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Accurate (}uantal Studies of Ion-Atom Collisions Using Finite-Element Techniques
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Methods have been developed to solve the time-dependent Schrodinger equation with
Coulomb interactions, and applied to H+ and C+ collisions with II in the energy range
8-84 kev/amu. Total charge-transfer cross sections agree well with experiment, while
ionization cross sections are higher than previous estimates at low energies. The
phenomenon of cusp asymmetry' is verified Ex.amination of charge-density plots re-
veals unexpected structures.

PACS numbers: 34.10.+x, 34.50.Hc, 34.70.+e

One of the primary tasks set before atomic col-
lision theorists is to perform accurate calcula-
tions on the simplest systems, e.g. , a bare nu-
cleus scattered by a hydrogen atom. Apart from
the continuing intrinsic interest of this system,
accurate calculations provide tests of models and
approximations. Though benchmark calculations
are now available" for the simplest. cases of H'
and He'++H, such results are not yet available
for more highly stripped projectiles: In many
cases the best estimates come from classical tra-
jectory studies. ' Despite the attractiveness of di-
rect numerical integration of Schrodinger's equa-
tion only one study (of a head-on collision) has
been published. 4 This Letter describes the first
successful calculations for nonzero impact pa-
rameters and highly stripped projectiles. The
power of the numerical technique is illustrated by
a sampling of results on H'+H and C "+H colli-
sions: I can shed light on old aspects of these
systems and even predict new phenomena.

Suppose a hydrogen nucleus is initially at rest
at the origin of coordinates in the laboratory. The
projectile is a bare nucleus of charge +q moving
uniformly with velocity v on a straight-line tra-
jectory of impact parameter b; at time t the Car-
tesian coordinates of its position R may be taken
as X=b, F= 0, and Z = vt —Z,. I express the
Hamiltonian H in a rotating frame Oxy~ such that
Oy= Q Y and Oz is the internuclear axis. Cylindri-
cal coordinates p and yrepresent the distance
from O~ and the angle around Oz measured from
the OZX plane, respectively. Then

H=H«+Hco„H«= Tp+ T + V(p, z),

where II„, is the axially symmetric Hamiltonian
in Ox' and Hc„contains all terms depending on

y, including Coriolis terms; T& and T, are com-
ponents of the kinetic energy and V is the poten-
tial energy. Full expressions are found in many

g(t+ z) = L~ 'L, 'L,*L~*g(t),

where

(2)

L =l+2t r(T +2'V), w=por z. (3)

When g is discretized by expanding in finite ele-
ments (in fact, "tent" functions) Eq. (2) becomes
a matrix equation in which L, and L& are tridi-
agonal matrices. The Coulomb singularities in
Eq. (2) are properly taken into account and judi-
cious use is made of variable step sizes." The
present (2D) results were all obtained with 94
functions in the z coordinate and 44 functions in
the p, the ranges of z and p being 36a, and 16'„
respectively. Each collision was integrated from
Z Zp 12Qp to Z = 12ap. For a single impact
parameter and velocity the temporal integration
requires (1 min on a Cray-l.

I have chosen to investigate the systems H'
+ H and C "+H, the former as the most funda-
mental ion-atom process and the latter as the
prototype of collisions with highly stripped pro-
jectiles. The energy range investigated was 8-84
keV/amu where theory is most lacking, though
the present method is tractable at both lower and
higher energies.

Projection of a numerical wave function onto a

places. "
The detailed results were obtained with the

"axial decoupling" (two-dimensional, 2D) approxi-
mation in which only H« is retained in Eq. (1),
so that y may be entirely ignored. Earlier work'
supports the suggestion that this is often a reason-
able approximation and indeed we shall find good
agreement with experiment and with preliminary
3D calculations. The method used to integrate the
time-dependent Schrodinger equation has already
been described. " In the 2D approximation the
Peaceman-Rachford' propagator for a single time
step is defined by (in atomic units)
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FIG. 1. Present results compared with other theory
and experiment for (a) H++H, (b) C+ +H. Charge-ex-
cM~~e cross sections are labeled CX and ionization
TI. Theory: full lines, this Letter; dashed lines,
(a) Ref. 1 and (b) Refs. 3 and 11. Experiment: circles,
(a) Ref. 9, (b) Ref. 11; triangles, Ref. 10; squares,
(a) Ref. 10 and (b) Ref. 3.

complete set of eigenstates is far from straight-
forward, and so I have adopted a more empircal
approach to the calculation of transition probabili-
ties. It is desirable to separate four types of
processes: (a) target excitation; (b) capture into
bound states (CX); (c) direct ionization of the tar-
get (DI); and (d) ionization by capture into the
continuum (CC). Inspection of charge-density
plots (to be discussed in greater detail below)
shows that at a late stage in the collision (a) and
(c}are clearly separated from (b) and (d) by the
median plane x = 2R. The separation of (a} and

(b) from (c), (d) is less clear but seems to take

place around p= 7@, and I adopt this radius as my
criterion. For most of the cases I considered,
the cross section for (b) greatly exceeds that for
(d) so that the method should lead to little uncer-
tainty in the charge-exchange cross section.

Figure 1 compares total cross sections for
charge exchange and ionization, calculated as
just explained, with experimental results and
other theories. Consider first the H'+H results.
The charge-exchange cross section is in excellent
agreement with experiment, ' and with the most
elaborate close-coupling calculation. ' The ioni-
zation agrees reasonably with experiment" and
with close coupling above 25 keV, though it is
larger than other theories below this energy.
Turning to C "+I, we see that the charge-ex-
change cross section is in excellent agreement
with measurements at high' and low" energies
using 0"projectiles, which in this energy range
ought to be equivalent to C" for the same relative
velocity. " The ionization cross section here can
only be compared with a classical calculation and
again the present value is much larger at low en-
ergies (&50 keV/amu). Large ionization cross
sections in the energy range 20-60 keV/amu with
projectiles of charges up to + 5 have been ob-
served by Shah and Gilbody. " In the present cal-
culations low-energy ionization is almost entirely
DI.

More insight is obtained by considering the
variation of transition probabilities with impact
parameter. Typical results (for C "+H at 40
keV/amu) are shown in Fig. 2(a). They agree
with earlier work' that in the energy range 25-50
keV/amu the cross sections for DI and CC are
comparable; however, the mechanisms have dif-
ferent dependences on b.

Experiments on continuum capture usually focus
on the now famous "cusp" which appears on a plot
of ejected electron yield versus laboratory elec-
tron energy'» [cf. Fig. 2(b), inset]. With highly
stripped projectiles a clear backward-forward
asymmetry is observed between the numbers of
electrons trailing and leading the projectiles
[marked B and F in Fig. 2(b), inset]. This effect
has been explained by the second Born approxi-
mation, "though some controversy persists. ""
To study the asymmetry let us monitor the amount
of probability in two hollow cylinders bounded by
p = 7ao, 14ao and z = R, R + 4ao. At large times
these quantities reach fairly constant values, sug-
gesting that we are indeed tracking continuum
capture. The ratio Q of probability in the back-
ward and forward cylinders is plotted in Fig. 2(b)
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FIG. 3. Contour density plots at times 3.75, 7.35,
10.75, 14.55, and 18.15 during the collisions (a) H+ +H,
40 keV, b =1.5 ao,- (b) C+ 6+8, 25 keV/amu, b = 6 a 0.
In each frame the z axis is vertical and the p axis hori-
zontal, the range of z being 36ao. On the z axis the up-

per dot is the target and the lower the projectile nucle-
us. Moving outward from the nuclei the shadings corre-
spond to the following ranges of —log~/~ ~: (0, 1.5),
(2, 2.5), (3,3.5), and (4, 4.5); beyond the last contour,
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FIG. 2. (a) Variation of transition probabilities with
impact parameter for C+ +H at 25 keV/amu: dotted
line, charge exchange divided by 2; dashed line, total
ionization; full line, direction ionization; dot-dashed
line, continuum capture. Q) Variation of the cusp
asymmetry parameter defined in the text with impact
parameter for C+6+ H: full line, 25 keV/amu; short-
dashed line, 40 keV/amu; long-dashed line, 65 keV/
amu. The inset shows the appearance of the "cusp" on
a plot of ejected electron yield vs electron energy in
the laboratory.

versus b for C "+H collisions at three energies.
In all cases Q&1. The observed asymmetry, ob-
tained by integrating the forward and backward
yields over b, increases from 1.9 to 2.6 for C"
+ H over the energy range considered. Smaller
asymmetries are predicted by the H'+H calcula-
tions.

Figure 3 displays charge-density contour plots
at a series of times during the collision for two
cases. Figure 3(a)pertains to H'+H at 40 keV
and 0 =1.5a„ the same case for which density

plots obtained by close coupling have been pub-
lished. ' The most striking feature of Fig. 3(b),
which pertains to C "+H at 25 keV/amu and b

=6a„are the fingerlike structures appearing at
the last three times. Some structure can be dis-
cerned in Fig. 3(a) and even in the close-coupling
results. ' Systematic calculations have suggested
a plausible mechanism for forming these "fin-
gers, "viz. , excitation of the initial target state
y„ to a virtual state y~ exp(iv r) traveling with
the projectile and hence to a continuum target
state of high angular momentum y„'. Consider-
ation of overlap integrals leads to a condition lz
she consistent with the present results.

The last plot of Fig. 3(b) also reveals that the
charge distribution in the bound states formed by
capture is highly asymmetric and directed to-
wards the target nucleus. The same effect is
found over the whole energy range considered
here. This distribution corresponds to a mixture
of Stark states of the form jn„n„m) = ~n —1, 0,
0), which is already predicted by curve-crossing
models" at much lower energies (&I keV).

I have made preliminary 3D calculations on H+
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+H collisions using Eq. (1) and an extension' of
Eq. (2). At moderate impact parameters [b=(1
-3)a,] the charge-transfer probabilities are very
close to the 2D results, though they show consid-
erable asymmetry with respect to q. More de-
tailed information than total-cross sections is
probably required to establish effects peculiar to
3D calculations.

Without serous modification the methods used to
obtain the present results can be applied to a vast
range of problems. In addition to numerical stud-
ies, theoretical explanations must be sought for
such apparently novel phenomena as the "fingers. "

I should like to thank D. Crandall, R. Phaneuf,
and I. A. Sellin for valuable discussions.
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Isotope-Selective Laser Analysis of the Electron-Impact Excited 61S0 61P1 Transition
of Mercury: A Test of the Percival-Seaton Hypothesis
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An isotope-selective technique has been used to measure line polarizations in the r~~ge
7.5 to 12.0 eV for the electron-impact-excited 185-nm transition of atomic mercury.
Measurements were made on the I = 0 and I = ~ nuclear-spin isotopes. A stepwise ex-
citation technique was used involving electron excitation followed by single-mode laser
excitation. The results obtained indicate a breakdown in the Percival-Seaton hypothesis
near threshold.

PACS numbers: 34.80.Dp

In this Letter, we report on results obtained
from an experiment in which a low-energy beam
of electrons and single-mode laser radiation were
used to excite mercury atoms stepwise according
to the excitation scheme shown in Fig. 1(a).
Fluorescence emitted following the stepwise exci-
tation was analyzed to determine the line polariza-

tion of the electron-impact —excited transition.
This technique allows several aspects of atomic
collision physics to be studied in new detail. The
narrow bandwidth of the laser radiation permits
the fine and hyperfine structure of atoms to be
resolved in the laser-excited transition, thus pro-
viding a means of studying the role of spin-orbit
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