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Multicriticality of Wetting, Prewetting, and Surface Transitions
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The global phase diagram for wall and surface critical phenomena is analyzed in the
space of temperature, surface enhancement, and bulk and surface fields, on the basis
of Landau phenomenological theory. Features probably valid for various real systems
are the physical unity of prewetting and pure surface criticality, and novel exponents for
critical wetting and for a stetting t~icxiticaL Point, which terminates the region of normal
first-order wetting.

PACS numbers: 68.45.-v, 05.70.Jk, 64.60.Kw, 82.65.Dp

Critical behavior near the walls and surfaces
of a macroscopic system is of considerable cur-
rent interest both theoretically' and experimental-
ly. ' In particular, if, say in a ferrom3gnet,
the coupling between spins near the surface is
sufficiently enhanced relative to the bulk coupling,
a purely "surface transition" will occur in which
the spins near the wall undergo a continuous or
critical ordering transition (above the bulk tran-
sition at T, ) while the bulk remains disordered. '
The corresponding phase diagram is shown in
Fig. 1(a) where t~ T- T,

"measures the tempera-
ture and g~ Jy Jy represents the enhancement
of the surface coupling, J„over the "special"
value, J, „atwhich the surface transition splits
off. For g&0, surface and bulk order together
at an "ordinary" transition. 4 Surf ace transitions
are believed to underlie phenomena such as sur-
face reconstruction, and surface segregation in
binary alloys, ' and may also occur in polymer
solutions and percolating systems. '

Surface "wetting" transitions, on the other hand,

were recently predicted' and have now been seen
in experiments on fluid systems. ' A wetting
transition occurs when, under variation of tem-
perature (or composition, etc.), the angle of con-

tact, o.Py, made by the interface between two co-
existing phases, o. and P, and a wall or bounding
phase, y, becomes identically zero. Correspond-
ingly, the interf acial tensions, which usually
satisfy o r &o„8+os& (partial wetting), attain the
complete wetting limit, e &=0 8+os&. Wetting
transitions are normally of first order, ' in that
the thickness, l~, of the p-like wetting layer in-
creases discontinuously from a finite, micro-
scopic value to an infinite or macroscopic value.
Wetting stems from the preferential affinity of
one chemical species for the wall; if o„s(T) -0,
as in a critical region, the preference has an
overwhelming effect.

The simplest models for wetting" introduce an
incremental chemical potential, 6L p, =h,k BT,
which favors one species and acts only near the
wall. Within approximations of van der Waals,
mean field, or Landau character, phase diagrams
like Fig. 1(b) are usually generated: here k
=(4p, —4p, ,)/kBT measures the deviation of the
bulk chemical potential difference from coexis-
tence. (In a ferromagnet H =kk zT and H, =k,k ~T
represent bulk and surface magnetic fields. )

Evidently the wetting transition, 8', is connected
by a line of first-order "prewetting" transitions
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FIG. 1. Surface phase diagrams in terms of t cr- T —Y', , surface enhancement, g, bulk field, Q, and surface
field, h&.
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(where the jump in lz is finite) to a "prewetting
critical point" (labeled C ~ ) that is quite distinct
from the bulk critical point (labeled C"). For
certain models, '"however, no prewetting is
found and, as illustrated in Fig. 1(c), only a
"critical wetting" transition remains at which
l„diverges continuously (when t-t,~- at h =0-).
More generally, /~ diverges (logarithmically for
short-range potentia. ls) whenever the bulk phase
boundary is approached (i.e., h -0 -) above the
wetting or critical wetting transitions.

The aim of this note is to elucidate the connec-
tions between the seemingly distinct phase dia-
grams in Fig. 1 which all, nonetheless, result
from the presence of a surface that breaks trans-
lational symmetry. In particular, we show that
prewetting criticality and the pure surface en-
hanced transitions are essentially the same phe-
nomena. We also describe a "wetting tricritical
point'" which has unorthodox exponents as does
the critical wetting transition. Technically our
analysis amounts to an unfolding, within Landau
theory, of the "special" surface multicritical
point of Lubensky and Rubin' into the four-dimen-
sional thermodynamic space (f, h, h„g). The re-
sulting global phase diagram is summarized in
Fig. 2, where the superscript labels and 1
distinguish transitions in which, respectively,
both bulk and surface or only surface critica. lity
occurs. The surface free-energy density, E„
in the vicinity of each type of critical or muiti-
critical point scales as

~ar

g

where t, h, h„and g are appropriate, linear
scaling fields" which respect the symmetries
and vanish at the transition. The basic exponents

are listed in Table I; other surface exponents
follow by differentiation and satisfy scaling rela-
tions such as P, = 2 —o., —L„y,= o., + ~+ a, —2,
q~~

=d —2a, /v, etc.'"
Although our analysis rests primarily on I an-

dau theory for a semi-infinite system, which in
general can yield correct exponents only for
bulk dimensionality d &5, the topology of the
global phase diagram is probably essentially
correct even for d =3. Furthermore, the intrin-
sic character of the various transitions, together
with renormalization-group e = 4 —d calculations, '
yields plausible exponent predictions for real
systems. We present the main results before
outlining the analysis.

Consider, first, suPercxitical surface enhance
ment, g&0 (J, &Z, ,): the phase diagram is shown
in Fig. 2(c). A section at fixed h, &0 corresponds
precisely to the wetting diagram of Fig. 1(b) ex-
cept that the prewetting critical point will, for
small enough h„occur above bulk criticality
(t, ~ &0). Conversely, the t axis corresponds
to a fixed, g&0 section of Fig. 1(a). Evidently,
then, the pure surface transition, C,„,', lies on
the prewetting critical line where this meets the
symmetry axis (h =h, =0) above T, ". For a
scalar, (n = 1)-component order parameter we
thus expect both transitions to display standard
(d —1)-dimensional Ising-like criticality [so that
o.'=0 (log) and 6=1~8 for d=3]. Likewise C,„,'
should &Otbe a singular point on the line. For a
bulk symmetry characterized by n -2, however,
C,„,' should be a bicxitical point. "

For A, , w0 and for all g, bulk criticality forces
singularities in E, on the lines t=h=0, labeled
C in Fig. 2; however, the surface plays only a
passive or "driven" role. In particular, only the
two bulk fields, t and h, are relevant and the

g(0 g=0
FIG. 2. Sections of the global surface phase diagram for various surface enhancements, g, showing wetting lines,

W; critical lines and pointsp QQ Qppe p t"sUz p Q s and multicritical points (encircled labels).
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TABLE I. Surface critical and multicritical points and their exponents. The leading entries and the first terms
in the e = 4 —d (~ 0) expansions with n8 = n+ 8 (shown only for 6& and g&) give the classical, Landau theory values;
second entries, involving the bulk d-dimensional exponents n(d), etc. , represent the anticipated exact results.
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For $& = 0 axis parallel to wetting/triple line, t = 0 transverse; vice versa in parentheses.

surface order, m„does not exhibit a discontinu- superfluid and magnetic tricriticality, a first-
ity when h changes sign below T, ". (This con- order line, namely, wetting in the (t, h, ) plane,
tinuity of m, for T, &T &T~, T,|N becomes less turns abruptly at TN, into a critical line, namely,
surprising when it is recalled that the wall is al- a. line of critical letting, C~ . Notice that a sec-
ready covered with a macroscopically thick layer tion of Fig. 2(a) at fixed h, &h, «has precisely
of h &0 phase when h attains 0-.) When g is posi- the form of Fig. 1(c) (with t,~&t«); for h, &h, «,
tive the prewetting surface and bulk first-order Fig. 1(b) is again reproduced. Furthermore,
surface intersect at the "extraordinary" multi- note that t«and h, «scale about the special
critical point, ' C,„, , where three fields are point, as ~g~

' ' and ~g( ' ~' respectively. Thus
relevant, and meet along the wetting line, which models with small h, and large negative g can,
obeys t~-h ' asymptotically, display only critical wetting.

For marginal or criticaL surface enhancement, In the tricritical region the prewetting surface
g=0, extraordinary and surface transitions represents a "wing"" whose critical edge, Cp ',
merge into the special point where all four fields merges into the wetting line as h

p 6t and
are relevant. The special point also constitutes &h, -&t &, when Et-(T,~- T) -0+, where the
the common terminus of the wetting and critical exponents pertain to T~ . Despite the character-
prewetting lines [see Fig. 2(b)], which, in terms istic topology, however, these tricritieal wetting
of the special exponents vary as t~ -t,

p
-h, &, exponents are anomalous in that they differ from

those for bulk tricriticality even within Landau
For subcritical surface enhancement, g&0, the theory (which should be valid for large d): see

special point is replaced, at t=h =h, =0, by the Table I where both exponent sets are listed. One
much-studied"" "ordinary transition, "C„d . may presume that wetting tricriticality will also
this nomenclature' is actually somewhat mis- exhibit distinct exponents for d = 3. Similarly
leading since C„d has three relevant fields and anomalous exponents are found on the critical
is thus more singular than the bulk-driven tran- wetting line (see Table I), which thus should not
sition, C". As seen in Fig. 2(a), the wetting display standard Ising character for any d: a
line now terminates at a new surface multicriti- testable prediction.
cal point, ' T~', at t«&0 and h, ,«g0: we term The Landau theory analysis proceeds by mini-
this a wetting tricritical point, since, as in

~

mizing the phenomenological free-energy function-
al'

(2)5[m(z)]=D '( J dz[ —'( d/md)'z+ ,'t m'+u, m -hmj--h, m, —'gm,'[-
with respect to the order-parameter profile, m(z), and boundary value m, =—m(0), subject to m(z) ap-
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proaching m„(t,h), an appropriate, stable, uni-
forrn bulk solution when D, g —~. As usual, one
finds t,=—t. The enhancement field, g, corre-
sponds here to —1/X, where y is the so-called
"extrapolation length'" which sets the boundary
condition on m(z); the limit -1/g-A. -0+ implies
m(0) =0. A surface free-energy functional is ob-
tained by subtracting the bulk contribution: it
may be written

—h, m „——,'gm „', (3)

and evaluated explicitly in terms of m, m„
and the surd Q =[2u, (m, +m )'+It/m ]"'; mini-
Dllz ation yields

gm, +h, = -(dm/dz),

= +(m, —m )q(a, m, m, ) .
A graphical analysis" of these two equations in

the phase plane (m, m =-dm/dz) reveals most quali-
tative features of the phase behavior. However,
since 7, involves Q(h, m „,m, ) explicitly it is not

always analytic in m, which, otherwise, might be
regarded simply as an auxiliary Landau order
parameter in an equivalent uniform system. The
nonanalyticity leads directly to the novel critical
and tricritical wetting exponents. Similarly the

singularity in m„at t=0 =0 (present for all It,
and g) also yields unorthodox results for C".

In summary, we have exposed the relation be-
tween wetting transitions and previously discussed
surface critical phenomena. Since the surface
field, h„and enhancement, g, probably repre-
sent various real systems moderately well, our
study should be of practical interest. However,
even within a mean-field context we have neglect-
ed such possibly significant features as a long-
range surface attraction" and microscopic dis-
creteness. ' "
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