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It is shown that in spite of their unconventional experimental properties the scalar me-
sons €, 6, k, and S* can be understood as the unitarized remnants of conventional ¢q7
states. The S* and 6 have large components of ¢gg7 in the form of virtual two-meson

states (mainly KK).
PACS numbers: 14.40.-r, 12.35.Ht

The understanding of the scalar mesons has
been controversial for long because of their quite
unconventional experimental properties:

(1) The «(1400) is about 400 MeV heavier than
the 6(980) in contrast to typically 100 MeV (cf.
K* —p). This difficulty persists in the currently
popular four-quark model, although the P-matrix
framework by Jaffe' can describe the data.

(2) The width ratio I'(k)/IT'(5) is experimentally
> 6, while flavor symmetry predicts a much
smaller ratio:
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See Flatté? and Morgan.® (3) The $*(990) is near-
ly degenerate in mass with the §(980) although in
a ¢q model one expects the ss state (S*) to be 200
MeV heavier than the ud state (3). (4) The S* has
a small coupling to 77 as one expects from an
ideally mixed ss. On the other hand conventional
Gell-Mann—-Okubo mass formulas predict a large
deviation from ideal mixing. (5) The mass of the
€ has been controversial for long. Should the
slow passing of the phase shift through 90° at 700-
900 MeV be interpreted as a broad resonance
€(700), or is the phase shift rather described by
a very broad €(1400) with a narrow S* super-
imposed?

In this paper I resolve these questions within
a rather conventional model, the unitarized quark
model (UQM),*® which we have previously applied
successfully tothe 17, 0°F, 17", and 1~ multi-
plets, explaining signs and magnitudes of mass
splittings, deviations from ideal mixings, as well
as the @,@, mixing. In the model I assume a sim-
ple unmixed input spectrum for the bare mesons.
The physical meson masses are shifted down
through hadronic shifts, and mix with each other
at the same time as they acquire finite widths to
open channels.

For more details on the model I refer readers

to our previous work.*”® Below I list the most
important ingredients relevant to this application:

(1) Complete groups of flavor-related thresh-
olds are taken into account. Thus, e.g., for the
flavor-less mesons (¢, 8° S*, €,) the pseudoscalar-
pseudoscalar (PP) thresholds are:

7o, w'nrT, K'K™, K°K°, nm, nm’,
n'n’, D'D", D°D°, F'F", n.n.. (2)
(2) The coupling constant for each threshold
is given by the “quark counting rule”® g, ,
=y SPPTr(a;8,4,)., where ¥ 5FF is an overall
coupling constant and where A; are 4 X4 matrices
given by the quark content of the meson. Thus
A for n and 7’ depend on the mixing angle 6,
which is fixed to —11°,
(3) The partial width and mass shift, which are

related to a given threshold, are given by the real
and imaginary parts of the function II(s). Thus

ImlIl;; (s)

== Z:bgtabgjab(ka/\[s)Fz(ka)e(s "sab) (33)

Reﬂij(s) =77'1fs:; [Imﬂij(s')/(s' -s)lds’, (3Db)

where F (k) is the hadronic form factor which pro-
vides the cutoff and s,, = (2, +m,)>.

(4) The hadronic form factor is assumed to be
flavor independent and of the form F (&) =expl— (¢/
kcutoff)z]-

I have also done calculations with £ =1, and
traded the cutoff into a subtraction constant,
whereby Eq. (3b) gives the Chew-Mandelstam
function (see, e.g., Basdevant, Froggatt, and
Petersen,’ and Achasov, Devianin, and Shesta-
kov®). The relation between the present model
and that of the P matrix has been discussed by
Maciel and Paton.’

The parameters of the model are as follows:

(1) The overall coupling constant ¥ ¥%, which is
determined mainly by the K7 S-wave phase shift.
We find a best value y5¥% =0.96 GeV.

(2) The cutoff parameter kyiorf, Which was in
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our previous applications found to be larger than
0.6 GeV/c with best value near 0.7 GeV/c. For
the 0"" mesons cutoffs > 0.6 GeV/c give reason-
able fits. In the fits shown ky.fr =0.7 GeV/c,
which corresponds to a hadron radius 0.7 fm.

(3) The bare uu meson mass m,, which for the
0.7-GeV/c cutoff is found to be 1.34 GeV or very
near the value found for the axial mesons® (1.32
GeV). This suggests that the mass splittings be-
tween the 0%, 1% and 17" mesons are to a
large extent due to the hadronic mass shifts and
the L-$ and tensor forces are small.

(4) The quark mass difference m, —m, is fixed
at 4 MeV and m . -m, is fixed by the €, =x(3414)
mass. For m g —wm,, remarkably enough the fit
gives a value 80 MeV, and m,~-m, =1.042 GeV
near the values found in our previous applications.

(5) Other possible parameters are the coup-
lings to other groups of thresholds, in particular
ySYY, which, however, only marginally affects
the fit. This is understandable since these thresh-
olds are above 1.5 GeV. In the fits shown y5""=0.

The predicted resonance parameters are shown
in Table I. Since the scalar mesons are very
broad (k,€) or lie close to the KK threshold (6,
S*), it is not sufficient to understand quoted mass-
es and widths, but we must look at the partial
waves themselves. If the latter are dominated by
the resonances in question the 7'-matrix elements
normalized to “Argand” units can be written:

T zp-ca =‘2 gabi[m om‘z + H,,-(s)]‘ lgcaj
s 7

X[k k) 2/sIF (R )F .), ()

where the sum runs over the resonances. These
partial-wave amplitudes satisfy by construction
the coupled-channel unitarity condition 7 for
=2iTTT, which follows from Eq. (3a). The K ma-
trix associated with the T matrix can be obtained
simply by putting ImlIl;;(s) =0 in Eq. (4).

TABLE I, Predictions of the model.
Mass T=ImM?/m Peak width

Meson (MeV) (MeV) (MeV)

o 970 500 100

K 1350 430

S* 985 400 50

€ 1237 1400
D, =cit 2327 140
F,=c% 2361 90
€,=cCT 3414 1

In Fig. 1(a) I show the S-wave K7 phase shift
and the associated Argand diagram. The curves
are the predictions of the model and the data are
from Kelly et al.,® Estabrooks,'® and Aston et al.™
From these data two parameters, y **“and m ,(x)
=mg+mg—m,, are determined. The prediction
deviates from a Breit-Wigner resonance in two
important respects: One has a flatter energy de-
pendence of the phase shift below 1300 MeV and
a rapid increase in the phase shift from 1350 MeV
to the K1’ threshold at 1452 MeV. The reason for
this can be seen most clearly from Fig. 1(b),
where m? + Rell(s) is shown. The «(1350) falls be-
tween the two most important thresholds K7 and
Kn’. Therefore below the resonance Rell in-
creases, making the apparent width larger. On
the other hand, from 1350 to 1425 MeV there is
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FIG. 1. (a) the K7 S-wave phase shift and the associ-
ated Argand diagram with data from Refs. 10 and 11.
(b) The Vs dependence of the renormalized mass for the
k and the §. The intersections of the dotted curve (s)
with the solid curves determine the resonance masses.
The dot-dashed curve is ImIi(s) for the k. (c) The pre-
dicted Argand diagram for the mn-rn S wave.
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a square-root-like drop in Rell coming from the
K7n' giving a rapid motion in the Argand diagram.
Previously this rapid motion was used as an ar-
gument for a heavier « (1450 MeV), with a rather
narrow width, superimposed upon a background.
We need no background and the analysis suggests
strongly that the resonance is at 1350 MeV, where
the phase shift passes 90°, in agreement with
early simpler analyses.

In Fig. 1(b) the function m,? +Rell(s) for the o
is also shown. One observes that the hadronic
shift is much larger for the & than for the x, sim-
ply because the three important thresholds 77,
KR, and 77’ are all near 1 GeV and all contribute
to the mass shift of the 6. Thus the dominant part
of the k-6 mass difference is due to a larger had-
ronic shift for the 6 compared to that for the .
This answers the first question in the introduc-
tion. Therefore we can fit simultaneously the 0
and the ¥k mass with a small m ;—m, value (<100
MeV) as we found for other multiplets.

Another important observation is that Rell(s)
drops strongly before the KK threshold. There-
fore the apparent width of the 6 is reduced by a
factor 2-3. Together with the absorption above
the KK threshold the observed width of the & peak
should be much smaller than expected from a def-
inition T’ =Im[11¢»2)]/m ; cf. the Argand diagram
in Fig. 1(c). Essentially the same mechanism for
a narrow 0 in spite of a large ™7’ coupling was
pointed out by Flatté® using a simpler analytic
form, and was also discussed more recently by
Achasov, Devianin, and Shestakov.® Together
with the nearly opposite situation for the « width,
this answers the second question in the introduc-
tion.

With two parameters fixed by the K7 phase
shift, withm ;—m, at 80 MeV, and a fixed cutoff,
no other free parameters remain for the € and
the S* resonances.

When we look at the 77 phase shift 6,° [Fig. 2(a)]
the model predicts, remarkably enough, the well-
known rapid phase shift increase near 980 MeV
due to the S*.

Qualitatively it is easy to understand this re-
sult because the KK Clebsch-Gordan coefficient
is twice as large for an ss state as for the 6 and,
in addition, the nearby 7m channel also contri-
butes to the S* mass shift. This makes the $*
mass shift the largest of the four resonances and
answers the third question in the introduction:
The quark mass difference 2(n ;—m,) inm (S*)

-m () is compensated by a larger mass shift for
the S* than the 6.
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FIG. 2. (a) The 7nr S-wave phase shift and the associ-
ated Argand diagram. The data points are from Ref. 12,
(b) The complex mixing angle between the S* and €. At
the S* mass we have nearly ideal mixing, while at the
€ mass the ¢ is nearly an SU(3) singlet. (c) The real
parts of the eigenvalues of the mass matrix for the S$*
and €. The masses are determined from the intersec-
tions with the curve s.

As to the fourth question it is clear that be-~
cause of the strong energy dependence of the
mass matrix, simple Gell-Mann-Okubo mass
formulas break down. In fact, since the mass
matrix m, ;;% +il;;(s) is diagonalized by a complex
orthogonal matrix, the mixing angles become
both energy dependent and complex. In Fig. 2(b)
the S*-€ mixing angle is shown. Below the KK
threshold we have nearly ideally mixed states,
but above the KK threshold the diagonal elements
of my,;;2 +11;;(s) become nearly equal for the S*-€
submatrix and therefore there is a rapid change
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in the mixing angle from near ideally mixed to a
near singlet €.

In Fig. 2(c) the real parts of the eigenvalues of
the mass matrix are shown for the S*-¢ system.
As can be seen the mass of the S* is predicted at
980 MeV and the € mass is at 1390 MeV. The
mass is defined as the energy where the real part
of an eigenvalue of the inverse propagator passes
Zero.

As to the fifth question our analysis agrees with
the interpretation of Morgan® from 1974 that the
mm phase shift is described by a very broad
€(1400) superimposed upon a narrower S*. The
77 phase shift passes 90° near 900 MeV because
of the combined effect of the € and the S* and the
motion is slow because of the strongly energy-
dependent contribution to Rell(s) from the 77
threshold.

A posteriori, we see two reasons why previous
analyses have not succeeded in describing the
0" mesons as ¢q states: (1) Previously no one
has taken into account all PP thresholds. (2) The
P-matrix analyses, as well as many K-matrix
analyses, have assumed a too simple form for
[I(s). For example, the “complex phase space”
obtained by naively continuing -%,/Vs of Eq.

(3a) to give a contribution to Rell(s) like [ (4m?2
-5)/s]"/%0 (4m? - s) is a very bad approximation
of the Chew-Mandelstam function obtained from
Eq. (3b).

Some analyses, e.g., Refs. 7 and 8, use cor-
rect analytic forms but do not study the whole
flavor multiplet nor include all thresholds.

As a final remark, I believe it would be a
fruitful approach to calculate the bare-mass spec-
trum, the overall coupling constants, and vertex
functions from QCD (or another fundamental the-
ory), and then fold in the unitarity effects before
comparing with data.
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