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dynamics cell has made it possible, for the first
time, to model a realistic transition from the
plastic to the crystalline phase. Many other sys-
tems are within the power of the DAP, and it
should soon be possible to perform a compre-
hensive unifying analysis of the wide variety of
experimental data available for many of these
systems. Furthermore such simulations should
stimulate experimental work — ".he present result
clearly indicates the point in the Brillouin zone
of the cubic phase which should show evidence of
the transition through x-ray diffuse scattering

:hat is, if the simulation has developed the
true natural structure.
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With use of the rigid-pseudoion" model, the first calculation of the electron-phonon
and hole-phonon scattering matrix elements for the TO, LO, TA, and LA phonon-assisted
indirect transitions (I'-&) in Si has been performed. Excellent agreement with experi-
mental values for the &O phonon is found. Based on the present results, the intensities
of the entire ~-& indirect spectrum of this material can be accurately described, thereby
rigorously testing the model.

PACS numbers: 63.20.Kr, 72.20.Dp, 78.20.Bh

Although intervalley electron-phonon (e-ph) and
hole-phonon (h-ph) interactions play a. crucial
role in many of the optical' and transport' prop-
erties of semiconductors, little is known about
them either experimentally or theoretically. For
example, absorption (and luminescence) in in-
direct-gap semiconductors proceeds via two scat-
tering mechanisms involving e-ph as well. as h-
ph interactions. The intensity of a given transi-
tion is proportional to the square of the sum of
terms involving e-ph and h-ph matrix elements,

» and SQ ph respectively, and hence is strong-
ly affected by the constructive or destructive in-
terferenee that can occur between the two mech-
anisms. Despite nearly three decades of re-
search into processes which involve e-ph and h-
ph interactions, the matrix elements (S, ~h and

S„&)were never explicitly evaluated. Recent
piezospectroscopie studies of the fundamental
absorption edges in Si (Ref. 5) and GaP (Ref. 6)
have yielded the magnitudes and phases of the

e-ph and h-ph matrix elements for the TO (I -b. )
phonon process in Si, and the LA and TA (I'-X)
phonons of GaP. ' However, to date there has
been no theoretical effort in this area.

In this Letter, we present the first theoretical
calculation of the magnitudes and phases of S, »
and Sh ph for the TO, LO, TA, and LA indirect-
phonon-assisted (I'-b, ) transitions in Si. We have
used the "rigid-ion" model to represent the in-
teractions, as well as pseudopotential wave func-
tions and form factors ( Vq) for the potential (the
"rigid-pseudoion" model' ). Within the context of
the model, this was a first-principles calcula-
tion.

For the TO phonon, our results are in excel-
lent agreement with the experimental values in
both magnitude and phase. In addition, using the
calculated numbers for S, pq and Sh pq for the
various phonons, we have correctly accounted
for the relative as well as absolute intensities of
all four phonon-assisted indirect transitions in
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Si. The successful description of the indirect
spectrum provides a rigorous test of the model,
since the intensities are critically dependent on
both the magnitudes and phases of the matrix
elements. Previous applications of the rigid-
pseudoion model in calculating equivalent inter-
valley deformation potentials in PbTe and Sn Te,'
electron-phonon (intervalley and intravalley)
coupling constants in graphite, ' and the tempera-
ture dependence of the direct gap of Ge,' as well
as PbTe and PbSe, ' did not provide a complete
test of the model. In these studies only the mag-
nitudes of S, ~„and Sh ~„were obtained and in the

last three cases averages over various scatter-
ing mechanisms were performed.

In the "rigid-ion" model, the e-ph (h-ph) inter-
action Hamiltonian is given by"

K, =Q, g5R, g VV(r —R, 8 ), (&)

where V(r —R, g') is the potential about the atom-
ic core in its equilibrium position R,. ~ with lat-
tice and basis indices j and P, respectively.
5R, z is the displacement of the Pth atom from
equilibrium and / is the phonon mode. Within the
framework of the rigid-pseudoion model, the
matrix elements of X, for diamond-type materials
can be expressed as'

, cosG ~+o, sinG ~), (2)

We have evaluated Eq. (2) by using a 67-plane-
wave expansion for the wave function and a local
pseudopotential form factor Vq in the range V~»

Vz + V5 V q was interpol ated through the values
of Pantelides, "which were used in the calcula-
tion of electronic structure. Our interpolation
is shown in Fig. 1. The phonon polarization vec-
tors were obtained from a second-nearest-neigh-
bor "shell-model" calculation which utilized ex-
perimentally determined phonon frequencies at
k=O and the Brillouin zone edge at the X point. 'o

These eigenvectors were found to be within 2% of
those derived from the more exact Weber bond-
charge model. " This indicates that the polariza-
tion vectors are most likely model independent
and therefore not a significant source of error in
our calculation. Thus, within the context of the
model, the pseudo wave functions and interpola-
tion of V~ are the major sources of uncertainty.

0.2

z/2
=i

2M Q (Co„G " ' )*(C ')Vo G(Q- G) (&,
'I

whereby, and pp, are the final and initial
scattering states, respectively, k (k') and s (s')
are wave vectors and band indices, respectively.
For hole scattering h-ph, replaces the subscript
e-ph, . In Eq. (2), Q is the wave vector of a pho-
non of the lth branch having a frequency ~, (Q)
with "in-phase" and "out-of-phase" polarization
vectors 0, , and 0 „respectively. These eigen-
vectors are related to the polarization vectors of
the two atoms of the basis through a unitary
transformation. '"M is the mass of an atom of
the basis, T=(a, /8)(l, I, 1) is a basis vector
where a, is the lattice constant, G and G' are
reciprocal lattice vectors, V& c is a pseudopo-
tential form factor, and Cp "' is the expansion
coefficient of the pseudo plane-wave representa-
tion of pp, . Equation (2) can readily be adapted
for use with zinc-blende (or other) crystal struc-
tures.
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TABLE L Theoretical values (in units of 10 Ry) of
Se-ph and Sp ph for the TO, LO, TA, and LA (I' —4)
phonons of Si. Also listed are the experimental values
from Ref. 1 for the TO phonon. The conduction-band
intermediate states are I'~, ' for the LOphonon and
j. &5 ~ for the others. 45 „ is the intermediate valence-
band state for all of the phonons.

TO
Phonon (l ) Theory Expt. LO TA LA

FIG. 1. The interpolation of the local pseudopotential
form factor, V&, for Si. The open circles are the va1-
ues of Ref. 11.

Se-ph
S11 Ph

'Ref. 1

+ 19 15.3+ 2.3 —13 —2.0 + 23
—24 —18.7 + 2.8 —36 + 7.0 + 25
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Listed in Table I are the results of our calcula-
tion of S, &, and S&», for the four I'-L phonons
in Si, together with the experimental values for
the TO phonon. The theoretical and experimental
values for the TO case are in excellent agreement
in both magnitude and phase. The sign of the
ratio S, p„, /S„~„, is fixed. However, S, ~h, and

Sh» have an arbitrary common phase factor.
We have chosen this phase factor such that S, pz To
is real and positive, and thus Sh ph» is real and
negative.

A further test of the model is the correct de-
scription of the relative as well as absolute in-
tensities of the indirect transitions of Si. The
absorption coefficient n, (cu) of an indirect-gap
material, resulting from an electronic transition
between states differing in energy by E, and ac-
companied by the creation or annihilation of a
phonon of the lth branch, is given by'

a, (&u) =Af, (L(h&u -8,+ @co, (Q))/Su&}, (3)

where k&u is the phonon energy, L(h&u -E,
+h&u, (Q)} is a line-shape factor where the + re-
fers to phonon emission and absorption, respec-
tively. The frequency-independent term, Af, , is
proportional to the "strength" of the transition.
At low temperature only phonon emission is ob-
served because nz =0, where nq is the phonon
occupation number. In Eq. (3)A is a density-of-
states constant involving certain materials pa-
rameters, i.e. , index of refraction, electron and
hole effective masses, etc. Both A. and L depend
upon whether excitons or free electron-hole pairs
are formed. In Eq. (3)f, is the "oscillator
strength" of the indirect transition and is propor-
tional to the square of sums of terms involving
the product of S, ~„, (and Sh p„,) with an optical
matrix element divided by an energy difference
between the initial and final (e-ph or h-ph) scat-

tering states. Complete expressions for A and

f, are given in Ref. 1.
We have evaluated f, for each of the I'-6 phonon-

assisted processes of Si by using (a) the theoreti-
cal values of S, », and Sh», listed in Table I,
(b) optical matrix elements obtained from k p
calculations, "and (c) experimentally determined
values of the energy differences. ' From these
results, we have calculated the productAf„ for
the case of exciton formation. Listed in Table II
are both theoretical and experimental values of

The overall agreement between theory and ex-
periment is quite good. The theoretical values
are somewhat larger than the experimental ones.
This result is due to the fact that any uncertainty
in the values of Se pp&

and &h ph&
will produce an

uncertainty twice as large in the term Af, . In ad-
dition to this, the coefficient A of Eq. (3) was de-
rived on the basis of a simple Bohr model for the
exciton and thus it also may be a source of some
uncertainty. ' Also listed in Table II are the ex-
perimental and theoretical values of Af, normal-
ized to AfTo. In this case the agreement between
theory and experiment is very good. These re-
sults are an important confirmation of the validity
of our model.

A significant consequence of our calculation
lies in explaining the mechanisms responsible
for the intensities of the I"-h indirect transitions
of Si. In the following discussion, we will show
that a delicate balance between the phases and
magnitudes of the e-ph and h-ph matrix elements
is responsible for the relative strengths of these
transitions. From Table I we see that construc-
tive interference (S, z„and Sz zz, opposite ine-p

&

sign) is responsible for the dominance of the TO
phonon. Although the TA phonon also exhibits
constructive interference it is weak because

TABLE II. Experimental and theoretical values (in units of 10 S' ao ') of the co-
efficient, Af, [see Eq. (3)1, for the TO, LO, TA, and LA (I' —A) phonons of Si. Also
listed are the experimental and theoretical values of Af &

normalized to strength of the
TO phonon.

Phonon (L)
TO LO TA LA

Expt. Theory Expt. Theory Expt. Theory Expt. Theory

21.8'
26.9'
1.0' 1.0 0.15

37.0 3.23

0.14

0.638
0.723
0.0292
0.0270

1.2 0.63

0 032 . 0 017

Ref. 15.
Ref. 16.

The LA transition is so weak that it
is not observed experimentally.
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8p ph TA
and h ph +A are consider abl y smal ler in

magnitude than the e-ph and h-ph matrix elements
of the other phonons. For both the LO and LA
phonons the e-ph and h-ph scattering interfere
destructively. In the case of the LA phonon, the
transition is very weak despite the fact that the
magnitudes of p phLp and h phL& are not small.
The ratio S, p„„„/S„~„„„is such as to cause al-
most complete destructive interference. On the
other hand, for the LO phonon, S, ~„«/S„p„«
=0.36 and thus the effect of destructive interfer-
ence is reduced. From the above discussion,
we see that accounting for the relative (as well
as absolute) intensities provides a delicate test
of the model, i.e. , the calculation must yield the
correct magnitudes and phases of 8

pp&
and Sh ph&

for each I'-6 transition Si.
Since the form factors used in evaluating S, pz,

and Sh p~, are interpolations of those employed in
band-structure calculations, the rigid-pseudoion
model may provide a tool for testing various
analytic forms of the pseudopotential. In our
study we used several analytic forms of V~ and
found that the magnitudes of the matrix elements
changed by as much as 15'%%uo and the values of Af,
varied by almost 3GFo. However, the normalized
values of Af, were not as sensitive.

In conclusion, using the rigid-pseudoion model. ,
we have calculated 8 ph, and ~Q ph, for the 1"-6
phonon- assisted transitions of Si. Consequently,
we now have a complete understanding of the
mechanisms governing the indirect absorption of
this material. By correctly accounting for rela-
tive as well as absolute strengths of the indirect
transitions in Si, we have rigorously demonstrat-
ed the validity of the rigid-pseudoion model in
calculating e-ph and h-ph matrix elements in this
material. Therefore, the model shows great
promise in dealing with a variety of intervalley
scattering processes in diamond and zinc-blende
materials as well as in other semiconductors.
Finally, the model may serve as a test for vari-

ous analytic forms of the pseudopotential.
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