b) log-log spectrum showing the
1/f branch, a broadened f/8 line, and a narrow f/4
line; (c) a sample of the x(¢) plot.



