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function, the boson field is eliminated analytically and the polaron contribution is cal-
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Phase transitions and phase diagrams of the
ground state of quantum systems are essential
for the characterization of the general behavior
of these models. A special class of interesting
problems is the coupled fermion-boson system.
In this paper we want to discuss a lattice model
in which one fermion is coupled to a boson field,
a polaron. Here we report the results of an ex-
tensive Monte Carlo study of the thermodynamics
of a small-polaron model. ' ' There have been
speculations about a possible phase transition
connected with localization of the electron as a
function of the electron-phonon coupling constant
in continuum polaron models. ' However, for the
most interesting continuum model, the Frohlich
polaron, Feynman, using his path-integral for-
malism, has given a superior solution for the
ground-state energy which does not exhibit any

H =B, + H, +H„ (1a)
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Q x +z Q x;c;"c,,
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t ~ Ci Ci+y + Ci+y Ci ~ (1d)

discontinuities. " Localization is also possible
for the small polaron. For all lattice dimension-
alities our results point to substantially enhanced,
possibily critical, fluctuations for a critical value
of the coupling constant.

For simplicity of notation we will now formu-
late the theory in one space dimension. The Hol-
stein Hamiltonain reads
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Using a generalization of the Trotter formula'
one can show that

turns out that it is more interesting to study the
fluctuations of sE„ /s&:

Z = Tre = llIQ Zm ~ (2a) »&m
m (4)

Z =(g a, '")",
k=p

Z„=Q p(y, ),
fv;)

m

p(y, ) =~ II I(»t y;-y ~ )]
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(3c)

x exp[ g E(i —j)5 ],
&= 1

(3d)

Z = TrI exp( —7HD) exp(- TH, )exp(- ~H, )], (2b)

where ~ =P/m. Equation (2b) is a convenient
starting point for deriving a path-integral repre-
sentation of the partition function of the lattice
model (1). The particular decomposition of the
Hamiltonian (1) used in (2b) is essentially the
same as the one used by Feynman for the Frolich
polaron. ' Substituting the spectral representa-
tion of the operators (1b)—(1d) in (2b), we can
evaluate the integrals over all boson coordinates
and fermion momenta analytically. We obtain

z.=z.~z. , (3a)
m ]

A discontinuity in &E /BA, or &I' as a function
of ~ means that the free energy is not an analytic
function of the coupling A. and this indicates that
the system undergoes a transition. To measure
the size of the polaron in a translation-invariant
way we calculate

-BH
~( ) ~~ Tr(e cp cpxp+q)

Q' - f$HTl e

It should be clear that the only fundamental ap-
proximation that has been made is keeping m
finite. Theref ore we have to study the conver-
gence of the boson and fermion results as a func-
tion of m for several values of P, t, and & (we
have chosen units such that & =1 and M=1). We
can show that even for very low temperature,
the finite-m approximation (3) is good if m ) 20.
in our final simulations, N =32 (a variation of the
linear dimension N only has a very small effect
on the results) and 2000m single-particle steps
were discarded before taking 50000 samples.

2~hi
E(&) = & && 'cos

k= p rn

Qp = 1 —cos21lk/m + yj 0 (3f)

g — 1- dimension

The approximant Z to the partition function of
the free-boson system can be calculated numeri-
cally to any desired precision; the fermion con-
tribution Z " is calculated with the standard
Monte Carlo technique. ' " The density function
p(y, ) describes a peculiar two-dimensional classi-
cal system of m particles at the positions y j in-
teracting with each other. The index j labels the
number of complete sets of states that have been
inserted in (2b) and plays the same role as the
imaginary-time variable appearing in the path in-
tegral. '" The model has been formulated on a
lattice and hence the fermion kinetic energy is
represented by the Fourier-transformed imagi-
nary-time lattice propagator I(z, l).

We will calculate the approximants to the ener-
gy, specific heat, and derivatives of the free en-
ergy E =-P ' lnZ with respect to the coupling

The first derivative of the free energy is re-
lated to the expectation value of the operator
Q;x, c; c;; the second derivative is proportional
to the static susceptibility of this quantity. It

1 2 3 4 5

FIG. 1. The energy, the first derivative of the free
energy with respect to A, , and the second derivative of
the free energy with respect to A. as a function of the
coupling A. . Also shown are the results of weak- and
strong-coupling theories. In all figures solid lines
are a guide to the eyes only.
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FIG. 8. The normalized nearest-neighbor fermion-
boson correlation functions for one-, two-, and three-
dimensional polaron motion as a function of the coup-
ling ~.

FIG. 2. The coupling dependence of the fluctuation
for several temperatures and hopping energies

t.

In Fig. 1 we show the thermodynamic quantities
as a function of the coupling + at very low tem-
perature (P =5). For comparison we also show
the weak-coupling and strong-coupling (-x'/2)
results for the energy. There is good agreement
between the simulation data and the weak-coupling
theory as long as ~&2 and a similar conclusion
holds for the strong coupling for ~) 3. In the in-
termediate-coupling regime 2 & ~ (3 the curvature
of &E„ /&& is very weak and &'E /&+' has a max-
imum. In Fig. 2 we compare the data of &I"

for different t and P. For t =1 the maximum of

is located at ~ = 2.6. As the temperature in-
creases this maximum decreases rapidly but the
peak position remains the same. If we keep the
temperature constant (P =5) the peak position and
the peak height increase with increasing t. To a
good approximation, the peak position ~, can be
found by equating the weak- and strong-coupling
expansions of the ground-state energy. It is
clear that there is a critical line in the (t, A. )

plane. The critical points are recognized through
a large growth of fluctuations of the observable
related to the coupling energy. In addition there
is a sharp drop in the order-parameter type ob-

servable. In Fig. 3 we compare the normalized
nearest-neighbor fermion-boson correlation
functions C(q) —= C(q)/C(0) for one-, two-, and
three-dimensional polaron motion. In all cases
C(&) (& stands for a unit vector of the d-dimen-
sional hyper cube) decreases rapidly if the coup-
ling ~ increases toward its critical value. More-
distant correlation functions display a similar
behavior but the actual values decrease fast with
distance. This of course is just the same as say-
ing that the polaron is small. ' ~

To interpret these results it is useful to con-
sider some limits of the polaron model that can
be attacked with analytic tools. These limits are
the weak-coupling regime («(t, Q), the adiabatic
regime (M - ~, i'�&' finite), and the small-band-
width limit (t -0).' ' The adiabatic limit has
much in common with the one-impurity level in a
tight-binding Hamiltonian treated in detail by
Ecpnpmpu. " When ~'& 4tMA' a bpund state can
be pulled out of the one-dimensional continuum
and the character of the wave function changes in
the neighborhppd pf ~ = 4' . This becomes
even more apparent in the small-t limit." The
wave functions are superlocalized in the sense
that any operator measuring the correlation be-
tween the electron and a phonon vanishes unless
the correlation is measured on the same site. In
the weak-coupling limit and in the adiabatic limit
the size of the polaron extends over many sites
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with an exponential decay of correlation between
the electron and the phonons. In the strong-coup-
ling regime the polaron is superlocalized and the
extension of the polaron is over one site only. It
is this transition that we are observing in our
Monte Carlo experiment. Of course finite tern-
peratures will smear out the effects discussed so
far because all states become thermally available.
Indeed, simulations at more elevated tempera-
tures reveal that the critical fluctuations decrease
with increasing temperature. In the preceding
discussion we have implicitly assumed that we
were dealing with the one-dimensional case. In
two and three dimensions we find the same
features as for the one-dimensional polaron. The
critical value &, grows with the dimension (see
also Fig. 3). In the vicinity of A., the magnitude
of && increases with increasing dimension.
A larger ~ results in a smaller kinetic energy
and the absolute value of the slope at +, increases
with the dimension. Our observations are in qual-
itative agreement with the general principle that
the critical region becomes smaller as the dimen-
sionality of the system increases. In the strong-
coupling limit the small polaron behaves effective-
ly as a zero-dimensional system and the behavior
of the system is insensitive to the lattice dimen-
sionality.
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It is shown how the Fermi surface of metals and intermetallic compounds can be ob-
tained from the two-dimensional angular correlation of positron-annihilation radiation.
Results are given for both vanadium and V3Si. The Fermi surfaces are compared with
the results of band-structure calculations.
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Positron annihilation is a method widely used to
study electron momentum distributions in solids. '
Recent progress in two-dimensional position-
sensitive y-ray detectors has brought great im-
provement in two-dimensional angular correla-
tion of positron-annihilation-radiation (2D ACPAR)
measurements. ' ' With the new machines, the

measured distribution is given by

&(P. ,P, ) = 5 „p"(p)dP. , (&)

where p'~(p) is the momentum distribution of the
annihilated electron-positron pairs. These dis-
tributions contain information primarily on the
electron and positron wave functions and electron-
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