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Elastic Softening and Ferroelastic Instabilities in Alkali Cyanides and Superoxides

S. D. Mahanti and D. Sahu
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It is shown that the competition between short-r~~~e repulsion and the interaction be-
tween quadrupole moment and fluctuating field gradient strongly influences the elastic
softening and ferroelastic instabilities of ionic molecular solids. This theory is applied
to explain the ferroelastic properties of alkali cyanides and superoxides.

PACS numbers: 63.75.+z, 64.70.Kb

One of the most interesting properties of mo-
lecular crystals is that they undergo ferroelastic
phase transitions (FEPT) accompanied by orien-
tational melting. In the high-T phase the crystals
show unusual thermoelastic behavior. With de-
creasing T, the elastic constants Cyy and C44
show anomalous softening and the crystals under-
go FEPT to a structure of lower symmetry. Typ-
ical examples are alkali cyanides (MCN) and al-
kali superoxides (MO, ); these systems have been
extensively studied in recent years. ' '

In this Letter we show how the nature of elastic
softening and the ferroelastic instability depend
sensitively on the competition between short-
range repulsive forces and the interaction be-
tween quadrupole moment Q of the molecular
ions (CN and 0, ) and the fluctuating electric-
field gradient (efg) present in the high-T cubic
phase. Our theory explains the qualitative dif-
ferences between cyanides and superoxides and
the dependence of the FEPT temperature on the
lattice constant for different cyanides.

The anomalous elastic softening' in KCN was
discussed in terms of translational-rotational
(TR) coupling by Michel and Naudts, ' who consid-
ered only short-range repulsion effects to explain
the experiment' (C«- 0 at a temperature T«
which is higher than T» at which C»- 0). Within
such an approximation it is difficult to see how
an equivalent system, namely KO„would show
the opposite behavior' (T» &T«). It is known'
that the coupling between Q and the efg is impor-
tant in the stability of noncubic structures. Fur-
thermore, a recent molecular-dynamics study'
of the rotational 3utocorrelation function in the
cubic phase of KCN has shown the importance of
including anisotropic electrostatic forces for a
proper understanding of the experimental prob-
ability distribution functions. We have therefore
studied the effect of the interaction between Q
and the fluctuating efg (present in the cubic phase)
on the rotational-translational coupling and find

that this plays a significant role in the micro-
scopic understanding of ferroelastic properties
of these solids.

Elastic properties of ionic molecular solids
can be studied by considering a TR Hamiltonian
H =H~+IIR+II TR& where

HR= —', Q Y t(k)D s(k)Y8$)+g V(n;), (2)
kas f=l

HTR =i Q. Y„(k)Va,(k)(b,.~+b,. ~ ). (3)
knj

z~,.k' is the frequency of a bare phonon of wave
vector k and polarization j described by the crea-
tion (b,.7, ~) and destruction (b, &) operators. V(n, )
is the single-site cubic potential when centers of
mass are fixed at the fcc lattice sites. The ori-
entational order parameters Y„(k) are the lattice
Fourier transforms of Ya(n;)'s which are sym-
metrized (e, and t,e) combinations of spherical
harmonics of order 2; n; is the orientation vector
of the molecule at R, .

The coupling between the orientational order
parameter Y„(k) and the phonon kj is given by
V, (k). In the earlier theoretical work, ' only the
repulsion (between CN and M') contribution to
V„,.(k) was considered. However, as the lattice
vibrates there is deviation from local cubic sym-
metry at the positions of the molecules and the
resulting efg couples to Q. This coupling con-
tributes to V„,.(k) and depending on the sign of Q
it will either enhance or suppress the TR coup-
ling in these systems.

Before discussing these two contributions to
V„,. (k), let us look at the effect of HTR on the bare
elastic constants C»' and C«'. The renormalized
phonon frequencies are given by'
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where y„z(k) is the isothermal rotational susceptibility obtained in the presence of direct interaction
D 8(k). V,.(k) is given by

V.,(k)=(2~„') "' g [~„(+!kj)v„„'(k)+~„(-!kj).„(k)],
t

where v &'(k)'s are the couplings between Y t (k)
and the Fourier transforms u&'(k) of the positive-
and negative-ion displacements; e„(+!k j) are the
corresponding polarization vectors of a given
mode kj. Only the short-range repulsion contrib-
utes significantly to v „'(k) whereas the fluctuat-
ing efg contributes to both e &' and v „,al-
though there are important cancellation effects.

To calculate C» and C«we consider the LA
and TA phonons with k = (0, O, k) in the limit k - 0.
For (0, 0, 0) phonons, we have &o„„'=(C»/p)k'
and wTA = (C«/p)k where p is the mass density.
For symmetry reasons, in Eq. (4), &ALA couples
to y» (e, susceptibility) and ~T„couples to y«
(t, susceptibility). The renormalized elastic
constants are given (in the notation of Ref. 4) by

C„,=C, , —(8/a)(A +Aq)'y„(T), (6a)

C„=C„'- (2/a)(B„+Bq)'y (T«), (6b)

where a is the nearest-neighbor distance and

Aq = (9n/5)' 'Q!e!/a' = —(3/2)"'Bq.

In Eqs. (6a) and (6b) A~ and Bz are the repulsion
contributions which are complicated functions of
repulsion parameters4 whereas A~ and Bz are
quadrupole contributions. Typically, B~/A„
=——0.25 whereas Bq/Aq = —0.82. This suggests
that the nature of C» and C44 softening is differ-
ent for these two different coupling mechanisms.

In considering the contributions to A and Bz
from different neighbors we find that there is a
nearly perfect cancellation between second and
third neighbors, the fourth one making only a few
percent contribution. Thus to the leading order
only the nearest-neighbor positive ion contributes
to the fluctuating efg.

For KCN, using Tosi-Fumi parameters' for
CN and K' repulsion, we find that Az =4379 K/A
and Bz = —988 K/A. Taking the free-ion value'
of Q for the CN ion, i.e. , Q =Q, =-4.64x 10 "
esu A', we find that Aq = —3440 K/A and Bq
=+2808 K/A. For this sign of Qo, Aq and Bq
have opposite signs from those of A~ and 8„.
Furthermore, Bz is a factor of 3 larger than B~
and completely dominates the C„softening [see
Eq. (6b)]. On the other hand, Aq and A~ are com-
parable in magnitude, the former being a factor
of 1.3 larger. This calculation clearly indicates
the importance of the mechanism that we have

! proposed. In particular, for systems with large
negative Q, C« instability is considerably en-
hanced because g«»y» at the temperatures of
physical interest.

We have calculated C» and C«as a function of
T when Q =0. For bare elastic constants C»' and
C44' we choose values appropriate for KCl at
room temperature. The value of C« for KCN
may be smaller because of differences in the neg-
ative-ion polarizabilities, but the choice made in
Ref. 4 is too small. We find that in the limit A@
=B~=0, C» softens to zero at a higher tempera-
ture than C«, i.e. , T»/T«= 3.5& 1. This is still
true if we reduce the strength of the repulsion by
a factor of 2 which is quite unphysical. We con-
clude" that the repulsive forces influence C»
more strongly than C«and since C» couples to
the order parameter Y„one expects a ferroelas-
tic ordering of the molecules along the c axis
when C»- 0. This is precisely the ordering
seen' in the superoxides KO„HbO„and CsO, .
If on the other hand we choose A„=B~ = 0, then
T»/T« =0.36& 1; the system shows a behavior
similar to that seen in cyanides. ' However, for
a realistic description of the elastic behavior,
A» A~, B» and B should be considered.

To calculate C» and C44 for the cyanides and
superoxides we need to know the value of Q in

the solid. Bounds, Klein, and McDonald, ' in
their molecular dynamics (MD) study of KCN,
found that they had to reduce Q, by a factor f= 0.5

to fit the experimental orientational probability
distribution and argued that this reduction could
be caused by charge rearrangement of CN mole-
cules in the solid. In this MD study, volume
fluctuations were not considered and therefore
in the absence of an exact knowledge of f, we
have chosen a slightly different value (f= 0.6) to
fit the experimental elastic constants (not an
optimum fit). With this reduction factor, we are
able to explain the results for NaCN, KCN, and
RbCN fairly well. ' For 0, we choose' Q= -1.756

0
esu A .

For lack of space we show our results of the T
dependence of C» and C4, for KCN only. Cyy'

and C~' were chosen to fit the experimental data
at 453 K. Our results along with experimental
data are given in Figs. I and 2. We also show the
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FIG. l. Elastic constant C44 for KCN {in units of 10'
dyn/cm ) as a function of temperature T with C44'
= 0.41. Curve 1, experiment (Ref. 1); curve 2, theory

with Q = 0.6Qp,- and curve 3, theory with Q =0.75Qp.

FIG. 2. Elastic constant C» for KCN (in units of 10~'

dyn/cm ) as a function of temperature T with Cjf
=3.9. Curve 1, experiment (Ref. 1); curve 2, theory

with Q = 0.6Q p,
- and curve 3, theory with Q = 0.74Q p.

results when Q=0. 75Q, . Clearly Q=0.6Q, gives
a good fit to the data if we note that our theory
for phonon renormalization and y 8 is of mean-
field nature and neglects anharmonicity effects.
Two points are worth noting: (i) As (=4379 K/A)
and A (= -2064 K/A) tend to cancel each other
and a nonzero A suppresses C» softening; and
(ii) since &»(k = 0) = -704 K and D~(k = 0) = 235 K,
the direct quadrupole -quadrupole interaction tends
to enhance Cyy softening and suppress C44 soften-
ing, although the effect is -10/o." Similar cancel-
lation and direct-interaction effects are present'
in NaCN and RbCN. The theoretical (experi-
mental" ) FEPT temperatures (in kelvins) are
340 (255.4), 210 (156), and 193 (130) for NaCN,
KCN, and RbCN, respectively. The agreement
appears to be fairly good if we note the mean-
field nature of the present theory.

For superoxides, the elastic constants have not
been measured extensively, but KO„RbO„and
CsO, show an ordering of the type (1',) e0. Since
Q, for 0, is a factor of 2.5 smaller than that for
CN and since the repulsive forces are compar-
able, ' C» goes to zero at a higher temperature
than C~, thus explaining the (1',) v0 ordering in
these three systems. For a quantitative under-
standing of T„one has to include the effect of
orbital degeneracy of the 0, ion. In the case of
NaO„because of dominating direct intermolecular
interaction, an antiferroelastic ordering'" takes
place before the ferroelastic instability.

In conclusion we believe that the competition
between repulsive and anisotropic interactions

plays a very significant role in understanding the
ferroelastic properties of alkali cyanides and
superoxides and in ionic molecular solids in gen-
eral.
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The first measurements are reported of the Rayleigh linewidth of binary liquid films
near the critical point for which the correlation length is comparable to the film thick-
ness. The present data are in good agreement with the predictions of renormalization-
group theory for binary liquids in three spatial dimensions with no adjustable fitting
parameters. No inQuence of finite size or bounding surfaces on the linewidth is observed.

PACS numbers: 64.60.Ht, 64.60.Fr, 64.70.Ja, 68.15.+e

For bulk binary liquid systems, measurements
of the Rayleigh linewidth near the critical point
are in excellent agreement with the predictions of
dynamic renormalization-group (RG) theory. It is
fair to say that the critical dynamics of these sys-
tems are well understood. The dynamical theory
is not well understood, however, when bounding
surfaces and the finite spatial extent of the sys-
tem become relevant. Further, no experiments
have been reported that investigate dynamical fi-
nite-size effects in binary liquid mixtures.

Consider films formed by placing a small
amount of a binary liquid mixture at the bulk crit-
ical composition between two closely spaced op-
tical flats. Such films can be made thin enough
that the correlation length of order parameter
fluctuations, g, becomes comparable to the film
thickness, s, as the critical temperature is ap-
proached. It is in the regime g ~s that we expect
the influence of finite size to become important.

It is difficult to know a Priori the dynamic criti-
cal properties of such a film, the major problem
being the correct determination of the dynamic
universality class for this system. As a first
guess, we might expect the class to be that of a
three-dimensional (3D) binary liquid when $ & s,
and cross over to that of a two-dimensional (2D)
liquid when $ & s. There is some experimental
evidence for this in the static critical behavior of
liquid films. ' However, the appropriateness of
the equations governing the behavior in 2D is
much less certain in the dynamic case than in the
static case. For instance, the correct interpre-
tation of the viscosity in 2D is uncertain. In ad-

dition, recent work by Hurd, Mockler, and O'Sul-
livan' on particle diffusion in thin liquid films has
shown that the zero-flow-velocity boundary condi-
tion at the surface of the optical flats cannot be
ignored when the particle diameter becomes com-
parable to the film thickness. We expect that this
boundary condition should be included in the fluid
equations that govern the binary liquid films when

g becomes comparable to s. We are unable to
say horn this mould influence the behavior of the
Rayleigh linewidth. We also might worry about
the formation of surface layers on the optical
flats. Recent theoretical' and experimental' work
argues for the existence of a surface layer due to
the preferential wetting of one liquid component
on a solid surface. The thickness of this wetting
layer may not be small compared to the film
thickness. If it were of significant thickness, the
film would neither be homogeneous nor at the
critical composition. We would expect to measure
a Rayleigh linewidth larger than that predicted by
RG theory. However, it is not clear that the re-
sults of Refs. 4 and 5, which treat a solid surface
in contact with a semi-infinite binary liquid, are
relevant to our system in which the liquid film is
isolated from the bulk liquid reservoir.

For the sake of argument, let us assume that
surface layers are negligible and the correct dy-
namic universality classes are the 3D liquid class
for (& s and the 2D liquid class for g& s. We
still must calculate the Rayleigh linewidth as a
function of temperature in 2D. The only scheme
that we know of is the & expansion, ' which is a
poor approximation in 2D. The agreement be-
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