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Injection of a High-Current Beam into a Modified Betatron Accelerator
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A method .is proposed for injecting and trapping a high-current, high-energy, nonneu-
tral electron beam into a modified betatron accelerator. The injection is substantially
simplified as a result of the balancing of two effects that are prominent in high-current
beams.

PACS numbers: 52.75.Di, 29.20.Fj

Recently, there has been increasing interest in
the development of compact accelerators that are
capable of generating ultrahigh-current beams.
One of the most promising is the modified beta-
tron accelerator. ' ' This device consists of a
conventional betatron' magnetic field conf igura-
tion as well as a toroidal magnetic field. It has
been shown both analytically and numerically that
the toroidal field improves the stability" of the
high-current beams. However, the injection and
extraction of the electron beam is substantially
more involved as a result of the toroidal field.

In this paper, we report on an injection scheme
that is conceptually simple and rather easily
realizable. Although the proposed scheme has
some similarities with previous injection tech-
niques of relativistic beams into toroidal geome-
tries, ' ' several of its key features are different.

The proposed injection scheme is closely relat-

Z

ed to two effects that are very important in high-
current beams. The first effect is associated
with the reduction of the kinetic energy of the in-
jected beam (inductive effect) and the second is
associated with the additional force that appears
on the geometric center of the beam as a result
of the finite radius of curvature of the circulating
electron beam (toroidal effect). Either of these
effects could drastically change the major radius
of the electron ring and thus drive the injected
beam to the wall of the vacuum chamber.

Consider a nonneutral electron beam emitted
from a diode that is located inside the torus, as
shown in Fig. 1. During injection, the beam kinet-
ic energy is reduced in order to provide the nec-
essary energy to build up the electromagnetic
fields inside the torus. The reduction of the
beam's kinetic energy may be computed from the
conservation of energy
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where N is the total number of electrons in the
beam, (y, —l)m, c' is the kinetic energy of elec-
trons at the a,node, and (y —1)m, &' is the average
kinetic energy of the electrons after equilibrium
has been established. The last two terms in Eq.
(1) represent the magnetic and electric field ener-
gies, respectively. For highly relativistic,
large-aspect-ratio rings, it is shown later on
that the two potentials are about equal and thus
the field energy terms are also about equal. Thus,
for 4 constant, Eq. (1) gives
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FIG. 1. System of coordinates used in the analysis.

where Aq' is the self-magnetic vector potential
and V is the volume occupied by the beam. If we
assume that in the equilibrium state all the elec-
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trons have the same canonical angular momentum,
this equation becomes for a large-aspect-ratio
(R, /&, ) ring

y. -y (R,) = (- le I/mc')A. '(R,), (2)

where Rb is the equilibrium radius, &b is the mi-
nor radius of the ring, and [y(R„) —1]m,c' is the
kinetic energy of a reference electron that is lo-
cated at the center of the ring.

The equilibrium position of the beam is deter-
mined from the force balance equation

ge' le l v&

1 le I Ae'
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Substituting Eg. (2) into Eq. (5) yields

(5)
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Therefore, when y'» 1 and a/R, «1 inductive and
toroidal effects balance each other, even when
the beam is injected off axis. As a consequence,
the injection process is considerably simplified
and the local external magnetic field required to
confine the ultrahigh-current electron beam in its
equilibrium position is given by the simple rela-
tion of Eq. (|)).

The balancing may be computed explicitly when
the electron ring is located along the minor axis
of the torus. In this special case the self-mag-
netic potential is given by

AB'(ro, 0, t) =[2I(t)/c][& + in(a/x~)]. (7)

The change in y on the axis of the ring may be
computed from Eqs. (2) and (7) and is

yo —y(r„0, t) =+ 2v[-', + ln(a/r, )], (8)

where E„ is the radial electric field and &, is the
total axial magnetic field at R, . Since E„=-&'I)/

s~ and B,=x '
& ()'A8)/& ~, where 4' is the electro-

static potential and Ae is the total magnetic vec-
tor potential, and since 1/y'«1, i.e. , ve= c, Eq.
(3) becomes

1 le l BC' eA e &66 6 + ext
R, rgia)en, e' ar ar r ' )„„,

(4)

where &,'"' is the external field at r =R,.
For R, /a»1 and va= c, the two potentials 4'

and Ae' satisfy the same equation and the same
boundary conditions. Thus Eg. (4) becomes

where v is the Budker parameter.
Because of the toroidal effect neither the self-

electric nor the self-magnetic field is equal to
zero at the axis of the electron ring even when
the axis of the ring lies along the minor axis of
the torus. For a constant-current-density the
fields at the center of the ring are"

J'b 0E„=-~leln, ' » —,
0 b

and

B,= —eleln, ( )
' 1+)n(—)

By substituting Eels. (8), (9), and (10) into the
radial force balance equation, it is easy to show
that the equilibrium radius of the beam remains
constant, although the kinetic energy of the beam
is substantially reduced.

The above treatment is based on an asymmetric
injection, i.e. , when the canonical angular mo-
mentum Pe of the equilibrium state is not the
same as that of the diode. The same results are
obtained for a symmetric "injection. " Although
it is not practical, the symmetric "injection" can
be easily analyzed and is realized when, for ex-
ample, the current of an intially very weak ring
increases rapidly with time. The main advantage
of the symmetric "injection" is that it can be
simulated with two-dimensional codes.

The balancing of inductive and toroidal effects
both on axis and off axis was verified in several
computer simulation runs. Excellent agreement
was found between theory and simulation, provid-
ed the assumptions of the theoretical model were
satisfied. Typical results from the computer
simulation when the beam is injected on axis are
shown in Fig. 2. The electron ring remained at
the center of the torus, although its current in-
creased from 0 to 10 kA. The betatron field
(B„"')used in the simulation was the single-
particle magnetic field corresponding to the diode
energy.

If the assumptions of the theoretical model are
not adequately satisfied, the lowest-order correc-
tion to the local, single-particle magnetic field is

&&, '- 0.17&10' + &r G,
&y 2v
'ro y~ Q

where the displacement &r, the major radius &„
and the minor radius a of the torus are measured
in centimeters.

As a result of the balancing of inductive and

742



VOLUME 49, NUMBER j.o PHYSICAL REVIEW LETTERS 6 SEPTEMBER 1982

~ TIME-25.00 nsec ~ TIME-65.00 nsec ~ TIME-I44.99 nsec

a
lii iII.'.

I 06.4 93.6 f06.4 93.6 I06.4
Radius (cm)

FIG. 2. Snapshots o the minor cross section of the electron ring injected along the minor axis of the torus.

«roidal effects, the center of the beam will re-
main stationary if the betatron field at the point
of injection is equal to the equilibrium field de-
fined in Eq. (6). Thus, after a revolution around
the major axis of the torus, the beam will come
back to hit the injector. However, if the value of
the betatron field is a few precent different from
its equilibrium value, the center of the beam will
drift away from the injector as the beam propa-
gates along the torus. If the betatron magnetic
field remains constant in time or both the flux
and the local magnetic field vary in sychronism,

AVERAGE BEAM POSITION
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the beam will drift and come back to the injec-
tor after a bounce period' (or approximately after
ten revolutions around the major axis). The pro-
jection of the center of the rotating beam in the
~-~ plane as a function of time is shown by the
solid line in Fig. 3. The values of the various
parameters are listed in Table I. It is apparent
that after about 250 nsec (one bounce period) the
beam would return and strike the injector. How-

ever, when the local magnetic field is reduced
slightly during the bounce period the beam drifts
away from the injector. This is shown by the

dashed line in Fig. 3. In this computer simulation
run the value of the betatron field during a bounce

period was reduced by 2 G, i.e., from 146 to 144
Q. If the fields were held constant after a bounce

period, the center of the beam would continue

rotating around a fixed equilibrium position.
However, during the acceleration both the field
and the flux through the orbit increase at the
same rate, the equilibrium position moves closer
to the center of the minor cross section of the

TABLE I. Parameters for the computer run of Fig.
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93.6 96.8
I I

100.0 103.2
RADIUS (cm)

cuum
amber
orus)

106.4

FIG. 3. Computer simulation results showing the

projection. r -z plane of the center of the 10-kA electron
beam as a function of time. The various parameters
are listed in Table I. During the bounce period the

local betatron field was kept constant (solid line) or
reduced by 2 G (dashed line).

Beam current
Beam energy at the diode
Beam energy after injection
Injection radius
Initial beam minor radius
Final beam minor radius
Major radius
Torus minor radius
Toroidal magnetic f ield
Equilibrium betatron f ield
Betatron magnetic field

I =10 kA

E p
= 3.84 Me V (yp = 8.5)

Z =3.05 MeV (y=6.ev)
A

&
= 104.5 cm

xq, = 1.0 cm
'Yg f = 1.2 Cm

yp=100 cm
a =6.4 cm
Bpg =1415 6
B ~(r, 0) =152 G

Bp (~p, 0) = 146 G

743



VOLUME 49, NUMBER 10 PHYSICAL REVIEW LETTERS 6 SEPTEMBER 1982

torus, and the beam rotates around it with a
progressively smaller radius.

This paper reports on the injection and trapping
of an ultrahigh-current electron beam into a
modified betatron accelerator. For computation-
al convenience the various parameters in the
simulation were such that the induced fields domi-
nate the external fields. This parameter regime
should be avoided in an actual device because
during the acceleration it is possible that the low

frequency of rotation (bounce) will change sign
and thus the beam will become unstable. How-
ever, the main features of the proposed injection
are not sensitive to the relative magnitude of the
fields but rather to the magnitude of their differ-
ence. Both analysis and simulation are based on
the cold-beam approximation. Presently, work
is in progress with finite-emittance beams. Fi-
nally, it has been assumed that a hard vacuum is
continuously maintained inside the confining
chamber and thus the plasma formation and its
effect on the beam' were neglected.

We have benefitted greatly from discussions
with the members of the Special Focus Program

"Advanced Accelerator" and in particular with
Dr. I. Haber, Dr. J. Golden, and Dr. D. Chemin.
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Sound Attenuation Measurements in Superfluid 3He-A Well below T, :
An Anomalous Behavior at Low Pressure
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Sound attenuation has been measured at low and medium pressures down to X'/T, -0.4
in the A phase of superfluid He stabilized by a magnetic field. Damping is due to Cooper
pair breaking and constitutes a useful probe of the superfluid gap. The gap parameter is
found to correspond to the weak-coupling value at high pressure but to be anomalously
small at low pressure.

PACS numbers: 67.50.Fi

We have measured the attenuation of zero sound
in the & phase of superfluid He at low pressure
down to temperatures less than 0.4T, . Since the
dominant damping mechanism is Cooper pair
breaking, these measurements yield direct in-
formation on the microscopic structure of the A.

phase.
As is now well established, ' theA phase owes

its existence above the polycritical pressure in
zero rpagnetic field to strong-coupling effects
and, more specifically, to the spin-fluctuation
mechanism put forward by Brinkman and Ander-
son. ' Its domain of existence is extended down to
absolute zero by the application of magnetic fields
of a few kilogauss' which suppress the S, =O com-
ponent of the & phase while leaving the gap param-
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