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' The use of local pseudopotentials, which give a
reasonable bulk charge density, is appropriate for
the host ions. This can be understood in particular at
the undistorted geometry: Here the electronic contri-
bution to F (which depends very sensitively on the
host crystal restoring forces) vanishes by symmetry.
Therefore the only way these potentials enter our force
is through their ability to provide a good description of
the change in the electronic structure induced by the
defect. This ability was well established previously
(Ref. 11).

~The Coulombic tail that is present in the potential
of the transition-state calculation was included by
perturbation theory.
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The local-density approximation and the linear muffin-tin orbital method have been
used within the atomic-sphere approximation to calculate structural energy differences
for all the alkaline earth metals at zero temperature. At ordinary pressure the cal-
culations predict the crystal structure sequence hcp-fcc bcc as a function of atomic
number. As a function of pressure they predict the structure sequence fcc-bcc—hcp.
The structural transitions and the onset of superconductivity under pressure are cor-
related with the d occupation number.

PACS numbers: 64.70.Kb, 61.50.+t, 61.60.+m, 62.50.+p

The crystal structures of the elemental metals
tend to occur in certain sequences, both as a
function of atomic number and as a function of

pressure. Most celebrated in this respect are
the hcp- Sm-type- dhcp- fcc and the hcp- bcc
—hcp- fcc sequences observed in the rare-earth

1768 1982 The American Physical Society



VOLUME 49, NUMBER 24 PHYSICAL REVIEW LETTERS 13 DECEMBER 1982

and the transition-metal series, respectively.
The most recent explanations' from first princi-
ples for these two sequences have been based up-
on canonical band calculations' which establish a
strong correlation between the occurrence of a
given crystal structure and the d occupation num-
ber.

The alkaline earth metals have a crystal-struc-
ture sequence of their own, i.e., hcp-fcc- bcc,
as a function of atomic number. An attempt to un-
derstand the fcc- bcc part of this sequence based
upon pseudopotential theory' explained the bcc
structure in Ba and the pressure- (and tempera-
ture-) induced fcc- bcc transition in Sr, but gave
the incorrect (bcc) zero-pressure crystal struc-
ture in Ca. In addition, later pseudopotential cal-
culations' indicated that within this approach the
stable structure at ordinary pressure should be
the fcc structure for all the alkaline earths.
Hence, it is still a challenge to the theory of elec-
tronic states to predict the crystal structures of
the alkaline earth metals as a function of both
atomic number and pressure.

In this paper I present a series of first-princi-
ples calculations of the electronic contribution to
the structural energy differences for the alkaline
earth metals, Be, Mg, Ca, Sr, Ba, and Ra, plus
the divalent rare earths, Eu and Yb. The theory
predicts in all cases the correct crystal structure
at ordinary pressure and low temperature, ex-
cept for Yb where the fcc structure is found to be
marginally more stable than the experimentally
observed hcp structure. As a function of increas-
ing pressure the theory predicts the sequence
fcc- bcc —hcp for Ca, Sr, and Yb and bcc - hcp
for Eu and Ba. All but one of the transitions in-
volved are expected to occur in the pressure
range below 60 GPa, and they are therefore ac-
cessible to experimental verification.

The structural energy differences were calcu-
lated within the local density approximation' sim-
ply as the differences between the appropriate
sums of the one-electron energies. Since it is
not yet widely appreciated that this is an ex-
tremely accurate approximation I shall now de-
scribe the steps which lead to the procedure.
For a given metal at a given atomic volume I
solve the energy band problem self-consistently, '
assuming an fcc crystal structure. Thereby I
have minimized the energy functional, U(n), with
respect to changes in the electron density, n,
and have obtained the ground-state density,nf„'. In a brute-force calculation one should
now perform a similar calculation assuming,

say, a bcc structure, and subtract to find the
structural energy difference

+bcc- fcc flbcc(nbcc 3 c' fcc L&fcc

However, because of the stationary properties of
U we may to a good approximation obtain U b„
from a trial charge density, nb, ,", which differs
slightly from ~~ b„".This trial charge density
I construct by positioning self -consistent fcc
atomic-sphere Potentials in a bcc geometry,
solving the corresponding one-electron Schroding-
er equation, and populating the lowest-lying one-
electron states. Hence,

+bcc-fcc Ubcclnbcc ) c'fcclnfcc Jy

where the errors relative to Eq. (1) are of second
order innb„" -nb„". Now, the use of a fro-
zen, i.e. , not self-consistently relaxed, potential
to generate nb„' ensures that the chemical
shifts in the core-electron energies drop out of
Eq. (2) and also that the double counting terms
cancel. This is in the spirit of the force rela-
tion."For an elemental metal there is no elec-
trostatic interaction between the Wigner-Seitz
spheres in the atomic-sphere approximation and
we are therefore led to consider only the sum of
the one-electron energies for the valence elec-
trons, i.e. ,

QF
Abcc-fcc = ENb„(E)dE

—f EN ~, ,(E)dE,

where N(E) is the one-electron state density. The
atomic-sphere approximation is ideally suited
for our purpose since it separates the potential-
and crystal-structure-dependent parts of the en-
ergy band problem. Hence, all that is required
at a given atomic volume, in addition to the self-
consistent fcc calculation, is to calculate the en-
ergy bands in the bcc (or hcp) structure with use
of the self-consistent fcc potential parameters,
evaluate the sums of the one-electron energies,
and subtract according to Eq. (3). This procedure
is quite general, treats all s, P, d, (andf) elec-
trons on the same footing, and may be applied to
all metals in the periodic table.

The sum of the one-electron energies has been
calculated using the LMTO-ASA' method for the
alkaline earth metals in the closely packed crys-
tal structures, fcc, bcc, and hcp (c/a =1.57) over
a range of atomic volume. The resulting structur-
al energy differences evaluated at the experimen-
tally observed equilibrium lattice spacings are
plotted in Fig. 1. The values for Mg are similar
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FIG. 1. Calculated structural energy differences for
the alkaline earth metals in the three closely packed
crystal structures, hcp, fcc, and bcc, evaluated at
the observed equilibrium atomic volume, and plotted
relative to the fcc phase. The metals are ordered
according to their calculated d occupation number.
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FIG. 2. Calculated crystal structures as a function
of the d occupation number, n„, and pressure, P.
The hatched areas at the bottom of the figure indicate
the n& ranges within which the structural phase transi-
tions are calculated to occur.

to those found in a recent total-energy calcula-
tion. ' According to the results in Fig. 1 Be and

Mg shoul. d form in the hcp structure, Ca and Sr
in the fcc structure, and Ra and Ba in the bcc
structure in complete agreement with experi-
mental observations.

In Fig. 2 I have plotted the calculated pressure
and the stable crystal structures as functions of
the calculated d occupation number. Since no ad-
justable parameters have been used to construct
the figure it is very satisfactory to note that all
the zero-pressure crystal structures are given
correctly by the theory, except for the case of
Yb where the fcc structure is predicted. How-
ever, at an increased volume, 3% above the meas-
ured equilibrium volume, the hcp phase is calcu-
lated to be the stable phase, and hence one may
not have to invoke zero-point motion in order to
explain the anomalous, experimentally observed
low-temperature hcp phase in Yb.

Under pressure the s electrons become trapped
between the core from which they are excluded by
orthogonality requirements and the decreasing
atomic volume. ' They respond by increasing
their kinetic energy whereby the s band rises
relative to the d band and s electrons are trans-
ferred into the d band. At the same time the hy-
bridization gap at the Fermi level which stabilizes
the fcc structure develops into a genuine gap and
the fcc metal turns into a semiconductor. " The
gap will. close again at high pressure but shortly
before this happens the bcc phase is calcul. ated

to be stabl. e and the semiconducting behavior
terminated. The cal.culated pressure range for
the semiconducting phase is found to be 7-21,
0.3-4, and 0-6 GPa for Ca, Sr, and Yb, respec-
tively, in reasonabl. e agreement with high-pres-
sure resistivity data. " "

It follows from Fig. 2 that the individual metals
at zero pressure may be characterized as being
at different stages on the continuous ~-to-d transi-
tion, i.e. , by their d occupation number. Further-
more, since the electronic structures of the
metals included are very similar it is perhaps
not so surprising that also the structural phase
transitions, e.g. , fcc- bcc, correlate with the
relative position of the s and d bands as already
noted by Mackintosh and Andersen. ' In fact, it is
this correlation which is behind the single f pa-
rameter used by Johansson and Rosengren'" to
explain trends among the rare earths and neigh-
boring elements. The correlation is, however,
not completely perfect, and the calculated crys-
tal-structure changes occur over a (narrow)
range of d occupation numbers. The critical
pressures for the fcc —bcc transition in Sr and
Yb plus the bcc- hcp transition in Ba are found
to be in good agreement with the low-tempera-
ture extrapolation of the high-pressure crystallo-
graphic measurements, ""i.e., 4, 5, and 5 GPa,
respectively. It should be possible to verify the
predicted fcc- hcp transition in Ca and Sr by
present-day high-pressure techniques. The bcc
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form into the hcp structure which is established
experimentally as the low-temperature phase in
Yb.

I wish to thank B. Johansson for pointing out
the correlation between superconductivity and d
occupation as well as for many fruitful discus-
sions. This work was supported by the Danish
Natural Science Research Council.

I l t l

0,6 0.8 1.0 0.6 0.8 1.0

n~ [States / atom )

FIQ. 3. Calculated structural energy differences
relative to the fcc phase as functions of d occupation
number for Sr, full lines, and Ca, broken lines. The
full circles indicate the calculated values at the ob-
served equilibrium atomic volume.

- hcp transition expected above 30 GPa in Eu
will probably not occur because Eu at this pres-
sure will have changed valence"" and taken up
one of the crystal structures characteristic of the
trivalent lanthanides. Ra is not found to trans-
form into the hcp structure in the d occupation
number range considered but may do so at higher
compr ession.

If we assume that the onset of superconductivity
under pressure is governed also by the d occupa-
tion number and accept the value" of 45 GPa for
this transition in Ca we find from Fig. 2 that Yb,
Sr, and Ba should be superconducting for ~„ larg-
er than 0.92, i.e. , in the range above 31, 18, and
1 GPa, respectively, in good agreement with
high-pressure conductivity measurements" for
Sr and Ba. From Fig. 2 one may therefore con-
clude that Ra, if measured at high pressures,
should be superconducting above 2.5 GPa.

The close similarity among the alkaline earth
metals plus Eu and Yb is reflected in Fig. 3 where
the calculated structural energy differences at
normal volumes are found to group around the
Sr curve. The Ca results deviate somewhat from
this regularity presumably because this element,
unlike the rest, has nod core. One also notes
another irregularity in this figure, as well as in
Fig. 2, namely that Ra at equilibrium has fewer
d electrons than Ba, a result that must be due to
the fact that Ra is the first element in the row
which has an f core. It may finally be seen that
if Ca, Yb, and Sr plus perhaps Eu, Ra, and Ba
could be expanded they should eventually trans-
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The crystal structure of the high-pressure phase of cesium (IV) was determined to be
a tetragonal lattice with Z = 4. The space group is D4&' -I4~/amd and the lattice
parameters are a = 2.849 A and c = 12.487 A at 8.0 GPa. From the structure it is de-
duced that the atomic radius of cesium decreases dramatically at the III-IV transition,
which suggests a discontinuous s-d electronic transition.

PACS numbers: 61.55.Fe, 64.70.Kb

Cesium is well known to show many polymorphic
transitions under pressure. The crystal structure
of Cs, whic is bcc at normal pressure, changes to
fcc (Cs II) at 2.3 GPa and to another fcc (Cs III) at
4.2 GPa. ' The transition from Cs II to Cs III is a
rare case of isomorphic transitions. It goes fur-
ther to Cs IV at 4.3 GPa" and Cs V at about 10
GPa." The characteristic behavior of Cs under
pressure is interpreted in terms of s-d electronic
transition. At normal pressure, the conduction
band of Cs is almost of s character, but the low-
est 5d band including the X, state already touches
the Fermi level. As pressure is increased, the
5d subbands near the X point go down relative to
the 6s band near the I" point. "As the X, subband
has the same symmetry as the 6s band, there oc-
curs hybridization between the two bands. The
movement of the X, subband downwards in energy
with pressure facilitates the electron transfer
from the 6s band to the more localized 5d band.
This causes the unusually soft bulk modulus in the
low-pressure region (phases I and II).' On the
other hand, the isostructural II-III transition is
related to the higher energy 5d states of X, sym-
metry. ' These states do not have the right sym-
metry to hybridize with the 6s band and therefore
the X, subband abruptly shifts down through the
Fermi level with increasing pressure. Recent
relativistic calculation of pressure isotherms of
Cs shows that the isostructural transition does
not occur at T =0 and that the thermal effect plays
an important role in the transition at room tem-
perature. ' This calculation well accounts for the

disappearance of the II-III transition at low tem-
perature' and the dramatic fall of melting temper-
ature with pressure of Cs II."

Band calculations' suggest that the electronic
transition continues to take place to about 10 GPa.
Therefore it is important to establish the crystal
structure of phase IV, to gain an understanding of
the nature of the s-d transition. The structure
determination of Cs IV has been tried by Hall,
Merrill, and Barnett' and by Inoue" using the x-
ray diffraction technique and by Mc%han, Bloch,
and Parisot using the neutron diffraction tech-
nique. " Their results were, however, not suf-
ficient to determine the structure. %e have car-
ried out high-pressure powder x-ray diffraction
analysis on Cs IV utilizing a diamond-anvil cell"
and an x-ray position-sensitive detector. '4

Cesium with purity of 99.95%%up was obtained from
Wakoh Pure Chemicals, Ind. I td. As Cs is a
very reactive material, a lot of attention was
paid to handling. The inside of the diamond cell
was filled with dehydrated silicone oil, and the
molten Cs in a syringe was injected into the gas-
ket hole. The color of Cs thus enclosed in the
gasket hole was golden. The formation of Cs ox-
ide was not detected in x-ray photographs. Pres-
sure was determined by the ruby fluorescence
technique. " The pressure distribution in the
sample was estimated to be less than 0.5 GPa at
8.0 GPa, judging from the broadening of the ruby
line.

X-ray diffraction photographs of compressed
Cs were taken to check the homogeneous distribu-
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