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Low-Temperature Equation of State of Molecular Hydrogen and Deuterium
to 0.37 Mbar: Implications for Metallic Hydrogen
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The T = 5 K isotherms of molecular Hz and D~ as well as the index of refraction to
370 kbar have been measured with a diamond-anvil cell. The hydrogens are somewhat
softer than predicted from extrapolation of low-pressure measurements and the transi-
tion to the metallic atomic state is predicted to fall between 1.9 and 5.6 Mbar.

I'ACS numbers: 64.30.+t, 62.50.+p, 67.80.Cx

The advent of the diamond-anvil cell (DAC) has
made it possible to study molecular hydrogen and
its isotopes up to pressures, P, approaching 1
Mbar. ' ~ ' However the physically meaningful pa-
rameter density, or molar volume V, was known

experimentally only to about 25 kbar. We have
measured the P, V relation, or the equation of
state (EOS), as well as the index of refraction n,
of molecular hydrogen and deuterium, to pres-
sures of 370 kbar at T = 5 K in a DAC. We have
compressed 8, by more than a factor of 5 from
its zero-pressure volume of 23.16 to 4. 6 cm'/
mole. The hydrogens are found to be softer at
high pressures than extrapolations would suggest.
Our results have important implications for me-
tallic hydrogen. In the past 46 years there have
been of order two dozen calculations of the tran-
sition pressure of insulating molecular hydrogen
to the conducting atomic state with predicted pres-
sures ranging between 0.25 and 20 Mbar. Much
of the uncertainty was due to the unknown EQS of
H, at high pressure. We can now make the first
prediction of the transition pressure based upon
a high-pressure experimental EQS; we find the
transition to fall between 1.9 and 5.6 Mbar. We
also show that up to 400 kbar the EOS can be
based on an effective pair potential.

The P, P'relation can be measured in a DAC by
a number of methods. Pressure determination is
straightforward and makes use of the calibrated
pressure dependence of the frequency of the ruby
8 line, observed in fluorescence. ' A number of
techniques for deter mining the volume are con-
ceivable. X-ray diffraction can be used to meas-
ure the lattice parameter; however, this tech-
nique is difficult because of the small x-ray cross
section for H, and the small sample size in a
DAC ( 10 ' mm'). Brillouin scattering can be
used to measure the velocity of sound, which un-
der a number of assumptions can be integrated to
yield the P, V relation. 4 We have chosen a simple

Dv= Dm/(2nd cosy), (la)

where m is the fringe order, n the index of re-

and direct technique of measuring the sample
volume by a combination of photographic and in-
terferometric methods.

Qur DAC is mounted in a cryostat with an opti-
cal tail, having a temperature range of 1.1-300
K. Most measurements were performed at T= 5

K. The maximum pressure achieved in these
measurements was 590 kbar; however, useful
data were taken only up to 370 kbar. Samples of
P-H, and o-D, were confined in a cylindrical chan-
nel (effective diameters ranged from 40 to 150
pm and thickness, d, from 6 to 120 p.m) in a
stainless-steel gasket between optically flat and
parallel culets of two diamonds, along with ruby
grains for pressure measurements. The channel
volume varies with pressure and we assume that
it remains a right cylinder with area, A, of arbi-
trary shape so that V=Ad. The area is measured
in situ by microphotographic techniques. Photo-
graphs include the area of the culet which is used
as a reference. Errors in areal measurement
were estimated to be as large as 5%, due mainly
to the limited spatial resolution of our microscope
which required a long focal length as it is exter-
nal to the cryostat. Possible systematic errors
which underestimate the volume could arise from
nonuniform channel walls and deviations from a
right-cylindrical channel geometry. The profiles
of used gaskets were studied with a scanning elec-
tron microscope. No serous problem was detect-
ed and no corrections were made. For the deter-
mination of d, we measure optical interference
fringes in transmission. The sample hole is il-
luminated with a collimated source of visible
white light. Transmitted light is focused into a
spectrometer (Spex 1401) with a resulting fringe
pattern in which the peaks are separated (in wave
number) by
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fraction of the sample, and y the angle of the
wave vector of the light in the sample with re-
spect to the normal of the culet. For the condi-
tions of our experiment the fringe pattern is es-
sentially a sine wave in wave number v whose
phase depends upon the angle y. Both n and d are
unknown; however, they can in principle be de-
termined by measurement at two values of the
angle y from Eq. (1a). Since the range of y is
quite small in our system, accuracy is improved
by measuring the fringe shift 6 v for a series of
angles. Using Snell' s law sinn = n siny, where
is the angle of the light incident on the diamond,
it is easily shown that for small angles

5v = ( v/2n')o. ". (1b)

A plot of 6 v vs n can be fitted by a parabola to
determine n and then d from Eq (1a.). In our ap-
paratus n was limited to 3.5 and could be meas-
ured to an accuracy 5n/o( =0.002. The principal
inaccuracy in the determination of d arose from
error in n determined by Eq. (1b) which is then
used in Eq. (la). The error in n was due to the
limited range of a and reduced fringe contrast
at high pressure which led to inaccuracies in
measuring the shift, 6v.

Two runs were made on both H, and D„one for
low (P& 50 kbar) and the other for high pressure.
The low-pressure runs had substantially larger
gasket holes and thus higher precision. These
runs were used to compare to the known EQS and
for a control of the accuracy of our technique.
The measured values of n for p-H, and o-D, are
shown in Fig. 1 as a function of pressure. Be-
cause of the large scatter, it is desirable to
smooth the data. One expects the modif ied iso-
tropic Lorenz -Lorentz relation,

[(n' —I)/(n'+ 2)]3 V/4wn „=S( V), (2)

to be a reasonable representation of e. Here ot „
is the single-molecule polarizability. S( V) is a
normalized [S(~)=1] decreasing function of p

V ' in our pressure regime and arises from
many -body forces and spatial confinement of the
molecules. ' Considering the size of the error in
n, the most useful way of smoothing the data was
to treat all of the H, and D, data together (at high
pressure the densities of H, and D, are about
equal at the same pressure). These were fitted
with a curve which was constrained such that the
left-hand side of Eq. (2) was less than or equal to
one, yielding

n = —0.7+0.0009P+ 1.83(1.37+P)~ '
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FIG. 1. Measured index of refraction as a function of
pressure. The line is a fit to the data. Upper limits on
some of the data points were determined from the fringe
contrast.

for both H, and D,. This curve gives surprisingly
good agreement with precision 1ow -pr es sure data
from other sources. ' These values of n vs P are
then used to determine d of Eq. (1a). In order to
determine the EQS we require the true value of
the molar volume, V, whereas in the experiment
we only measure a scaled value V' = g V. The
scale factor g is determined by fitting low-pres-
sure data of a given run to the known low-pres-
sure Birch relation for the EQS of H, and D, from
Driessen et al. ' The experimental values of the
EQS so determined are shown in Fig. 2. The bars
represent estimates of statistical error. The
dashed lines represent the EQS according to the
Birch relation which closely fits precision ex-
perimental data to 25 kbar (Ref. 9) and can be
safely extrapolated to P =100 kbar. The rather
good agreement between our data and this curve
provides confidence in our technique.

We would now like to fit our P, V data with a
curve to allow extrapolation to higher pressures.
Although the Birch relation does a splendid job of
fitting up to 25 kbar, we expect that this form,
which is based on a power-series intermolecular
potential, will not have the proper repulsive be-
havior to extrapolate to ultrahigh pressure where
the known exponential form of the repulsive part
of the pair potential, y, will dominate. We pro-
pose a new form for the EQS. For hydrogen T
= 5 K corresponds to the T = 0 K limit. At T = 0 K
the pressure is given by P= —8E/8 V, where E
= E, + F, is the free energy. The static part is
equal to the lattice energy, F,= U, and the zero-
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TABLE I. 7.' = 5 K isotherms of H, and D, of this
work compared with extrapolations based on low-pres-
sure isotherms. For V & 5 cm3/mole the present work
is extrapolated using the EOS discussed in the text.
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E, o- h(&u)/2 =D[R '(8/BR)(R8/8R)U]'i',

where D is a constant proportional to M '~' (M is
the molecular mass) and (&u) is an average phonon
frequency. For U we use a form inspired by a
simplified form of the potential of Silvera and
Goldman, "U=Aexp( PR) —-CR 'f, where R is
the intermolecular distance in angstroms and f
=exp[ —(8.24/R —1)'] is a function which attenu-
ates the attractive van der Waals term at short
distances. The first term of U represents the
repulsive core. Straightforward differentiation
(f is taken as a constant for this operation) yields
an expression

P = P, (A, P, C, V/Vo) + DPI'(A, P, C, V/ Vo),

where V, is a reference volume corresponding to
P Pp This form is inadequate at P = 0 because
of the extreme quantum nature of H, and thus we
restrict it to P ~1 kbar. The expression for P
(which is a bit lengthy and is available from the
authors on request) is then the least-squares fit
to our data of H2 and D„ in the region 1-25 kbar
we use the more accurate data of Anderson and
Swenson. ' These curves are shown in Fig. 2

(solid lines) and a. tabulation is given in Table I.
We see that H, is softer than predicted by extrap-
olating the Birch relation to high pressure (Fig.
2~ompare hP at a constant V). From the fit
parameters, we find PD, = 2.854 A ' and P~
= 2.907 A ', which we compare to the slightly
"harder" value P =2.958 A ' of Ref. 10; also
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FIG. 2. The T= 5 K isotherms of H2 and D2. Hjgh-
pressure lines beyond the data points are extrapolations.
We use a quasilogarithmic scale by adding a constant
1 kbar to I' to plot all the data and emphasize the high
pressures.
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DH /Dn = 1.48 =(MD /M s)' ' supporting our model
in which the zero-point pressure is explicitly in-
cluded in the EOS. These results show that, at
least to 400 kbar, the effective pair potential re-
mains a valid approximation for thermodynamic
properties of solid H,.

Our results have important implications for the
prediction of the pressure P, of the insulator-
metal transition. This has had two sources of un-
certainty: the EOS of the insulating phase and

that of the conducting phase. Previously the
former had been extrapolated from 25 kbar or
has been calculated, also based on questionable
approximations; our EOS removes much of these
uncertainties. The EOS of the metallic phase
has been calculated in various approximations
giving a spread of values. Ross and McMahan"
have recently pointed out an additional large un-
certainty due to electron correlation energy. We

have determined P, by calculating the Gibbs free
energy, Q, from our EOS and using a spread of
values of Q for the metallic phase (after
McMahan"). From Fig. 3 we see that P, ranges
between 1.9 and 3.6 Mbar and can be as high as
5.6 Mbar if the correlation energy is reduced by
2 (dashed line). Recently the possibility of a,

transition to a conducting molecular state has
been considered. " This mould occur at a pres-
sure lower than P, .

We thank V. V. Goldman for very useful dis-
cussions concerning the model used in fitting of
the EOS, E. van der Poll for aid with the comput-
er analyses, and D. Brandt for aid with the meas-
urements. The support of the Stichting FOM is
gratefully acknowledged.
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FIG. 3. The Gibbs free energy for atomic metallic
and molecular insulating hydrogen. Metallization oc-
curs where the curves for the molecular and atomic
phases cross.
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Structural Determination of the Symmetry-Breaking Parameter in trans-(CH)
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The magnitude of the symmetry-breaking dimerization distortion has been determined
by analysis of x-ray scattering data from trans-(CH)„, u 0

——0.03 A. This distortion can
account for the magnitude of the energy gap, implying that electron-electron interactions
do not dominate the physics of long-chain polyenes.

PACS numbers: 61.50. Jr, 61.65.+d, 71.38.+i

The infinite polyene chain has been a subject of
both theoretical and experimental investigation
since the early work of Lennard-Jones' and that
of Coulson. ' Whether the work was focused on the
question of dimerization of the linear chain, ' the

role of Coulomb correlation, ' or the recent pro-
posals of topological exeitations' ' (solitons), the
existence and magnitude of the bond alternation
has been the crucial and fundamental issue re-
maining to be resolved. That such a basic ques-
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