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FIG. 1. Schematic representation of (a) the expected
and (b) the observed CKF levels in CeAl2. The shaded
region in (b) corresponds to energies with high phonon

density of states.

is contrary to expectations since the cubic crystal-
line electric field (CEF) at a Ce site should split
the J= 2 ground state into a I", doublet and a I",
quartet resulting in one inelastic l.ine only. In-
deed, the analysis of thermodynamic, transport,
and magnetoelastic properties usually assumes a
CEF scheme like the one shown in Fig. 1(a) with
6 = 100 K. There is strong evidence that the ob-
served two inelastic transitions must originate
from the I',- I', inelastic excitation. The sum of
the integrated intensities of the two peaks I;„
I j II +I j II

' relates to the integrated quasi-
elastic scattering I,i as I;„/I,& =3.2.' This co-
incides with the expected ratio of the r, - r, a d

7 I 7 tr ans itions. Attempts to exp lain the two-
peak structure by a dynamical Jahn- Teller effect
(DJTE) in the I', multiplet were unsuccessful. .'

It is the aim of this Letter to present strong
evidence that the observed two-peak structure is
due to a bound state between a CEF excitation and

a low-lying phonon. Our starting point is the ex-
perimental. observation' that the phonon density
of states measured at room temperature shows a
strong peak around S&,=140 K. To this peak
there contribute three acoustic and three optical
phonon branches. ' They correspond to vibrations
within the diamond-type Ce" lattice alone. The
same peak in the density of states has been ob-
served in LaAl, .' Phonons that include relative
motions of the Al ions have corresponding ener-
gies &230 K and are neglected here. The energy
h+, is therefore just between the two excitation
energies b, , and &, [Fig. 1(b)].

It is known that inelastic magnetic and phonon
scattering compete with each other. But the two
contributions can be separated in the standard
way because of their different behavior as func-
tion of momentum transfer.

We decompose the lattice vibrations which con-
tribute to the peak in the density of states accord-
ing to representations I" of the rare-earth ions'

cubic point group. The largest contribution to the
density-of-states peak comes from the region
around the X point where the dispersion curves
are very flat and the LO- TO as well. as the LA-
TA splittings are found to be very small. ' Group-
theoretical arguments show that the local dis-
tortions are mainly of I", character.

Our model assumption will be that only the I",
part couples to the CEF levels of the Ce" ions.
This is suggested by ultrasonic measurements'
and point-charge calculations' which show that
the other coupling constants are much smaller.

For a description of the coupled system of CEF
levels and phonons we set II =II,+H;„,where the
noninteracting part of the Hamiltonian is given
by

The first term describes the CEF levels of Ce"
at a given site. The ~I „")are the CEF states
characterized by the type of multiplet o. and the
degeneracy index n. For their explicit form see
Ref. 6. The ~ denote the CEF energies E, =O
(I', ) and e,=b. (I",). This 6 is unknown and we
shall simply take the mean value b, =2(b, , +6,)
=140 K for it. Our final results are not sensitive
to the fact that ~ and ku, coincide within the pres-
ent choice. The second term in Eq. (1) describes
the phonons with p. denoting the three polariza-
tions of the I', vibrations. For simplicity we
neglect any phonon dispersion.

The three degenerate vibrational modes couple
to the I, and I', states by distorting the cubic
CEF at the tetragonal Ce sites. This is described
by

Hint = gpZ p(ap +ay )Op

The quadrupolar operators of I', symmetry are
given by 0, =J,J, +J,J, , 0,=J,J +J„J,, and 03
=J„J,+J,J„.Computations of the oscillator
strengths Q 8 =g„~(I'„~O„~I'ii")~' reveal that
the I',-I", transition couples ten times more
strongly to the lattice than do the I',-I', transi-
tions.

In constructing the eigenstates of H account is
taken of the fact that the product eigenstates to
H, ~I"7",p, ) =a„~~1'7",0) and ~1',",0) are nearly
degenerate. Therefore we choose the following
twelve-dimensional. subspace ~p, ) (ii= 1, . . . , 12)
for diagonal. ization of H: ~I',",0), ~1",",0), and

~

I",",p, ). The
~

I",",p. ) have an energy of b, + hv,
= 280 K and are neglected. The vibronic energies
and states are obtained by diagonalizing the ma-
trix H, ," = (y, ~H~q, ). Their symmetry proper-
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ties can be obtained by observing that I
1"»p&

=I,(SI",= I",~8. Therefore the vibronic eigen-
states of IJ" consist of two doublets I';, I 7 and
two quartets r,»f'». Together with their ener-
gies they are given by

II ) =Q pc„~I1 N& E =Ah)

I
r„."& =5 a„.'

I r, , o&+2 „f. „'
I r, , q&,

(P + @+ ) ( I )4 [ (P @+ )2 + y 2g 2]1 /2

(3)

1 j 2 Q

E81

~180

—160

1CO E6

—120

~ 100

ES2

—80

The a„'"'and 5„„'"'depend on the ratio kv, /&.
It is seen that II',") is the same as the original
product state. But the nearly degenerate states
Ir„0)and II'» p, & split into the phononlike doublet
I
f', & and the two quartets Ir„&»&. The energy

splitting of the latter is ~„=E„-E„anddepends
on the strength of g, and the oscillator strength
y, '=Q78= 5.3. We have plotted in Fig. 2 the dif-
ferent energies E„asfunctions of A for a coup-
ling constant g, =6.3 K. It has been chosen such
that for 6 =@+, the energies E 81 and ~ 82

with the observed ~, and ~2. This figure shows
that exact degeneracy of L and ke, is certainly
not necessary in order to obtain a splitting of the
observed size. For I& —@+DI »y, g» E» and E„

approach @&, and 6, but these values are reached
only slowly.

At this point it is useful to include in the dis-
cussion the case of phonon dispersion which has
been neglected so far. Then one has to start from
Bloch-type CEF states II'„"(k)&and the vibronic
states are superpositions of the form

I
r„"(q)& = g u „"(k —q)a

„„„

tI r," (k))
~Pn

+X;~. "(q)lr."(q)&. (4)

The eigenvalue equations are then integral equa-
tions for those amplitudes. In the "strong-coup-
ling" case, when g,y,/S~, )1, where ~, «e, is
a measure of the phonon bandwidth, its solutions
correspond to a continuum of phononlike excita-
tions centered around 0+, and a bound and anti-
bound state. The latter are pushed below and
above the phonon continuum. They correspond
to the I"82 and +8y quartets in the dispersionless
model. In the present case Se, = 20 K and g,y, /
6+, = 2. We are therefore in the strong-coupling
case and neglecting the phonon dispersion is
justif ied.

It is worth pointing out the resemblance of the
present problem to that of the exciton-phonon
bound states in semiconductors. ' Here the CEF
excitation and phonons are bound together and

propagate through the crystal.
In order to substantiate the above model we

compare g, as chosen above with the coupling
constantg, which is determined from a measure-
ment of the c44 elastic constant. ' Since g, de-
scribes the coupling to long-wavelength acoustic
phonons, g, and g, need not be closely related.
But a comparison between g, '/c«v, = 364 mK (v,
is the volume of the unit cell) and the equivalent

g, '/hv, = 283 mK shows differences only of the
order of 30%. At this stage we mention that ex-
plaining the observed two-peak structure by a
DJTE would not only require an unrealistic Sv,
= 14 K but also g, '/hv, = 64 K, a value which is
by far too large.

Further support for our model is obtained by
calculating the dipolar spectral function

S(&u) = Q P„d„&5(E-E 8 —ku),

I i I i I & I

-30 -20 -10 0 10 20 30

( h, -hvo j [K 1

FIG. 2. Vibronic energies as functions of the unper-
turbed CEF gap 4 with Asap= 140 K and gp= 6.3 K.

which determines the magnetic neutron-scattering
cross section. Here P are the thermal occupa-
tion numbers of the vibronic multiplets and d

„I(I'"
I J, Ir~ )I' describes the magnetic

dipolar transitions. It is found that there are no
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FIG. 3. S (e) for the vibronic states of CeA1& as a
result of exchange interaction with conduction electro~~
where I«N (0) = 0.06 tIex is the exchange constant, N(0)
is the density ef states at the Fermi leve1j.

inelastic magnetic transitions between I'7 and I'6,
since I', is of phonon type. But from what has
been said before it is clear that I",-I', transitions
are responsible for the measured peak in the
phonon density of states. For @~,=h the d„q
are the same when I'„is replaced by I'» and

vice versa. This implies two inelastic 5 peaks of
equal strength as T- 0. The ratio of the total in-
elastic to the total elastic scattering rate is found
to be 3.2 in agreement with the experiments. In
order to account for the observed broadening of
the two inelastic peaks we have calculated the
relaxation of the vibronic states due to the ex-
change interaction with the conduction electrons
of spin s, H,„=-l,„(g—1)s J. The damping
mechanism has been studied before for CEF ex-
citations. ' When interatomic exchange interac-
tions are neglected the symmetrized spectral.
function S(&u) =S(v)+S(- ur) can be expressed in
terms of the single-ion susceptibility as S(cu)
= coth(pc@/2)lmu(v). The latter is calculated with
the Mori-Zwanzig technique' to order I„'.We
have plotted S(v) in Fig. 3 with parameters as

indicated there. The frequency integral is nor-
malized to 2n(J, '). It is seen that the exchange
interaction shifts some of the intensity to lower
frequencies since for I„=0 both peaks have equal
strength. All this is in qualitative agreement with
the experiments. Inclusion of the dispersion for
the phonons as wel. l as the CEF excitations would
broaden further the inelastic peaks.

Lately it has been found' that selected branches
in CeAl, show strong low-temperature anomalies
which are clearl. y of magnetoelastic origin as they
are absent in LIAl, . We expect to be able to ex-
plain them within the context of our model by in-
cluding the ii'„p)and il'„p,, p') one- and two-
phonon states in the cal.cul. ations of the phonon
spectral function.

In conclusion, we have provided evidence that
the anomalies in the inel. astic neutron scattering
of CeAl, are due to a bound state between a CEF
excitation and a phonon.

We would like to thank Dr. W. Reichardt and
Dr. N. Nucker for making avail. abl. e some of their
experimental results before publ. ication.
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