VOLUME 49, NUMBER 9

PHYSICAL REVIEW LETTERS

30 AucusTt 1982

Roughening and Lower Critical Dimension in the Random-Field Ising Model

G. Grinstein
IBM Thomas J. Watson Reseavch Centev, Yovktown Heights, New York 10598

and

Shang-keng Ma
Department of Physics and Institute for Puve and Applied Physical Sciences, University of California,
San Diego, La Jolla, California 92093
(Received 9 April 1982)

It is argued on the basis of a new interface model that the lower critical dimension of

random-field Ising systems is two,
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The lower critical dimension, d,, of the Ising
model in a random magnetic field (RFIM) has
been a puzzle for some years. Simple, physical
domain-wall arguments’ at zero temperature (T')
suggest that random fields destroy the ferromag-
netic order whenever d <2; that is, d, =2. On the
other hand, arguments based on the equivalence,
order by order in perturbation theory, between
Ginzburg-Landau models with random fields in d
dimensions and those without random fields in d
- 2 dimensions suggest? that d, is three for the
RFIM, two more than the d, for the pure Ising
problem.

Very recently calculations based on interface
models of the RFIM,** analogous to those used
to study the pure Ising model® for d=1+€, have
supported the conclusion d, =3. A crucial ele-
ment of this ingenious line of reasoning is the
assertion® that at d =3 the interface between do-
mains of up and down spins in the RFIM is rough.®
It is argued”’ that the failure to account for this
roughness in the original domain estimates® in-
validates those estimates. Moreover, experi-
ments on various physical realizations of the
RFIM® seem consistent with d, = 3.

In this paper we reconsider the interface ap-
proach to the RFIM, relying upon neither the
replica method?® nor the supersymmetry argu- |

H/T=T'1fd4'1x{J[1+(Vf)2]1/2+fofmh(?;,z)dz}.

in agreement with simple domain estimates.,

ments* employed in the earlier treatments. Our
starting continuum interface Hamiltonian differs
significantly from those of the earlier calcula-
tions in that it is a nonanalytic function of the in-
terface coordinates, f(§). Simple power count-
ing shows that d, =2 for this Hamiltonian, in
agreement with the original' domain estimate.
We argue that this conclusion is consistent with
the roughness of the interface at d=3; indeed,
we find that the width, w, of the RFIM interface
varies as L* ind dimensions, where x = (5~-d)/3
and L is the linear dimension of the system. The
interface is therefore rough (i.e., x >0) whenever
d <5, in agreement with Pytte ef al.®>° However,
ifd>2thenx<landw/L-0asL-x. Ford>2
the interface width thus diverges more slowly
than L: The interface is effectively smooth.
Note that Pytte ef al.® find x =(5 -d)/2, where-
upon w = L for d < 3, consistent with their con-
clusiond, =3.

Our starting point is the continuum Hamiltonian
describing the (d — 1)-dimensional interface be-
tween one domain of discrete Ising spins pointing
up and one down. Let the shape of the interface
be defined by z =f(x) [x designating the (d - 1) in-
terface coordinates] and let h(i,z) denote the
field at (;:,z). The Hamiltonian divided by the
temperature is

1)

J is the exchange interaction strength, and fd"'lx[1+ (V£)2]'/2 the area of the interface. The field ener-

gy is arbitrarily chosen to be zero atf=0.

Note that since h(x z) is a random function of z, H is a nonanalytic function of f(x) This nonanalytic-
ity becomes more explicit in the replica formallsm choosing, e.g., at each point (x z) a Gaussian
probability distribution of width VA for the random field one obtains, following a trivial integration,

the replica Hamiltonian'’
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for n~0; here 6(x)=1,3,0 for x >0, x=0, x <0. The relationship between (2) and the analytic Hamilto-
nian of Ref. 3, which was derived directly in the replica language on the basis of symmetry considera-
tions without reference to a nonreplicated interface Hamiltonian [such as (1)] in which the random field
appears explicitly, is far from transparent. However, an intriguing connection between the two ap-
proaches follows from consideration of (1) in the case where the random fields h(;,z) are independent
of z; i.e., h(;;,z):h(;(). The second term of (1) for this “random rod” model is analytic: f(X)k(x). The
replica method applied to this model with h(;{) distributed according to a Gaussian yields the interface
Hamiltonian

SR g [ (15 e 3 B ). ®)

The final term of (3) is identical to the lowest- ‘
order nontrivial interaction term in the model of

explain the result d, = 3 of that work. However,

Ref. 3. Trivial dimensional considerations® show since the complete Hamiltonian of Ref. 3 is con-
that both models have lower critical dimension siderably more complicated than (3) (and has
d,=3. Moreover, direct application of the do- different symmetry properties), it is unclear
main argument' to the random-rod model like- that the two models are equivalent.
wise predicts d, =3. To see this, imagine creat- That d, =2 for the Hamiltonian (2) follows from
ing a domain of linear size L of down spins in a an elementary scalmg argument: Under the scale
d-dimensional random-rod model assumed fer- transformation x = bx the lengthf(x) also trans-
romagnetically ordered in the up direction. For forms asf(x) bf’(x ), whereupon the definitions
large L the surface-energy cost of such a domain
is, as usual, proportional to L4 !, while the field T'=b"0T, A'=h274A (4)
energy goes like LL @~ 0/2~ @0/ (yhjch is larg-
er than the L%/2 in an RFIM). It is thus energeti- preserve the functional form of H,. Equations
cally favorable to create large domains that de- (4) (the lowest-order renormalization-group re-
stroy ferromagnetic order whenever (d+1)/2 cursion relations) show that A is an irrelevant
>d -1ord<3; i.e., d, =3 for the random-rod variable for d >2; therefored, =2. At first
problem. glance this result seems inconsistent with per-

The connection described above between (3) turbation theory performed with (2) [or equivalent-
and the Hamiltonian studied in Ref. 3 suggests ly, (1)]. If, e.g., one expands the surface ten-
that the latter may be more appropriate to the sion 0= =T InTrexp(-H,/T)/nL** (L being the
random-rod model than to the RFIM. This would linear dimension of the system) in powers of A

| in the » =0 limit, one obtains
=0, —AJ"1/2 (3-4)/2(A/T3/2)[1 +0(L @+v/2p J- 1/2T-3/2)] , (5)

where 0, is the surface tension of the pure sys-
tem (A =0) and A is a numerical constant. Since Iline can be presented here, is similar in spirit
for all d <3 the term of order A diverges for L to the original phase-space cell analysis of Wil-
—~o, (5) suggests (or is at least consistent with) son.”!* Given a particular set of random fields,
d, =3 rather thand_  =2. Were d, =3 in the RFIM h(x,2), we attempt to account approximately for
one would, for all d <3, expect ¢ to drop discon- fluctuations of the interface of progresswely
tinuously from o, at A =0 to zero for all A >0; longer wavelength. We 1mag1nef(x) expanded in
any attempt to expand ¢ in powers of A should terms of an orthonormal set of functions ¢ X(x)
therefore fail, as does (5), for d <3. The failure f=33,0,(X)gr. The ¢,(x) are chosen to be “wave
of perturbation theory for d <3 does not neces- packets” with reasonably well-defined locations
sarily imply d, = 3, however. Indeed, we assert and magnitudes of V¢ X(x) (i-e., “momenta”).
on the basis of a renormalization-group estimate Now substitute in (1) f=f,+f,, where f, is “slowly
that, at low 7 for d>2, 0 —0,~A" as A - 0 with varying,” i.e., essentially flat over length scales
y=2(d-1)/(d+1); thus 5 <y <1 for 2 <d <3. < ba, while f, varies over scales between a and
Since y <1 for d<. an expansion such as (5) in ba. Here a is the short-distance cutoff of the
integral powers of A must break down, with no theory and b (>1) the scale factor. The task is
implication that the RFIM is disordered for A >0. now to calculate, for given flxedfl(x) (taken as

The calculation, of which only the barest out- constant over the region occupied by a given
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packet of size <ba), the contribution to the sur-
face tension due to f,, i.e., to variations in the
interface over the shortest length scales.

This contribution can be estimated for each of
the smallest wave packets independently; an ele-
mentary calculation (equivalent in essence to the
domain argument' applied to a random system of
size ba) gives the energy per unit area, H, , of
a given packet as a function of its coefficient ¢q
(the subscripts A are suppressed and we now
adopt units in which a=1 to eliminate the super-
fluous dependence of our formulas on a):

bd-lHOb ~Ib~2%(g? - CJ" A 1/2lq| 1/2p (d+7)/4)_ (8)

Here C is a function of ¢, random in both mag-
nitude and sign, of order unity. Since any wave
packet ¢ localized in a region of linear size b is
normalized so that [d? x@2=1, ¢ ~b~ @ 0/2 anq
V@ ~b~@/2 The two terms of (6) are thus sim-
ply interpreted as an exchange or boundary term
[6%- (V¢ )%q?] and a random-field volume energy
(%1 g@|)V? for the packet ¢ . The corresponding
thermally averaged surface tension ¢, is then

-b~417 In[ [dq exp(-b?"'H,, /T)].

Having computed ¢,, one obtains from (4) the I

Ogp (T ,A)~ =BT In(Th2/J) — C?A (TJ)"V/2p 3-a)/2,

oy (T ,A)~E,, =Tb¥ 4 In(mb2/3J), T < T,

where C? is a positive random number of order
unity and T ,=J /34273,

If the random field is sufficiently weak that T
>T,, then (9a) is appropriate; since A, /T, /2
~(a/TY2)pt =0/ (8) comprises a series of
terms of the form b ¢=®¥/2_ The sum clearly di-
verges for d <3, suggesting d, =3 at finite T'.
This conclusion is too hasty, however. Since T,/
Tp, ~(T/Tab™ @ VV5 T, «T, for sufficiently
large !, no matter how large T /T, is initially.
Indeed, T, /T 5, =1 when1=1,=[31In(T/TA)]/(d
+1)lnb. For I>1_, (9a) no longer holds and (9b)
must be substituted in (8), implying, for d >2,
the convergence of the series and hence the ex-
istence of ferromagnetic order even at finite T.
In other words, the variable T is sufficiently ir-
relevant that at large enough length scales the
problem effectively reduces to 7=0. That the T
>T » result (9a) suggests d, =3 is ultimately
insignificant. Note that when d <3 the terms of
(8) increase with 7 for I <, [when (9a) holds] and
decreases with [ for 7 >[_,. The leading term of
the series thus occurs when I =1, where both (9a)

once-renormalized version of Hamiltonian (1)
and repeats the calculation just described, there-
by determining the surface tension due to fluctu-
ations on scales between b and b2, The total sur-
face tension, o, resulting from many such itera-
tions is then expressed as the series

L
o(T,8)= Iz;lcob (Ty,4,),
where I, =InL/Inb, and T, =Tb**"® and A,
=Ab*?"® are the I-times-iterated versions of T
and A, respectively.

At T =0 the ground-state surface tension E
=0,,(T=0,A) is determined by minimizing H
with respect to ¢. One finds, from (6) and (7),
that the total ground-state surface tension o,
=0(T =0,A) is then

(7)

‘L
OO:J_J-I/a ) [A (B2¢) ]2/3K, ;

=1

(8)

K, is a positive random number of order unity.
For d >2 the series (8) converges as L —x; 0, is
therefore well defined, from which the stability
of the ferromagnetic ground state of the RFIM
for small A can be inferred.

At finite T,
T>T,, (9a)
(9b)
la\nd (9b) are proportional to A2@-D/W+D) - Thig jg

the result we quoted earlier.

The connection of these results with the rough-
ness of the interface follows from (6) and f
=279 \d», Which yield for the average width, w,
of the interface at 7=0

w? ~2(p2q02~A2/3 % pa(s-an/s,
1=1

Here ¢q, is the value of ¢ which minimizes H, in
(6). The results quoted earlier, w2~A2/3L26-0/s
A23(InL), and A%/® for d<5, d=5, andd >5, re-
spectively, follow. These results, derived from
our continuum interface model almost surely dif-
fer from those for the discrete lattice RFIM.
The critical dimension d; below which the Ising
interface is always rough (w =«) is presumably
lower than the value five predicted here. We ar-
gue this by analogy to the roughening transition
in the pure Ising model, where continuum the-
ories give dp =3 whereas more careful treatments
of lattice effects®''? show that actually d, =2.
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Since dj, for lattice RFIM is bounded above'® by
five (our continuum estimate), our w(L) is pre-
sumably an upper bound for the true w of the lat-
tice RFIM. Our conclusions thatw/L -0 as L

—~ for d =3 and that d, =2 should therefore be
valid for discrete lattice RFIM’s.

One simple test of the validity of our model can
be performed at T =0 for d=1. The divergence of
the ferromagnetic correlation length £ as A -0
at 7=0 can be obtained from (4): A, =Ae @ !,
where [ is the logarithm of the length scale. De-
fining I*(A) as the value of ! at which A, =1, one
has £~e! ®~A"@ D71 g5 A -0, In one dimension,
£~A"1, in agreement both with the domain argu-
ment! and exact calculations’ on the one-dimen-
sional RFIM; in two dimensions, ¢ ~e'/2, Note
that the recursion relations of Refs. 3 and 4 pre-
dict instead £~A Y50 for 4 <3, or £~A "2 when
d=1and £~A"' for d=2.

As mentioned above, experiments performed
so far seem to show d, =3 instead of 2. Further-
more, there have also been experiments® which
showed £ ~A~! for d=2. At present, we have no
explanation of these experimental data.’
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kash, Y. Imry, A. Aharony, R. K. P. Zia, and
P. Horn for valuable comments and stimulating
conversations. One of us (S.M.) would like to
thank E. Pytte and S. Kirkpatrick for their hospi-
tality at the Thomas J. Watson Research Center.
We also acknowledge the partial support of the
National Science Foundation under Grant No.
DMR80-02129. "

Subsequent to the completion of this work we
received a preprint from J. Villain who studied
the commensurate-incommensurate transition in
the presence of frozen impurities. Using argu-
ments similar in spirit to ours he obtained identi-
cal results for w? andd,. We are grateful to
Dr. Villain for communicating this information
to us prior to publication.
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