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where B;;, is 3C if A;;, Aj, and Ay, are all -3, and
is -C otherwise. These three-axis functions clearly
have properties (b) and (c), and a little arithmetic
confirms property (a).

10When C = 0 a full set of four-axis functions with
properties (a)—(c) can be found. This follows from
Appendix A of Ref, 8, where it is shown that the Claus-
er-Horne inequalities do imply the existence of four-
axis functions in the spin-3 case whenever the distri-
butions p;;, have inversion symmetry. Counterexamples
to Fine’s conjecture in the spin-3 inversion-symmetric
case can, however, be found at the level of five-axis
functions. A simple example is given by Eq. (3) with
C =0, four values (0,1,2,3) for i and 2, and the A;,
given by 1 when ik = 00, 11, or 22, and given by -3
otherwise. The Clauser-Horne inequalities continue

to hold, as do all the properties of the four-axis func-
tions derived above. By considering the various four-
axis functions that can be obtained as marginals of
F 13, 93(mymqymsy, + —) one concludes that this function
must vanish for any values of m,, m,, and mgs But
this is incompatible with any of the distributions
pir (m,m’) derivable as marginals from F ; 45 having
nonzero values for all their arguments, as they do.
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The purpose of this Letter is to study the mo-
tion of random interfaces and to apply it to the
ordering process in a system quenched below the
order-disorder transition temperature, Comput-
er simulations of the kinetics of an order-dis-
order transition? and of spinodal decomposition?
have shown that the time evolution of order-pa-
rameter fluctuations from the thermodynamically
unstable to the final equilibrium in the ordered
phase satisfies a scaling law, Experiments on
spinodal decomposition in critical binary fluids*
have also supported approximately this scaling
behavior. We are here concerned with the kinet-
ics of the order-disorder transition where the
order parameter is not conserved since in that
case the evidence for scaling behavior appears
to be strongest.

The authors of Refs. 1 and 2 have analyzed their
experimental data by the theory of the motion of
domain walls (interfaces) developed by Lifshitz®
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and by Allen and Cahn.® Recently Kawasaki” has
also proposed an interfacial approach to study
the scaling law of the spinodal decomposition,
One of the main results of the Lifshitz-Allen-
Cahn theory is the /2 prediction of the charac-
teristic length associated with the growth in time
t of the domains, This result is meant to apply
in the time regime where the value of the order
parameter in each domain separated by an inter -
face is assumed to be very close to the equilib-
rium value. Kawasaki, Yalabik, and Gunton®
have also obtained the #'/2 behavior in the time-
dependent Ginzburg-Landau (TDGL) equation
utilizing a weak coupling, long-time approxima-
tion. However, no theory has been available to
obtain the scaling function. In this Letter we
wish to derive approximately the explicit form
of the scaling function of the correlation of the
order -parameter fluctuations as well as the V2
power law,

1223



VoLuME 49, NUMBER 17

PHYSICAL REVIEW LETTERS

25 OCTOBER 1982

We start with the equation of motion of an inter-
face

v(F(a, t))=L'K(¥(a,t)), (1)

where v(r(a, t)) is the normal component of the
interface velocity at the position r(a, t). Kis the
total curvature. The position vector ¥(a, ¢) is
defined at each point a on the interface at time #.
The proportionality constant L’ is given by the
bulk Onsager coefficient, Equation (1) was first
derived by Allen and Cahn.® Kawasaki and Ohta®
and Bausch, Dohm, Janssen, and Zia'® have in-
dependently obtained Eq. (1) with the fluctuating
random force starting from the TDGL equation
with a nonconserved order parameter. We have |

omitted the random force in Eq. (1) since it is
not necessary for the present purpose. Note also
that Eq. (1) ignores the interaction between inter-
faces.

A convenient representation is necessary for
progress in analyzing Eq. (1). The evolution of
the system is given by Eq. (1) along with a geome-
trical statement specifying the configuration of
interfaces, Suppose z =u(T, ) specifies a smooth
surface with ¥ a d-dimensional vector. The inter-
section of the surface with the plane z =0 deter-
mines the interfaces or boundaries., The normal
unit vector A(¥, ¢) on the interface is then given
by (¥, t) =Vu/| vu|. Note that du(¥,t)/dt=0 in
the frame moving with the interface. Thus one
obtains!! (¥, ¢) ==(1/| vu|)du(¥, t)/8¢. The
formula'? K = - V +1i then transforms Eq. (1) as

a—"’t- ulr, 1) =L 3 n®(F, n*(F, 1)(0asV" - VOV ulF, 1), (2)

o,

where a, 8=1, 2,..., d the bulk spatial dimensionality. The configuration of interfaces is specified by
the contour surfaces with «(r, ¢) =0 of the solution of Eq. (2).
Various quantities which are accessible experimentally can be represented in terms of u(r, ). The

area density of the interfaces is given by

A(t) = [ da(o(F -F(a)))= (| vu| 6Qu(F, 1)),

(3)

where the average () is taken over the initial configuration of the interface. The integral over a is
understood to run over all interfaces. The dynamic scattering function S(d, ¢) of the order-parameter
fluctuations due to the motion of interfaces may be written as'®

Sa, 1) =(aM/q)* [ d*r S ALV uFy, ) LVuF,, )] 0@(F,, 1) 8(ulF,, 1)) explid(F, - 7)), (4

where AM is the gap of the order-parameter pro-
file at an interface.

Here we wish to solve Eq. (2) in an approximate
manner. That is, we replace n*(¥, {)n®(F, ¢) by
the average (n®F, t)n°(¥, ¢)) so that the resulting
equation is linear in u. The difference n®
- (n*2®) can be treated by a perturbation expan-
sion. Thus one obtains up to the lowest order

au(f, t)/ot=(L" /d)(d - 1) V*u(E, ), (5)

where we have assumed that the system is iso-
tropic, i.e., (n%n®)=(1/d)65s.

In order to evaluate the averages in (3) and (4)
one needs the initial probability distribution of
the field u(¥, ). We shall explore the conse-
quences of an assumption that the distribution is
of Gaussian form with the average («) =U, and
that the fluctuations of u(T, ¢) are spatially un-
correlated:

G,(t=0)
= J a9 (bu(F,) ou(F,) ) explid(F, - F,)]=C, (6)
1224

|where ou(t) =u(¥) = U. Equation (5) with (6) en-
ables us to calculate the time evolution of G,(¢)
or its inverse Fourier transform G(F, ) as

G(F, t) =C(8TLt)~*2 exp[-»2/8Lt ], (7

where L=L'(d-1)/d. Note that since (n* (T, t)
xveyPu(F, t))=0, Eq. (5) turns out to be correct
to first order in the expansion.

The area density (3) in d=3 is calculated as
follows:

(vu)?

At) =<|—W—| Su(F, t))>

d - -
_ 47;]%7-;% ;1— <(Vu)2o(u(f,t>)efq-W>. 8)

After taking the Gaussian average over ou one
obtains

A(t) = 2—?— (4Lt)~"2 exp[—(U2/2C)(87LL)>?].

(9)
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In two dimensions the coefficient 2V3/7 is re-
placed by 1/V2 and (87L¢)¥2 by (87L¢)". The t~/2
dependence, which is independent of d, has been
derived by a dimensional argument.® In the kinet-
ics of the order-disorder transition the only
characteristic length of the problem (apart from
the width of the interface) is (4L¢)“? which rep-
resents the growth of the ordered domains.
Tharefore (see below) we restrict ourselves |

SN

I(x)=

with J, the Bessel function of the first kind. Note
that C defined in (6) has disappeared in (10). The
scattering function S(g, ), which is normalized
such that | d%q/(2m?S(q, ¢) =1, is of the scaling
form observed by computer simulations.™? The
scaling function I(x) was evaluated numerically.
Figures 1 and 2 display the results in three and
two dimensions, respectively. The new variable
z of the function I(z) =I(x) has been introduced in
such a way that I(z) =1(0)[1 - 22/d + O(z%)], where
1(0) >10.47 for d=3 and I(0) =271n2 ~4.355 for
d=2. The proportionality constant ¢ with z =cx
is given by ¢ =21.206 in three dimensions and ¢
={[(1n2)%+7%/12] /21n2} /2 ~0,9695 in two dimen-
sions. The values of f(O) and ¢ for d=3 were ob-
tained numerically.

For large values of z, I(z) is found from (11) to

exhibit algebraic decay,
I(z) =2, (12)

with w =d +1. On the other hand, a rough estima-

FIG. 1. The scaling function in three dimensions.
The full line exhibits the function [(z). The data in
Fig. 3 of Ref. 1 are shown by the broken line with the
bars indicating typical scatter.

/2
(200 | gk R exp(®?) =112 (eR) 0% )

to the case U=0., At t=0, A(¢)=- which implies
that the initial interfaces take a random configura-
tion with infinite folding.

The scattering function (4) is also calculated in
a similar way. With use of the correlation func-
tion (6) some algebraic manipulations yield

Sq, t) =(4Lt)*/* Kg(4Lt)¥?), (10)

where

(11)

tion of the exponent from the experiments’? gives
w=2.6 and 3.5 in two and three dimensions, re-
spectively. The d dependence is consistent with
(12) although each value is somewhat smaller.
The complete comparison of I(z) itself without
any adjustable parameters seems impossible at
present. The finite-size effect in simulations
makes it difficult to estimate the scaled variable
2z from the data. Note also that the second mo-
ment [x %]= fddxle(x)/fd"x I(x), which has been
used to scale k¢ /2 in Ref. 2, is not well defined
here without introduction of an ultraviolet cutoff
because of the asymptotic behavior of (12). Nev-
ertheless if one adjusts the unknown proportional-
ity constant between z and k¢ /2 as z/ktV2~0.1
and 0.24 in two and three dimensions, respective-
ly, I(z) in Figs. 1 and 2 show good agreement
with the experiments. In the plot the vertical
axis was not adjusted since the values of 1(0)
coincide roughly with those of the experiments.

FIG. 2. The scaling function in two dimensions. The
experimental data were taken from Fig. 6(a) of Ref. 2.
The meanings of the lines are same as those of Fig. 1.
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The present results depend on the choice of the
initial distribution of «(r, t). As is shown in (9)
if U#0, the £Y2 power law of the area density
breaks down in the time regime U2(811Lt)3/2/2C
z 1. Other choices of the correlation function
(6) would also alter the results. However, note

from (10) that g ~O((Lt)™2) and w(F) ~ O((Lt)~%/*).

Therefore a deviation from the Gaussian distribu-
tion of the field «(f) and the ¢ dependence of G (¢
=0) vanish asymptotically. Thus as long as G, (¢
=0) for ¢ =0 is finite the result (14) with (15) re-
mains unchanged. In some sense the situation
seems similar to the determination of the criti-
cal surface on the initial parameter space in the
renormalization-group theory of phase transi-
tions. Although the agreement of the scaling
form with the simulations is encouraging, further
study is necessary to clarify this point.

In summary we have studied the statistical
properties of interface motion with a random
initial configuration. As an example of phenom-
ena which are governed by random interfaces
we have discussed the time evolution of fluctua-
tions in the order-disorder transition of a
quenched system. The universal scaling form
of the scattering function has been obtained and
compared to the experiments.
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