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Recurrence Phenomena in Quantum Dynamics

Q(v i —k )'&Ne/4m' (2)

Consider now the N-dimensional space with co-
ordinates x„.. . ,x„where the integers x = k
form a unit lattice. ' The equation

Q(v. i x) =2~N/4~-'

represents a sphere of radius R =(Ne)' '/2m cen-
tered at x = v t. As time passes, this sphere
sweeps a cyl.indrical volume of radius R and
l.ength

(Q v 2)1/2i =Nl/2vi (4)

v being the average (rms) frequency. The cross
section of this cylinder is

c = p && - » /2g & -
& /I' I (N p ] )/2]

I expect to find, on the average, one lattice point

In a Letter' with the same title as above, Hogg
and Huberman considered quantum systems hav-
ing time-periodic Hamiltonians with discrete
quasienergy spectra. They showed that the evol. u-
tion of these systems is almost-periodic (the
initial state reappears infinitely often in the
course of time). This phenomenon is more
troublesome than the classical Poincare recur-
rence. In the classical. case, neighboring points
in phase space may have vastly different recur-
rence times. On the other hand, it is possible to
construct dense sets of neighboring quantum
states with the same recurrence time. There-
fore the coarse-grained entropy of such quantum
ensembles does not increase to its equilibrium
value, but is an almost-periodic function of time.

.In view of the far-reaching implications of this
result, it is worthwhile to evaluate a typical re-
currence time for such a quantum system. Let
us take for simplicity a time-independent Hamil-
tonian P. Its eigenfunctions u satisfy Hu =E u
with incommensurable energy levels E = 2m@v .
The initial wave function can be expanded as 4
=pc u and the problem is to find values of t
such that

'"' "e —4 II
' = 4Z I

c
I

sin'(g v t) & e .

As a simple example, let us assume that there
is only a finite number, N, of nonvanishing

l
c l',

which are all equal to 1/N. (This simplifying as-
sumption is not crucial, as shown below. ) All
the v t must be very close to integers k, so that
sin2(mv f) =m2(v i-0 )2 and Eq. (1) is equival. ent
to

per unit volume, i.e. , typically within a time

For exampl. e, taking v=10" sec ', & =0.1, and
N = 50, we obtain a recurrence time t = 1.7 ~ 10"
sec, more than the age of our universe.

%e thus have to explain why the results are in
apparent disagreement with those of Ref. 1. This
cannot be due to the simplifying assumption that
8 is time independent and that a finite number N
of states have equal weights 1/N Ind.eed, if the
weights are not equal, the moving hypersphere
becomes an ellipsoid and the order of magnitude
of the final result remains the same. The only
change in the calculation if 8 is time periodic is
that the constants c of this paper are replaced
by the constants r, of Ref. l.

The point is that one must clearly distinguish
between the recurrence time of 4' (called T in
Ref. 1) and the recurrence time w of E (the ex-
pectation value of the energy) which is illustrated
in Fig. 1 of Ref. 1. For a time-independent Ham-
iltonian, 7 =—0 trivially. For a time-dependent
one, w is a function of E and for some E we may
have w«E. For example, Fig. 1 of Ref. 1 shows
that the expectation value of the energy recurs
many times. This does not prove that the state
of the system has recurred, because there are
infinitely many different states having the same
expectation value for the energy. The only ex-
ception is the ground-state energy E = 0, corre-
sponding to the nondegenerate ground state. This
is the initial state for Fig. 1, and a value E =0
indeed never recurs, in agreement with the pres-
ent conclusions.

In summary, it appears that quantum recur-
rences are not a matter of concern, unless the
number of incommensurable energy levels is
very small.
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