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A non-Hermitian eigenvalue equation is proposed to determine binding energies and
widths of core excitons in semiconductors, taking into account the time dependence of
screening effects through the dielectric matrix & '(r, r', ~). Deviations fron". static screen-
ing contribute both an increase of the binding energy and a narrowing of the Auger width.
Numerical estimates of both effects for the Si 2p transition give qualitative agreement
with experimental data when the exciton size is reduced by band-structure effects.

PACS numbers: 71.35.+ z, 71.45.-d

This Letter investigates theoreticall. y the rol. e
of incomplete electronic relaxation on the position
and the shape of inner-shell. excitonic resonances
in semiconductors. Specifically, it is suggested
that analysis of these resonances may reveal the
dynamical nature of the polarization of the medi-
um that screens the electron-hole interaction. In

fact, deviations from static screening, in addition
to contributing an inc~ease of the core-exciton
binding energy, are shown to lead to a den ease
of its spectral. width relative to the spectral width
of the core hole by itself (measured, e.g. , by
photoemission experiments).

The interpretation of the strong enhancement of
the binding energy of core excitons in semicon-
ductors (typically a few tenths of an electronvolt)
as compared with the corresponding binding ener-
gy of valence (shallow) excitons (a few millielec-
tronvolts) has been the subject of controversy. ' '
The size of this effect has required treatments
which go beyond traditional effective-mass the-
ory.' Two possibilities have been proposed:
(i) The mixing of Bloch functions about equivalent
conduction minima (as in Si and Ge) is allowed
for core excitons while it is forbidden for valence
(indirect) excitons. Inclusion of this effect yields
an increase of the binding energy and a decrease
of the exciton radius. " (ii) Attractive central-
cell. corrections are stronger for core than for
valence excitons because the hole wave function
is more localized. '

The above effects are also present in the case
of isocoric impurities with which the core-exci-
ton problem has been traditionally associated. '
However, this is correct insofar as one negl. ects
dynamical effects and lattice relaxation which are
of a different nature in the two cases."

Both approaches (i) and (ii) aim mainly to im-
prove the solution of the ordinary integral equa-
tion for excitons' and rest on the use of a statica1. —

ly screened electron-hole interaction. This can

only be justified when the exciton binding energy
is small in comparison to the characteristic en-
ergies entering the dielectric function, namely
the val. ence energy gap. ' When this condition is
not met, dynamical corrections to the effective
electron-hole interaction have to be considered.
Attempts to include dynamical screening effects
have already been made, either through the many-
body formalism' or through a variational ap-
proach to the electronic polaron problem. ' These
dynamical effects, which may be envisaged as an
incomplete electronic relaxation about the ex-
cited electron and the hole left behind, become
progressively more important as the average dis-
tance between the electron and the hole is de-
creased, or, equival. ently, as their binding ener-
gy is increased. As a consequence, the dynami-
cal corrections and the (static) band-structure
effects (i) and (ii) wil. l tend to reinforce each
other.

The occurrence of dynamical. screening effects
in the core-exciton problem can be most cl.early
revealed from a study of the relevant spectral
widths. Specifically, we shall examine how the
decay of the core hol. e influences the effective
el.ectron-hole interactions and how, in turn, the
lifetime of the exciton is influenced by the incom-
plete relaxation of the surrounding medium.

The most general procedure for the study of ex-
citons including all types of correlation effects is
to consider the Bethe-Salpeter equation for the
two-particl. e Green's function and to find its poles
by a suitable reduction to an eigenvalue problem.
This approach has so far been used for core ex-
citons with the restriction to the series of ladder
diagrams and with the neglect of Auger broaden-
ing. ~ Inclusion of this broadening requires a
search for poles in the complex energy plane with
a finite imaginary part I . With the restriction to
the series of ladder diagrams of a dynamically
screened el.ectron-hole interaction and the inclu-

1982 The American Physical Society 1519



VOLUME 49, NUMBER 20 PHYSICAL REVIEW LETTERS 15 NOVEMBER 1982

sion of Auger broadening, one is l.ed to the following non-Hermitian eigenvalue problem":

[E, —(E +iy)]A,„(Q,I')+ Q (c,diII, ff(Q, I')~c', d')A. .. (Q, I')=(Q —ir)A„(Q, r),
c d

where the electron-hole effective interaction Hamiltonian is given by"
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in Eq. (1) the labels c and d stand for conduction
and deep (core) band quantum numbers, respec-
tively, E and u(x) are single-particle energies
and wave functions (including spin variables), y
is the core-hole spectral width, Q is the excita-
tion energy of the exciton, A are electron-hole
amplitudes, er is the (time-ordered) dielectric
matrix, " and 6 is a positive infinitesimal. Notice
that Eq. (1) is a self-consistent eigenvalue prob-
lem where both the Hamiltonian matrix and its
eigenvectors A depend on the eigenvalues 0 —iI".
Equation (1) generalizes the equation considered
in Ref. 4, which can be recovered in the limit y
=I'=0. Furthermore, in the static limit for the

screening the & integration can be performed
analytically and Eq. (1) reduces to the ordinary
integral equation for excitons. '

Core excitons in semiconductors are generally
expected to extend over a few cells about the lo-
calized hole, and thus to experience both the cen-
tral-cell part of the potential. and its (dynamical-

ly) screened Coulomb tail. A proper way to at-
tack the solution of Eq. (1) would then be to con-
vert it into a local-orbital. basis along the lines
of previous work on optical properties, "quasi-
particle states, "and screening of static impur-
ities. " This procedure could, in fact, enable
one to include accurately dynamical effects on top
of band-structure effects, but it requires large-
scale numerical computations.

However, qualitative trends as well. as estimates
of the size of dynamical effects can be obtained
with limited effort as follows. Within the effec-
tive-mass limit of Eq. (1), the excitonic binding

energy E~ can be determined by solving a Schro-
dinger-like equation with a dynamically screened
electron-hole Coulomb interaction. The appropri-
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where —Im(e '(q=0;&u)) is the loss function. Con-
sider, in particular, the Si 2p transition which
has received much experimental" " and theoreti-
cal' ' attention. If one takes the experimental
value (0.2 eV") for the broadening y of the Si 2p
hole in Eq. (2), E~ is increased by a mere 2 meV
over the static effective-mass value (26.7 meV). "
The amount of incomplete screening caused by
the finite value of y is thus not sufficient to ac-
count for the large experimental value (0.3 eV")
of the Si2p core-exciton binding energy. Inter-
valley mixing and central-cell corrections are,
however, completely neglected whenever the
screened Coulomb potential is assumed to extend
to vanishing electron-hol. e separation. To ac-
count for these effects, and yet keeping a simple
numerical scheme, the short-range portion of the
screened Coulomb potential can be replaced, e.g. ,
by a spherical square well of fixed radius a about
equal to the screening radius of Si" (a = 4 a.u. )
and of variable depth 'V„ for r larger than a the
screened Coulomb potential is retained. The
size of V, is estimated following the suggestion
that for the Si 2P hole the central-cell part of the
potential alone has the critical. value to produce
a bound state. For the chosen a this critical val-
ue of V, is 7.9 eV.

In Table I the results of the self-consistent cal-

ate effective inverse dielectric constant that
screens this Coulomb interaction is the real part
of the expression

~, '(E„y)
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TABLE I. F~, Ezs.. binding energy in the field of a
square well of depth Vo plus a dynamically or statically
screened Coulomb tail, respectively (Ref. 18) . p —1':
corresponding difference of spectral widths. All values
are in electronvolts.

D

7.0
8.0
9.0

10.0

0.093
0.186
0.370
0.649

0.078
0.150
0.291
0.512

0.039
0.058
0.073
0.081

culation where the Coulomb tail has been dynami-
cally screened (column 2) are compared with the
results of the corresponding calculation where
the Coulomb tail has been statically screened
(column 3) for various values of V, . Deviations
of the dynamical fram the static calculation get
larger as V„or equivalently F~, increases,
thereby showing the enhancement of the dynami-
cal effects caused by the static central-cell. cor-
rections.

Direct comparison of these results with the ex-
perimental. binding energy is, however, not mean-
ingful on its own because the values of E~ in
Table I depend rather steeply on V, while no

specific criterion can be supplied to select a
proper value of V,. Nevertheless, the results of
this cal.cul. ation can be further utilized to estimate
the size of a related physical quantity such as the
difference between the broadening y of the core
hole and the broadening I" of the core exciton ac-
cording to the expression

&F (r)l~ 'l~(r)&
&+(r) ~+(r)&

which is also derived from the effective-mass
limit of Eq. (1). The values of y —I', calculated
from Eq. (3) with E~ and the envelope function
F(r) taken from the previous dynamical calcula-
tion, are listed in column 4 af Table I. Natice
that these values are positive and not negligible;
in particular, the value of y —I corresponding to
the experimental F.~ = 0.3 eV is about 70 meV.

These results show that dynamical screening
effects occurring within the core exciton may
produce an appreciable narrowing of its spectral
width. Pictorially, this effect can be described
by saying that the presence of the electron orbit-
ing about the hole hinders the Auger filling of the
hole by the remaining electrons. The occurrence
of this effect is then a fingerprint of. dynamical
screening since it cannot be obtained within the

framework of a static theory.
It should be remarked at this point that Eq. (3)

neglects the contribution of the additional decay
channels where the bound electron itself partici-
pates in the hole-filling transitions and, at the
same time, the hole is transferred from the core
to a higher (valence) band (direct recombina-
tion"). Since the presence of these channels
would tend to decrease the difference y —I', a net
narrowing of the spectral width can only result
whenever dynamical screening effects are suf-
ficiently large to compensate for the presence of
the direct recombination channels. The net nar-
rowing is indeed what has been experimentally
observed in several cases"'" although some un-
certainties might exist in the data. These uncer-
tainties stem both from the poor identification in
the absorption spectra of separate resonances
within the excitonic series and from difficulties
in isolating the sole contribution of the core hole
to the spectral. density in photoemission experi-
ments. A critical revision of the experimental
situation is then in order to set more accurate
lower and upper limits on y and I", respectively.

In conclusion, it has been shown that the occur-
rence of an observable narrowing of the core-
excitation spectral width can be ascribed to dy-
namical screening effects. Whenever this occurs,
dynamical effects are also expected to contribute
significantly to the core-excitation binding ener-
gies.
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The first quantitative evidence of critical quantum fluctuations and superlocalization
of the small polaron model in one, two, and three dimensions is presented. Starting
from a discrete version of the Feynman path-integral representation of the partition
function, the boson field is eliminated analytically and the polaron contribution is cal-
culated by means of the standard Monte Carlo Method.
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Phase transitions and phase diagrams of the
ground state of quantum systems are essential
for the characterization of the general behavior
of these models. A special class of interesting
problems is the coupled fermion-boson system.
In this paper we want to discuss a lattice model
in which one fermion is coupled to a boson field,
a polaron. Here we report the results of an ex-
tensive Monte Carlo study of the thermodynamics
of a small-polaron model. ' ' There have been
speculations about a possible phase transition
connected with localization of the electron as a
function of the electron-phonon coupling constant
in continuum polaron models. ' However, for the
most interesting continuum model, the Frohlich
polaron, Feynman, using his path-integral for-
malism, has given a superior solution for the
ground-state energy which does not exhibit any

H =B, + H, +H„ (1a)

gg2. N N

Q x +z Q x;c;"c,,
i= 1

(1c)

t ~ Ci Ci+y + Ci+y Ci ~ (1d)

discontinuities. " Localization is also possible
for the small polaron. For all lattice dimension-
alities our results point to substantially enhanced,
possibily critical, fluctuations for a critical value
of the coupling constant.

For simplicity of notation we will now formu-
late the theory in one space dimension. The Hol-
stein Hamiltonain reads
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