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Dirac Wave Functions in Nuclear Distorted-Wave Calculations
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A distorted-wave formulation of simple direct nuclear reactions, using Dirac wave
functions, is presented. The resulting amplitude contains interior damping due to rela-
tivistic Darwin terms. The calculations are compared with standard Schrodinger results
and significant differences are found.
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During the past few years an optical model for
nucleon-nucleus elastic scattering based on the
Dirae equation has been developed' as an alter-
native to the standard Schrodinger -equation
formulation. The Dirac phenomenological poten-
tial consists of a mixture of Lorentz scalar and
Lorentz vector parts which, in combination,
provide the central and spin-orbit potentials of
the nuclear optical model. Application' to pro-
ton elastic scattering explains some of the en-
ergy dependence and geometric anomalies ob-
tained with conventional optical-model fits to
data. In a recent paper, Cooper and Sherif' have
successfully calculated (p ~„tT') reaction ob-
servables with a distorted-wave Born-approxi-
mation (DWBA) approach using Dirac wave func-
tions.

In this Letter we report the extension of the
Dirac description to inelastic scattering and nu-
cleon transfer reactions. Since the motivation
is to assess the effect of Dirac wave functions,
we consider only simple nuclear direct reactions
where the transition amplitude is

T~, = j d'r y~t '*(k~, r)0~, y, t'(k, , r).

Such a form is appropriate for the cases of non-
exchange inelastic scattering [which includes
(p, n) reactions] and nucleon pickup in the zero-
range approximation. The g's are distorted
waves and the local, nonrelativistic operator Oz,.

may contain one or more bound-state wave func-
tions depending on the particular model employed.

In this work we consider the distorted continu-
um and bound-state wave functions to be the upper
components of solutions to Dirac equations. For
the nucleon problems, the Dirac equation reads
(n=c =1)

jn p+P[m+V, (r)]+V„(r)+V,(r) Ej4 =0-,

(2)

where zeal Dirac scalar, Dirac vector, and
Coulomb potentials are added to the free Dirac
Hamiltonian with total energy E. The mass m
is taken to be the reduced total energy to account
for recoil in a minimum relativistic manner. '
Standard manipulations now transform Eq. (2)
into a second-order differential equation for the
upper component P,

——+ V„,(r) + V, „(r)[5 i. - r v ] - —
t

= 0,~ ~

V„„(r)= V, (r) + {m/E) V, (r) + V, (r) - (2E)-'[ V„'(r) —V. '(r) + 2 V„(r)V, (r) ],

V, , (r) = (2EBr) ' dB/dr,

B(r) = 1+[ V, (r) —V„(r)] /(E + m) .

(3c)

(&d)

In Eqs. (3) small terms in V, '(r) and d/dr V, (r) have been dropped so that tt has the usual asymptotic
form.

The term containing r ~ V is known as the Darwin term' and may be transformed away by setting

g(r) = B"'(r)9(r)

and substituting into Eq. (3). The resulting equation for &p(r) becomes

+ U„t(r) + V La (r)v ~ L —
(

y(r) =0
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with

(6)

where we have added an imaginary term iN'(x)
to account for absorptive processes. This choice
differs from previous work' ' where Dirac vec-
tor and scalar potentials were taken to be com-
plex at the start. Our method has the advantage
of avoiding creative potential terms and also al-
lows for the convenience of using Schrodinger-
equation phenomenology for initial imaginary
starting values in optical-model searches. Equi-
valent elastic-scattering fits to data are obtain-
able with this approach; however, our main re-
sult (Darwin damping) occurs as well with alter-
native parametrizations of N'(r).

Deuteron-nucleus distorted waves are required
for the pickup calculations. Extension of the
Dirac phenomenology to deuteron scattering is
the subject of another paper. ' One arrives at an
equation of the same form similar to the above
but with the following modifications:

(7a)

B'"'(~) =1+V, "~(r)jm, . (7b)

The damping factor 8'~' is comparable to that
for a nucleon while the spin-orbit potential is
about half as large as the nucleon case. '

The crucial feature for reaction analyses using
Dirac wave functions is the presence of the damp-
ing factor B' 2(y) in Eq. (4). This factor is typi-
cally about 0.75 near the origin and rises to unity
in the nuclear surface. Since this factor appears
in bound-state wave functions as well as both
distortion terms, it provides a significant damp-
ing of the nuclear interior in a reaction calcula-
tion. By contrast, the effect on elastic scattering
occurs only in the extra, terms in Eq. (6) which
are small. ' The surprisingly large damping due
to the Darwin term is connected to the large
spin-orbit interaction since both have the same
multiplying factor V, , (r). This factor is -25
times the Thomas relativistic effect and is there-
fore more important than other relativistic ef-
fects which are ignored.

All the ingredients of the DWBA are now speci-
fied given appropriate potentials V„V„, and W

and may be processed by reaction codes. ' The
proton-nucleus potentials are determined by fit-
ting to the relevant elastic scattering cross-sec-
tion and analyzing-power data and the quality of
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FIG. 1. Comparison of Schrodinger and Dirac cal-
culations for the reaction ~ Zr{p, n) ~ Nb (isobaric
analog state) at 7& = 80 MeV.

! the fits are comparable to those shown in Ref. 2.
The geometric parameters obtained are also
used for the nucleon bound-state wave functions.
For our deuteron wave function we use the Dirac
formulation of Ref. 6 and construct a deuteron po-
tential which is consistent with proton scattering
data at half the incident deuteron kinetic energy.
Such a potential then is a Dirac analog to a John-
son-Soper' potential which is often appropriate
for stripping and pickup calculations.

We now apply the Dirac wave functions to sam-
ple DWBA calculations and compare them with
standard Schrodinger wave function calculations.
Both cases involve l = 0 transfer where the nu-
clear interior contributions are significant.

In Fig. 1, DWBA calculations are shown for the
"Zr(p, n)"Nb (isobaric analog state) transition
at T~=80 MeV. The analysis employs a micro-
scopic (1g,g,)' form factor with a central Yukawa
effective interaction of range 1 fm. The con-
tinuum Dirac. and Schrodinger potentials were
determined by fitting to the proton elastic-scat-
tering data of Schwandt et al. ' using the same
imaginary potential in both cases. The bound-
state g,g, nucleon wave functions were generated
with use of the geometry of the real pari of the
scattering potential with depths adjusted to fit
the g,g, nucleon separation energy in "Zr. It is
clear from Fig. 1 that the use of Dirac wave
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functions causes an appreciable reduction in the

(p, n) cross sections. This reduction is directly
traced to the damping factor of the Darwin term
and gives a factor of about 2 in this case. Dis-
torted-wave damping alone will give almost the
total effect.

A more extreme case is presented in Fig. 2

where DWBA calculations for the "Mg(p, d)"Mg

(2.36 MeV, ~') transition at T~= 94 MeV are
shown. Angular momentum transfer l =0 stripping
calculations are notoriously sensitive to the re-
action model especially in the analyzing powers.
Despite this sensitivity an earlier work" pre-
sented our failure to achieve even qualitative
agreement between "conventional" DWBA cal-
culations and experiment. " The Dirac calcula-
tions shown use proton potentials obtained by
fitting the 99-MeV p&, +"Si data. of Olmer e& al. '2

and deuteron potentials constructed from 49.5-
MeV pz&+ "Mg data" on "Mg. The Schrodinger
calculations are taken from Ref. 10 and both cal-
culations are normalized with the theoretical
spectroscopic factor of Chung and Wildenthal as
reported by Miller et a/. ' Although the agree-
ment with data in Fig. 2 is not perfect it repre-
sents a major improvement in the direction of
qualitative agreement with experiment. This is
a direct result of the nuclear interior suppres-
sion which is a natural consequence of using
Dirac wave functions.

In summary, distorted-wave calculations with
Dirac wave functions contain damping due to the
relativistic Darwin term and this damping can
affect magnitudes and shapes of the calculated
cross sections and analyzing powers. The cal-
culations we have presented contain several
simplifying assumptions and, in addition, are in-
consistent in that the interaction causing the
transition is not treated in the Dirac framework.
Also, small components of the wave functions
are ignored. More work is needed to understand
the importance of these approximations as well
as to study the systematics of DWBA reaction
analyses with Dirac wave functions. Previous
reaction analyses have often employed artificial
radial cutoffs to obtain agreement with data and
it is plausible that many of these cases can now

be explained using Dirac wave functions. Thus
DWBA reaction analyses provide support for
Dirac phenomenology in the interaction of nucle-
ons with nuclei.

This work was supported in part by the U. S.
Department of Energy.
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FIG. 2. Zero-range DWBA calculations for the reac-
tion 4Mg(p, d) 3Mg (2.36 MeV, 2+) at T& = 94 MeV
using Schrodinger and Dirac wave functions are com-
pared with data.
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Hadron scattering is shown to be sensitive to the relative sign of neutron and proton
transition matrix elements. The relative signs for the 2&+ states are determined to be
positive for Mg, 3OSi, and Ca, and negative for 34S on the basis of proton differential
cross-section measurements at 650 and 800 MeV. Suppression of the one-step ampli-
tude in the 4S 22+ state causes the interference of one-step and multistep reactions to be
experimentally appar ent.
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The sensitivity of inelastic hadron scattering
(Iz, h') to both neutrons and protons offers the pos-
sibility of increasing our understanding of the
neutron structure of nuclei by determining the
relative signs of neutron and proton transition
multipole matrix elements, M„and~~. In this
Letter we present, for the first time, an example
of hadronic measurements of these relative signs
under conditions where the magnitudes (but not
the signs) are previously known by electromag-
netic (EM) methods. ' This enables us to compare
the experimental (h, ,zz') results with predictions
which sensitively depend on the relative sign of

M„and M, .
A purely EM technique for obtaining the magni-

tudes of M„and Mz, using &(EA) values from mir-
or transition rates has been previously developed. '
For a given analog transition one obtains M~(T,)
from B(EX,T„~;-~f) = IMz, (T,) I'/(2J;+ l). To ob-
tain M„(T,) one uses the equivalent isospin repre-
sentation for the matrix elements,

M „~(T,) =[MD(T,) aM, (T,) t/2,

where M, (T,) and M, (T,) are the isoscalar and iso-
vector transition multipole matrix elements.
From charge independence iI/I, is independent of
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