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We have improved the description of a perfect
fluid by including spin and torsion through use of
a Lagrangian variational principle based upon the
formalism of Halbwach' and the method of con-
straints of Ray.? Ambiguities in the constraints?
in the presence of torsion are resolved in favor
of the perfect-fluid description with mass con-
servation, For consistency, we have also ex-
tended the thermodynamic description of the in-
ternal energy of a fluid so as to include spin as
a thermodynamic variable.

In this work, the description of the spin is clas-
sical in that it is intrinsic but not quantized. Our
approach in this matter is similar, for example,
to the work of Bailey and Israel® where the fluid
particles, which have intrinsic spin, may be gal-
axies or clusters of galaxies. We do not resort
to the elementary particles of these objects and
the “ferromagnetic alignment” of their quantum
spins in order to describe a fluid with spin. Phys-
ically this means that the equation of motion for
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the spin tensor is a modified Fermi-Walker trans-
port equation® and arises as a direct result of in-
cluding spin as an intrinsic variable in the ther-
modynamic description of the internal energy.
Also the variables in our description are classi-
cal variables throughout and not microscopic
fields.

The tetrad, a*; (u=1,...,4 are anholonomic
coordinates, j=0,1, 2,3 are holonomic), is cho-
sen such that a*/=«’ is the four velocity, the spin
of a fluid particle is

s;; = k(x)(a';a?; -a';a%)), (1)

where «(x) is a scalar function, and the angular
velocity is

wi;=za"a,,-d"a,,), (2)
where & ;=a,, ut.
Our Lagrangian density takes the form
L=L,+&,, (3)
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where

Lo=ec,R -epll+e(p, s, s;;) ] vex,(gyutul +1) +a,(eu?) ; +en X ut+ens ;u' (4)
and

Ly=e[-pr(x)atia?; +1*(a';a® = 1) +12%(a? a?; - 1) +20'%a' ta?, + 22 Mat fu,; + 20 %aP y, |, (5)

where e is the square root of the determinant of
the metric, ¢,=1/167G, G is the gravitational
constant, R is the scalar curvature, p is the
mass density of the fluid, X is a fluid particle

number, s is the specific entropy, and the various

A’s are the constraints which maintain the con-
servation laws for the fluid and ensure ortho-
normality of the tetrads. For convenience, we
take ¢ =1. To supplement the Lagrangian (3),
the thermodynamic laws are contained in

de=Tds -Pd(1/p) +3w;,;ds*, (6)

where P is the pressure and T is the tempera-
ture.

The portion of the Lagrangian given by £, leads
to the usual description of a perfect fluid in gen-
eral relativity when the spin variable is sup-
pressed. For details see Ref. 2, The extension
to a connection with torsion, i.e., an Einstein-
Cartan or U, space-time, is easily obtained.® &£,
leads to Halbwach’s treatment of spin in special
relativity. When the spin variable in €-is sup-
pressed and torsion is held equal to zero, the
combination of £;+£, leads to a general rela-
tivistic treatment of spin and a perfect-fluid en-
ergy-momentum tensor corrected for spin. De-
tails will be reported elsewhere.” Including both
the spin variables in € along with an asymmetric
connection, i.e., torsion, the variation of £ with
respect to g;;, S;;%, p, X, s, u', s;;, a';, a*,,
and the various A’s yields a description of spin-
ning fluids in the Einstein-Cartan space-time,

We digress for a moment and consider the term
involving the A, constraint. In general relativity
this can be written in two equivalent ways:

e(pu’) , ; ("
or
(eput) ;. (8)

But if we extend them to a U, space-time, we get
inequivalent results.® The constraint for the first
case becomes

ev,;(put)=0, (9)

where V; is the covariant derivative for the full
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U, connection; and for the second
(epu’) s =V*fepu’)
=eV,(pu') +2eS;,7 put =0, (10)
where the second line defines the “star” deriva-
tive in terms of the trace of the torsion tensor
Sii*=Tpri" (11)

given by the antisymmetric part of the affine con-
nection I';;*. Applying Gauss’s law to (9) for the
region Z between two spacelike hypersurfaces o,
and o0, enclosing all matter, we find

M(o,) - M(0) =2 eS;,;? putd*x (12)
where
M(a)=f;eu‘d32,- . (13)

This leads to the novel interpretation that the
torsion vector S;;’ is associated with mass crea-
tion (annihilation) of the system and may have
applications for mass-creation cosmological theo-
ries. An alternative interpretation can be seen
for the special case when the trace-free portion
of the torsion vanishes. The torsion vector is
then proportional to the Weyl vector® and can be
interpreted as the precursor of a volume-non-
preserving space-time, In the variable mass the-
ory, torsion is not very closely associated with
spin. For example, from the constraint (9), we
find, upon varying £, the following relation be-
tween torsion and spin:

de, TV =20uligilk ysiiy® (14)

where the modified torsion tensor

T;;*=8;;% +26(;%S;),%. (15)
On the other hand for the constraint (10),
4c, THR=stiyk, (16)

Equation (16) is in the form of a spinning Weys-
senhoff fluid. Note also that this occurs because
the torsion vector vanishes in (16). For our
choice of the Lagrangian £, the modified torsion
is proportional to the spin angular momentum
tensor.® Thus, coupled with the constraint (10),
that is mass conservation, £ leads to the first
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satisfactory vaviational-principle descviption of
a Weyssenhoff fluid. One must note the strong

connection between torsion and spin., From (16),
if the spin vanishes, then torsion vanishes. The

inverse of (16) gives
St =—(4c,/p)u, T, (17)

so that the converse is also true. For the mass ]

T4 ={p(1+e+P/putu’ +Pg ¥} +{pi,ults P*+v¥,[ pulis Ik |} ~{pw,is M},

Details of the calculation will be given elsewhere.!°

The first expression in curly braces on the right-
hand side of (18) for T, is the usual perfect-
fluid energy-momentum tensor; the second is the
spinning fluid extension of Halbwach’s Lagrangian
to U, space-time (general relativity if torsion is
neglected); and the third is the correction result-
ing from the extension of the thermodynamic law
(6) for spin. This last term has an interesting
consequence for the equation of motion of the spin,
which becomes

‘dl% Sii=(Qup=wy)s® ;= (Qj-wj)s* =0,
where Q;,=u;it, - ;u, is the usual Fermi-Walker
transport tensor.® Because of (2), Eq. (19) is
equivalent to

D .

an Sii—
so that the motion of the spin is governed by one-
half the magnitude of the Fermi-Walker transport
tensor. This result should be manifest beyond
the astrophysical setting presented here since it
follows mainly from the special confluence of
Halbwach’s special relativistic treatment of spin
and from thermodynamics.

Although it is possible to obtain the improved
energy -momentum tensor, T,‘’/, by mating Hal-
bwach’s formalism with general relativity, we
feel that this approach is not complete. We have
difficulty matching the source of the spin angular
momentum tensor to the spin. However, we find
that the natural union occurs in a U, space-time.
Here we find that the torsion and spin are so
intimately related that you can only have one with
the other. If the fluid has spin, then it has tor-
sion and vice versa. The importance of this ob-
servation resides in the fact that the natural
framework for gravitation and spin is a U, space-
time,® and that when spin vanishes (or is neglect-
ed), general relativity results. We have in effect
obtained the geometrization of spin.

(19)

3Q,8% ;= 28,5 =0, (20)

nonconservation constant, Eq. (14) shows that
even when the spin vanishes, there is still tor-
sion. Thus, as stated above, spin and torsion
are not closely linked in that theory.

Upon variation of £ with respect to the metric,
using the thermodynamic law (6), and after elim-
inating the constraints, we finally obtain the im-
proved energy-momentum tensor for a spinning
perfect fluid in a U, space-time:

(18)

With this interpretation, the improved energy-
momentum tensor, T/, should be directly ap-
plicable to cosmological problems involving spin-
ning matter in the early universe as well as to
the unsolved problem of the interior Kerr solu-
tion. In the latter case, the outside portion
should reduce to general relativity whereas the
interior region must be a U, space-time with
both spin and torsion, Since T,*' has additional
terms related to the spin density of the fluid, it
seems likely that one can now match boundary
terms between the interior and exterior solu-
tions, '
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