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Simple Interpretation of Interacting-Boson-Approximation Wave Functions
and Transition Rates in Deformed Nuclei

R. F. Casten and D. D. Warner
Brookhaven National Laboratory, Upton, Ne~ York 1l973

{Received 23 December 1981)

It is shown that an expansion of interacting-boson-approximation wave functions for
deformed nuclei in an SU(3) basis leads to a simple interpretation of intrinsic excita-
tions and E2 transitions and that it is possible to express these results in terms of a
single, empirical parameter. Effective ~= 0 and 2 matrix elements can also be ex-
tracted. The former is shown to be the dominant mode of SU(3)-symmetry breaking,
leading to a natural explanation for the empirical behavior of P and y vibrations.

PACS numbers: 21.60.Cs, 21.60.Ev, 23.20.Ck

There has recently' ' been considerable interest
and controversy surrounding the application of
the interacting boson approximation (IBA) to de-
formed nuclei, in particular as regards the rela-
tionship between its modes of excitation and those
of the familiar geometrical model. The resolu-
tion of these questions requires an improved un-
derstanding of the underlying structure and char-
acteristics of the IBA itself. It is the purpose of
this Letter to contribute towards such an under-
standing by presenting a simple analysis of an
IBA Hamiltonian for deformed nuclei and by ex-
pressing the resulting wave functions and E2 ma-
trix elements in a new basis that renders their
structure, interactions, and physical interpreta-
tion particularly transparent.

The standard IBA Hamiltonian used, ' to date,
for deformed nuclei is

8 = —wQ ~ Q —tc'I- ~ I.+z "P ~ P,
where L, Q, and P are operators involving the
creation and destruction of s and d bosons. (The
coefficients K K and &" are related to the input
parameters QQ, ELL, and PAIR of the computer
program PHIN&' by the relations ~= -QQ/4,
= —ELL/2, z" = PAIR. ) The SU(3) limit' is gener-
ated by the first two terms and consists of a se-
ries of rotational bands in degenerate groupings
corresponding to representations defined by the
quantum numbers (A. , p). Note that, in general, ro-
tational bands will enter the current discussion in
three different contexts: as pure SU(3) excitations,
as broken SU(3) excitations resulting from a real
istic II3A calculation, and as the geometrical exci-
tations themselves. Despite essential differences
in detail, especially for the lowest E =0 excita-
tion and for the multiphonon-like states, ' the
SU(3) states bear a superficial similarity to the
geometrical model excitations. Thus, it is useful
to define a distinguishing, yet familiar, terminol-

ogy. A primed notation (g', P', y', yy', etc.)
will refer to pure SU(3) excitations while those
arising from a realistic IBA calculation will be
labelled "g," "P," etc. The unadorned notation
will refer to the geometrical concepts. In the
SU(3) limit, the lowest four representations and
the rotational bands therein' are (A. , 0), K =0 (g');
(A. —4, 2), K =0 (P '), 2 (y'); (A. —8, 4), K =0 (PP'),
2 (Py'), 4 (yy'); (~ —8, 0), K =0 (yy'). In most
actual deformed nuclei, the lowest K =0' band is
above the lowest K =2' band. To reproduce this,
the symmetry-breaking P ~ P interaction is intro-
duced.

Further consideration of Eq. (1) allows a re
markable simplification and insight into the be-
havior of the IBA. First, the operator L is diag-
onal and leaves wave functions unaffected. There-
fore, if energies are expressed as differences be-
tween states of equal spin, the L ~ L term can be
completely ignored. Second, the boson basis
states on which the Hamiltonian acts are those of
the SU(5) limit. Since there is no explicit boson
energy (e, ) term in Eq. (1), these basis states are
initially degenerate. Then, it is a general quan-
tum mechanical result that a scaling of the total
interaction among them cannot affect the wave
functions, which therefore can dePend on only one
parameter, the ratio v"/~, and not on the size of
each term separately. Energy differences, such
as E„-E„,however, depend on both w"/~ and ~

but, since they simply scale with the latter, the
expression (E, . -E, )/4& depends only on the sym-
metry-breaking parameter ~ "/~ for a specific
boson number Ã. This dependence, shown in Fig.
1 (top), is uniquely defined. Therefore, all ~e-
sults of such an IBA calculation can be equally
well determined by an empirical energy expres-
sion. The quantity E„(E,, -E,,) —1 is conveni-
ent: It depends only on energy levels commonly
known and goes to zero in the SU(3) limit (i.e. ,
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FIG. l. Energies and major SU(3) wave function
amplitudes (absolute values) for 2+ states in the lowest
band vs magnitude of SU(3) symmetry breaking. N = 16.
Note that K"/4v is used as the symmetry-breaking
parameter because of its close relation to PAIR/QQ
as is evident from the definitions below Eq. (1).

as ~"—0). In Fig. 1 this equivalent parameter is
indicated along the top.

As mentioned, the IBA wave functions are nor-
mally expressed' in an SU(5) basis. As this is a
poor basis for def ormed nuel ei the wave functions
are extremely complex. Furthermore, none of
the wave-function or matrix-element components,
corresponding as they do to states or transitions
in a vibrational nucleus, has a clear interpreta-
tion in a deformed basis. An enormous simplifi-
cation occurs, however, if the wave functions
are reexpanded in the SU(3) basis itself. Not only
will there now be fewer sizable components, but
each will have a much closer correspondence to a
deformed description and a simple behavior as a
function of the SU(3) symmetry breaking.

0-
O.OI 0.02 0.05 O. l

v "/4v
0.2 0.5

FIG. 2. ~= 0 and 2 interaction matrix elements
between SU(3) states vs magnitude of symmetry break-
ing. N = 16.

These concepts are illustrated for two 2' states
in Fig. 1 for N =16. [For other N, the wave func-
tions are very little altered while the energies
roughly scale with N (to = 10%).1 The simplicity
and systematic behavior of the wave functions are
evident. Thus, for example, the "p" band, ini-
tially situated between the g' and PP' bands, con-
tains substantial amplitudes for both and, for
typical deformed nuclei (~ "/4~ = 0.3 —1.5), can
hardly be considered a pure SU(3) excitation. The
next excited, or (0'), band, has PP' character in
SU(3) but, as the P ~ P interaction increases, the
28~ level strongly mixes with the nearby 2& &

level. For a ~ "/4~ value of =1 (e.g. , '"Er), the
2' K = (0 ), state is already largely yy' in charac-
ter. The "g" and "y" bands (not shown), however,
are much purer: The principal effect of symme-
try breaking is to induce small admixtures of P '

and P y' components, respectively.
The mixings just discussed correspond, in ef-

fect, to &K =0 interactions. For ~ "/4~ - 0.5, Fig.
1 shows that the 2' state of the (0'), band has es-
sentially only two dominant amplitudes, pp' and

yy . Thus, given the initial SU(3) and admixed
energies, and the two-state mixing amplitudes,
it is trivial to deduce the approximate &%=0 ma-
trix element. Figure 2 shows that this is indeed
a very large interaction, = 100-200 keV for typi-
cal deformed nuclei. Similar analyses show that
the P'-g' and y'-Py' &K =0 matrix elements are
similar in size and that all these matrix elements
depend little on spin as well (for I«). Thus, a
nearly structure-independent ~=0 mixing be-
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tween certain pairs of bands is, in fact, the domi-
nant mode of SU(3) symmetry breaking, since~=2 mixing is virtually absent. The latter is
only noticeable in principle in Fig. 1 for 28& -2z&
mixing since these levels are initially degenerate.
They admix strongly only over the range of ~ "/4~
(too narrow to display in Fig. 1) corresponding to
the dashed gap (at ~ "/4~ = 0.066) in the plotted
K = (0'), amplitudes. By a two-state mixing analy-
sis similar to the above, a ~ =2 matrix element
of = 0.1 keV is found for this range of ~ "/4~ (see
Fig. 2).

Turning now to E2 matrix elements, in IBA-1
the E2 operator' is T(E2) =[(s +d +d's) ' +(R/
+5)(d'd)~" ]. In the strict SU(3) limit R =- ~+35
=- 2.958 and the E2 selection rule is &(A, p) =0.
However, it has been shown6 that one must utilize
a smaller R value to account for nonzero inter-
representation (e.g. , P'-g' or y'-g') transition
strengths in actual deformed nuclei. It has also
been shown, ' though, that a narrow range of R
values approximately fits all rare-earth deformed
nuclei in which the "P" band lies above the "y"
band. Since this feature characterizes the nuclei
treated in this Letter, this range may be approxi-
mated by its mean, R =-0.85, which may be used
to calculate, for a given boson number, a set of
elementary SU(3) transitions. Then, the simplici-

ty of the IBA wave functions in the SU(3) basis
can be exploited to simplify enormously the struc-
ture of the M(E2) values by expressing them as a
sum of terms, each consisting of the strength of a
given standard SU(3) transition times the ampli-
tudes for the appropriate initial and final SU(3)
states in the calculated IBA wave functions. In-
deed, instead of the hundreds of components com-
prising anM(E2) value in the SU(5) basis, most
M(E2) values can now be closely approximated by
a coherent combination of & 5 contributions, each
corresponding to a single SU(3) transition (e.g. ,
y'-g' or PP'-P ) with a simple interpretation in
a deformed context.

Figure 3 gives two examples, for deexcitations
of the lowestÃ=0' band, and Fig. 4 shows the
composition of several transitions for the speci-
fic ~ "/4~ value of 0.94 used' for '"Er. Close to
the SU(3) limit, the transitions in Fig. 3 closely
resemble the SU(3) P'-y' and P'-g' transitions,
but, as the symmetry breaking grows, the wave
functions become more complex, and so does the
composition of the E2 transitions. Thus, for the
transitions to the nearly pure "y" band (Fig. 3,
bottom) the growing importance of g' and PP' am-
plitudes in the (0 ), band is reflected in the grow-
ing g' -y' and PP ' -y' amplitudes. The transition
(Fig. 3, top) to the ground band naturally consists
primarily of the P'-g' amplitude near the SU(3)
limit. However, because the P' and g' bands mix
via the strong ~=0 interaction, the diagonal
components g'-g' and p'- p' quickly dominate all
others because of the large quadrupole moments
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FIG. 3. Major SU{3) components of two 2+-2+ transi-
tions vs symmetry breaking. N = 16.

FlG. 4. SU{3) components of four E2 2+ —2+ transi-
tions for v"/4K= 0.94 [' Er {Ref. 1)].
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involved. Therefore, for typical deformed nuclei
(see also Fig. 4), the net "P"-"g"E2 transition
strength arises from both a direct P '- g' matrix
element and a difference in the quadrupole mo-
ments of the P' and g' SU(3) states. It is striking
that this latter mechanism is analogous to that
suggested in a microscopic interpretation' of the
geometrical P band.

As a final example, Fig. 4 (bottom) vividly
shows that while the yy'-y' SU(3) transition domi-
nates the 2"fK = (0'),]—2'[K = (2"),] decay, the
total M(E2) depends critically on the detailed co-
herence. Thus, it is simplistic to consider the
transition as simply the decay of a yy' vibration
even though the net strength does happen to ap-
proximate that of this elementary SU(3) transi-
tion.

It is of interest in concluding to draw an analogy
with the conventional geometrical description of
deformed nuclei where the e1ementary excitation
modes are ) and P vibrations which are normally
identified directly with the lowest & =0' and 2'
excitations in each nucleus. Thus, in general,
these "elementary" modes can in fact differ sub-
stantially from nucleus to nucleus. In the IBA,
as treated here, the elementary modes are the
basic SU(3) excitations and, as such, have simi-
lar structure throughout the region. In the geo-
metrical description, perturbations to the leading-
order predictions for J3 and y vibrations are pa-
rametrized' in terms of ~=0 or 2 matrix ele-
ments both of which are deduced to be small
(tenths of a kiloelectronvolt). In the IBA, MC =2
mixing between SU(3) states is also small but the

~=0 mixing is orders of magnitude larger.
Thus, the lowest E =2' band remains a rather
pure SU(3) excitation (y') across the deformed re-
gion, displaying a constancy in structure reflect-
ed in the empirical data. For the lowest K =0'
excitation, however, there are large empirical
variations which arise naturally in the IBA via
the high sensitivity of the ~ =0 matrix element
to the value of ~ "/4~. The phenomenological geo-
metrical approach effectively disguises such
variations by redefining the P vibration in each
nucleus. As such, it cannot easily, for example,
reproduce such features as the observed' strong
Aff'=2, "p"-"y"E2 transitions which arise in
the IBA as remnants of the SU(3) symmetry.
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