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see that 7, has a profound effect on the rate ob-
tained in the non-Markoffian Kramers model.
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FIG. 1, Q7'MFp vs coo'p for a Morse oscillator from
Eq. (23) (lines) and from stochastic classical trajecto-
ries (points with error bars). p/~o= 0.04.

Morse oscillator and the model (3) as a function
of v, . For D=2.5kT and 5AT we compare results
calculated from Eqs. (1)-(3) using stocha. stic clas-
sical trajectories to those obtained from Eq. (23).
The agreement is good even when J~ corresponds
to the dissociation threshold where the low-vis-
cosity condition &u»y does not apply. We also
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The rotational quantum mechanics of a new analytic model for a hindered rotor is pre-
sented, and rotational-state distributions of the hindered rotor are given in terms of un-
hindered rotor states.

PACS numbers: 03.65.Ge, 33.10.Kv, 33.70.Ca, 68.45.Da

The role played by the rotational degrees of
freedom of diatomic molecules which are dynam-
ically coupled to solid surfaces has been the focus
of several recent experiments in which the ob-
served rotational-state distributions of diatomic

molecules scattered, ' desorbed, ' and sputtered'
from surfaces bear no obvious relationship to
equilibrium state distributions inferred from sur-
face temperatures. In this communication we
present the main features and illustrative numer-
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FIG. 1. The four lowest rotational quantum numbers
as a function of the cone argle. The azimuthal quantum
numbers are labeled on the left. Inset: Infinite conical-
well model treated here. The left and right models are
referred to as l(a) and l(b), respectively.

contrasted with

tween kinetic

valid in the domain cosP &x &1. Equation (2) is
exactly Legendre's equation when the eigenvalues
ar e written in the form~(~,~) = 0 8-P 0&@ &2m

8&P;

ical consequences of a model for a hindered three- 40

dimensional rotor, which provides considerable m
Z

insight into possible mechanisms responsibl. e for —030—
the reported state distributions. The model in —+2

which a rigid dumbbell executes free rotations
within a conical domain bounded at some critical
polar angle P & rr/2 by an infinitely repulsive wall,
and as such is a spherical-coordinate-system
analog of a textbook infinite square well, is dis-
played in the inset of Fig. 1. fn Fig. 1(a) the ro-
tations are about an origin placed at the center of I I

mass. This geometry could simulate a hindered
rotor embedded within an anisotropic void or in
an "atomic trough" on a surface. The rotor
shown in Fig. 1(b) simulates an adsorbed diatomic
molecule in which one end might be clamped to a
surface via a chemical bond. As will become ap-
parent, the model facilitates identification of the
special role played by the zero-point kinetic en-
ergy associated with the spatial localization of
the rotor, both on ground-state properties and on the excitation spectrum. This can be

the harmonically constrained rotor in which the effects of localization are distributed be
and potential energy. '

The model is characterized by the standard angular part of the Schrodinger equation:

8 . 8 1 8' 2I
sine —+, , + p l~ —&(&,p)] g'"(~, rI') = o,sing BO 8& sin (9 ~p

with I=+,m, x . Fo.r the y-independent "infinite
conical well, " we have

so not only is the total rotational wave function
separable as

0'" (&,q ) =P(&)v(y) with v(y) = (2rr) 'I' exp(r'rect)

but also P(0) =0 for 6&P. With the above choice
for V(6, @), it is a textbook exercise to reduce
the 8 part of Eq. (1), in terms of the auxiliary
variable x = coso, to

, d'P dP 2' eP

e =Bv(v+1)

with B =- 0'j2I and v a continuous (usually nonin-
teger) positive "quantum number. " For the free
rotor in which cosP = —1, the quantum numbers
v take on integer values only and the eigenfunc-
tions g„, are the familiar spherical harmonics
Y) . The eigenstates of the hindered rotor, so-
lutions of Eq. (2) with the boundary conditions
that P (x) is finite at x = 1 and zero at x = cosP,
are associated Legendre functions of arbitrary
order, ' that is

rr) ' 'P, (cos~)exp(r'~~) 0
(4)

i h m'& v(v+ 1) and A, ' a normalization constant. The eigenvalues are numericaUy determined by
the condition

P, (cosP) = 0

together with Eq. (3), and the normalization by

dx!P (x)!'= P (cosp)
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Last).y, the overl. ap integral. between a free space

(&,p) = [A, '/(2m)' ']&, (cos&)e' ~ (l = integer)

and g, (H, cp) is easily evaluated with the relationship

(7)

valid for v~ / . Derivations and detail. ed discus-
sion of the mathematics leading to Eqs. (3)-(7)
will be presented in a much expanded article.

An interesting limiting case occurs for P = m/2,
that is, when the rotor is constrained to a half-
infinite space. The boundary condition, Eq. (5),
requires that the eigenfunctions have nodes on the
plane separating the two half spaces. But solu-
tions of Eqs. (2) and (4) are just the subset of usu-

al F, 's satisfying the "surface-selection rule"'
/

l+ rn =odd

which has as some consequences the following:
(i) The P =m/2 confined-rotor ground state is a

nondegenerate p state with f = v=1, vi =0.
(ii) The zero-point energy associated with lo-

calization of the rotor to a, half space is E,~(P
=~/2) =m'/I .

(iii) The lth level is l-fold degenerate rather
than (2l+ 1)-fold as in the unhindered rotor.

The lowest four eigenvalues of the hindered
rotor, obtained by numerical solution of Eqs.
(2), (3), and (5), are displayed in Fig. 1 in the
form of v versus P plots. These results are in

accord with our intuition. As P decreases, the
zero-point kinetic energy associated with the in-
creased localization increases dramatically, as

! does the scale of the excitation spectrum. To il-
lustrate the significance of this effect, consider
a. rotor constrained to a, cone with P =10', as a
model. for a diatomic molecule adsorbed in an up-
right configuration on a surface. With established
values for free space rotational constants of N,
and H„ the zero-point rotational energies are
-0.025 and 1..0 eV, respectivel. y, which in the
case of H, significantly influences possible chem-
istry. ' Moreover, even for N, the lowest excita-
tion energy - 0.04 eV = 500 K, which suggests
that most properties of the hindered N, will ap-
pear temperature independent if the ambient tem-
perature is l.ess than -500 K.

Now consider a model. dynamics problem in
which the hindering potential in Fig. 1(a) is sud-
denly switched off' (constrained -free rotor
transition as might be experienced in thermal
desorption), resulting in a nonequilibrium popu-
lation of free rotational states due to the conver-
sion of initial zero-point kinetic energy into free
rotational energy about the rotor center of mass.
The probability for ending up in the lth free rotor
state is just a sum of rotational Franck-Condon
factors between 1', '" and („'",given by
Eq. (4) weighted by appropriate thermal factors',
that is,

P(l)= Z Q exp[-Bv(v+1)/kT Jj!(1',„""!q,'")!',
hin v&l, m, m

where 7.
' is the ambient temperature and Zhj the

hindered-rotor partition function. If B/kT» 1,
one would expect that the population of high-l
states results mainly from their overl. ap with low-
lying v states, not from a one-to-one correspon-
dence with thermall. y excited v states. In other
words the final-state rotational. energy derives
from the zero-point energy, not from thermal
excitation. Consequently the more narrow the
cone, the "hotter" the final-state distribution,
independent of ambient temperature. State dis-
tributions given by Eq. (8), with values of v and

the overlap integral determined from Eqs. (5)-
(7), for a "typical" value of B/kT =0.05 (cor-
responding to say II = 15 K, T = 300 K) and treat-
ing P parametrically are shown in Fig. 2. As
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FIG. 2. Rotational-state distributions for the sudden-
ly unhindered rotor of Fig. 1(a), as a function of the
free-rotor rotational quantum number.

428



VOLUME 49, NUMBER 7 PHYSICAL REVIEW LETTERS 16 AUGUST 1982

anticipated, the smaller the hindrance angle, the
greater the population of higher-energy rotation-
al states.

Laser-induced-fluorescence data' ' are of ten
plotted in the form log[P(l)/(2l+ 1)] vs l(l+ 1),
which yields a straight line with slope= B/-kT„
if the rotational distribution of the interogated
molecules corresponded to an equilibrium state
at some rotational temperature I„. In fact Kleyn,
Luntz, and Auerbach' observe two regimes in
rotational distributions of NO scattered from Ag.
For l ~ 20, the distribution is Maxwell-Boltzmann,
over two orders of magnitude, showing a T„
which is basically independent of the surface tem-
perature. For /~ 20, a plateau structure whose
breadth depends upon the kinetic energy of the
incident beam is observed. This structure has
been attributed to a rotational rainbow. ' Cava-
nagh and King' also observed a linear distribu-
tion over an order of magnitude, for NO thermal-
ly desorbed from Ru, again with T„apparently
unrelated to the surface temperature from which
the NO desorbed. Efstathiou and Thomas' ob-
served distributions similar to those of Kleyn,
Luntz, and Auerbach for sputtered N, from Si.

Guided purely by the just-mentioned experi-
.mental. convention for data presentation, we have
plotted our state distributions, obtained from Eq.
(8), semilogarithmicaiiy. The somewhat aston-
ishing results are shown in Fig. 3 where each
panel corresponds to a different hindrance angle
and B/kT is treated parametrically within a
panel. . Note that all the distributions show basic-
ally two distinctly different regimes. First, for
low l (~ 20-30), a rather linear decrease occurs
over 2 to 3 orders of magnitude whose inverse
slope could be represented by a free rotational
temperature, as observed. ' ' As depicted in
Fig. 3, for given hindrance angle P, T„appe ras
to be independent of T (for P ~ 45'). Furthermore,
as P decreases the inverse slope or apparent ro-
tational temperature increases. Both of these
characteristics support our conjecture that con-
version of zero-point rather than thermal kinetic
energy into free rotational energy is the mecha-
nism responsible for population of the free-rotor
excited states, at least within the context of our
model problem; hence the apparent 7' independ-
ence of the low-l state distribution. For model
1(a) treated here (see Fig. 1), T„ is always greater
than 2B/k, the minimum possible zero-point en-
ergy (for P = v/2). Thus the distribution appears
"hot." In the case of desorption, however, not
only is the hindering potential turned off but also
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FIG. 3. Hotational-state distributions for the sudden-
ly unhindered rotor of Fig. 1(a), plotted in the form
log tP(l)/(2l +1)]vs l(l +1).
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the atom tied down to the surface is released,
thus permitting free translation of the molecular
center of mass. The addition of this "new'" dree
of freedom in the final state requires that the ro-
tational zero-point energy is split between trans-
lations and free rotations, whi. ch would have the
effect of cooling our distributions. In fact a sim-
ple classical. sudden approximation (removal of
hindrance and release of tied down atom) on
homonuclear model 1(b), with only the consequenc-
es of energy and angular momentum conserva-
tion, yields the result that T„=T/2, as observed
by Cavanagh and King. '

The second (high l) region displays qualitatively
different behavior. At some critical l value, the
state distribution drops precipitously from the
linear form, then rises, and displays an oscil-
latory structure which is most pronounced for
large B/kT. The oscillations, which show a
periodicity in l varying as 180'/P, are diminished
as B/kT decreases, though still leaving a plateau
or smoothly varying distribution at high l which
is quite different from the low-E range. Already
such an effect has been observed in beam' and
sputtering experiments. ' The fact that the beam
data were interpretable in terms of rotational
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rainbows suggests that there coul. d be an intimate
connection between the physics r esponsible for
rainbows and the physics implicitl. y contained
within our Franck-Condon factors.

In summary we have presented a model for a
hindered diatomic-molecule rotor, worked out
its quantum mechanics, and applied the resul. ts
to a model dynamics problem involving a sudden
rel. ease of the hindering potential. Conversion of
zero-point kinetic energy into free rotational en-
ergy results in highly nonequilibrium final ro-
tational-state distributions which have a striking
resemblance to state distributions observed in

several recent experiments involving different,
but related, dynamic surface processes.
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The production of the charmed meson state D*+ has been observed in e+e annihilation
at 29 GeV. The fragmentation function for charmed quarks appears to be peaked about

z = 0.5.

PACS numbers: 13.65.+i, 14.40.Jz

In the quark-parton model, quarks produced in
high-energy reactions cannot emerge as free en-
tities but materialize as jets of hadronic particles.
The quark fragmentation functions describe the
dynamical mechanism of the hadronization of
quarks into hadrons. The heavy-quark fragmenta-
tion functions are of both theoretical and practi-
cal interest, but little is known of them. The
production of charmed mesons in e 'e annihila-
tion provides a clean way for studying the charmed
fragmentation function. ' Previous measurements

of the differential cross section do/dz for inclu-
sive D meson production, where z is the ratio of
twice the D energy (E„) to the center-of-mass
energy (E, ), were restricted to the kinematic
range of z & 0.54 available at SPEAR energies. "
Here we present the observation of the D*' by
its decay

Z)g+ ~0~+
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