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Dynamical Symmetry Breaking and the Sigma-Meson Mass in Quantum Chromodynamics
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The spontaneous breakdown of chiral symmetry is analyzed dynamically„via bound-
state Bethe-Salpeter equations. %bile in general spontaneous mass generation is linked
to a massless 0 pion and no specific constraint on a massive 0+ meson, for the partic-
ular theory of asymptotically free QCD it is shown that a 0+ 0 meson should exist with
mass m~= 600 to 700 MeV.
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We are now accustomed to viewing the spontane-
ous breakdown of chiral symmetry from two
radically different theoretical frameworks:

(i) Lagrangian symmetry breaking In th. e—Gell-
Mann-Levy o model, ' the 0 pion and 0' 0 meson
are assumed to be elementary particles which
couple in a chiral-invariant manner to elementary
quarks (or nucleons) in the fundamental Lagrangi-
an. Spontaneous breakdown of chiral symmetry
then means that the Lagrangian remains chirally
invariant, but the o field develops a nonzero vac-
uum expectation value, (v), =f„+0, such that

f„g„,=m„&0 with the pion remaining massless.
There is, however, no constraint on the value ofI, in the v model.

(ii) Dynamical symmetry breaking. —In the
Nambu- Jona-Lasinio (N JL) four-fermion (Har-
tree-Pock) approach, ' which can be extended to
vector-gluon theories' including QCD, gluons and
quarks are assumed as elementary. The quark
mass is then dynamically generated along with a,

bound-state massless pion such that the equations
(DE) which dress the quark, giving it all of its
mass, are precisely the same equations (PBEI, o)
which bind the quark and antiquark together in a
pseudoscalar s wave at zero momentum transfer
to form the massless pion,

DE =PBEI, ,
With an m„q'q term then occurring in the renor-
malized Lagrangian, aPPearing to break the
chiral symmetry, the Nambu-Goldstone pion
arises as a massless pole in the axial current.
But the unanswered question is as follows: Must
the 0' v meson also necessarily exist as a dynam-
ical bound state in order to restore an apparent
chiral symmetry to the renormalized Lagrangian~
If so, then zohat is the dynami cal value of m, in

the quark model~
In this paper we shall work within the above

dynamical-symmetry-breaking picture specifical
ly for the quark vector-gluon non Abelian -theory
of @CD and demonstrate that in the chiral limit,
just a,s (1) is valid, then the asymptotic freedom
property also requires

PBEI,~ = SBE
I qs 4,„s, (2)

where SBE denotes the 0' scalar p-wave binding
equation evaluated at q' =4m, „'. Thus, given (1)
and (2), spontaneous breakdown of chiral sym-
metry for QCD means that when the quark ac-
quires all of its mass rn, „&0 via the gluon dress-
ing equation, quark and antiquark automatically
bind together to form in the chiral limit (a) a 0
s-wave pion with rn, =0, and (b) a 0 p-wave &x

meson with m, =2m qp.
Indeed, in the original four-fermion model of

NJL, the o meson result (2) was discovered but
not significantly exploited because no mass scale
was then associated with m or ~,„. Further-
more the NJL (gg)' theory is nonrenormalizable
and it was not clear to what extent (2) followed for
"realistic" model field theories. Here we wish
to stress that QCD is one such renormalizable
theory for which (2) is valid and for which m,
=2m„make good phenomenological sense.

To begin with, we remind the reader of the sub-
tleties in proving the first spontaneous-breakdown
condition (1) in the context of chiral-invariant
quark-gluon field theories. En particular, the
bound- state (homogeneous) Bethe- Salpeter equa-
tion depicted in Fig. 1 at q-0 only relates the 0
spinless wave function P(p') to the spinless com-
ponent C(p') of the dressing equation with inverse
quark propagator S '(p) =C(p') +pD (p'). The spin-
one nature of the gluon complicates the spontane-
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FIG. l. Spinless component of the 0 pseudoscalar Bethe-Salpeter bound-state equation for P(p ) .

ous-breakdown condition (1) via the form factor
D(p'). But it is the (spin-one) axial-vector Ward
identity and an inhomogeneous y„y, addition to
Fig. 1 which disentangles the relations between
the form factors, thus preserving (1) but only
providing' P(p') =2C(p').

In order to establish the 0-meson relation
(2), it is necessary to demonstrate that the 0'
wave function U(p') satisfies the same bound-
state Bethe-Salpeter equation corresponding to
Fig. 2 as the Bethe-Salpeter equation for the 0

wave function P(p') of Fig. 1. However, to verify
this relation in a general way, we must consider
wave functions P and U which depend upon both
invariants p' and q': P =P(p', q'), U = U(p', q').

Then the most transparent way to decouple the
q' from the p' dependence on the right-hand side
of Figs. 1 and 2 is to employ dispersion relations
at fixed q'. Suppressing the non-Abelian charac-
ter of the gluon, ignoring the momentum varia-
tion of the gluon coupling, and working in the
Feynman gauge for simplicity, we find

hnP(p', q') =2g fdp, (k) (k —p) '(-q')P(k', q' =4m' —4k'),

ImU(p', q') =2g'fdp, (k) (k —p) '(4 ' —q')U(n', q'=4 ' —4u'),

where dp, represents two-body phase space and (0 ~ 'q)' =m' requires p .q =0 and q' =4m'- ~'.
we construct (unsubtracted) dispersion relations for P and U, respectively evaluated at q' =0 and q2

=4m', so that the —q' and 4m' —q' factors in (3a) and (3b) are eliminated:

(3b)

(4a)

1 ImU(p2, q'2)dq'2 2g dp, @)
(4b)

As an aside we note that the (Wick-rotated) 0(4)
invariant p ~ q does not appear in (4) because p
and U are spin-zero scalar wave functions (with
four-dimensional angular momentum V =0). Al-
ternatively, the dispersive nature of (3) and (4)
insures that the k ~ q =0 constraint on the right-
hand side of (3) does not translate to a p q de-
pendence on the left-hand side of (4).

At this point it is clear that if both P and U are

! in fact independent of the meson momentum-
transfer invariant q', then (4a) and (4b) have
identical structures, implying that

P(p') U( p') . (5)

This result is obviously valid for the NJL (P g)'
model where all such momenta invariants, p' or
q', are suppressed. But we maintain that (5) is

p+I/2 q

p-I/2q k- I/2 q

Q~

k-p aC U (p2)

QN

FIG. 2. The 0+ scalar Bethe-Salpeter bound-state equation for U(p 2)
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also true for the asymptotically free theory of
QCD with running coupling constant e, (p') = ~d/
ln(p'/A') and (low) energy scale of'

A~150+ 50 MeV. (6)

Y Y 2mdyn(p ) Y qp/q

such that' '

md~(p'=md&') =md& =300-320 MeV.

(7)

(6)

The latter mass scale is consistent with m(gyp

3 m~ being the chiral -limiting nonstrange con-
stituent quark mass, and it is also slightly less
than the presently accepted chiral-broken non-
strange constituent quark mass, m„„=340 MeV, as
it should be. Then the asymptotic freedom condi-
tion p'» A' follows from (6) and (6) even for low
p~ in the spontaneous breakdown -region

If instead A turns out to be larger, say A-300-
500 MeV-mq~, the absence of q' dependence in
P and U hence the validity of (5) still follow for
QCD because of the coupling-constant freezeout'
for p'~ 1 GeV'. Thus the main feature in QCD
which leads to (5) is the ultraviolet (or deep
Euclidean) structure of the QCD coupling or equi-
valently the ultraviolet behavior of the dynamical-
ly generated quark mass, which behaves for
large p' as'

in(AP/A') ' "
m d yn (P ') —

2 m d yn (+f')
p ln p

(9)

with d the anomalous dimension d= 12(33-2n&)
Indeed, when one combines (9) with the fiavor-
dependent current quark masses, the large-p'
behavior of all such masses properly extrapo-
lates' down to the spontaneous-breakdown re-
gion of p' —(300 MeV)'.

To summarize in a slightly different manner,
the asymptotic freedom property of QCD allows

Since the latter observation is our key point,
we provide further elaboration. Asymptotic
freedom requires not only a logarithmic falloff
of the quark-gluon coupling for large p'/A', but
also that such couplings g(p', q', p .q) depend upon
only one momentum invariant, i.e., p' in this
case. Thus the desired q' suppression in the
pseudoscalar and scalar wave functions of (4)
follows for QCD when p'»A'. However, the
spontaneous generation of quark mass occurs
for md&(p') = -C(p')/D(p') &0, where md& is
the dynamically generated quark mass appearing
in the quark propagator and in the induced (Nambu-
Goldstone) pseudosca. lar component of the axial
current

us to ignore the q' dependence of P and U so that
(4) leads to (5): P(p') ~ U(p'). At the same time
the axial Ward identity or equivalently (7) re-
quires P(p') =2C(p') (i.e., md& =-C/D) and all
must be nonvanishing in order that massless
pions exist. Note that there is no definite rela-
tion between P and U as there is between I' and

C. [This is because the v meson does not appear
as a pole in the vector current as the pion oc-
curs in the axial-vector current (7).] Thus (5)
connects Figs. 1 and 2 via the binding-equation
relation (2) for m in (4) identified as m,„. The
latter quark mass in the quark loops of Figs. 1
and 2 must then correspond to mq~ =300-320
MeV in the chiral limit. Finally, therefore,
we may make the identification for QCD

q'=4m' in (4b) —m =2md&

~ 600-640 Me V. (10)

Chiral-breaking corrections to (10) could increase
m, to at most 700 MeV.

With regard to this numerical estimate for m,
nuclear theorists have long discovered the need
for a 0' 2~-exchange isobar of mass 500-600
MeV in order to explain the 'S, NN nuclear force."
Moreover, low-energy (and subthreshold) ~At

scattering data lead to a &N 0 term of magnitude"
a,„=65 MeV. Then in the context of the unre-
normalized 0 model, we deduce that"

cr „„=(m „'/m, ') m „=65 Me V,

m, ~ 530 MeV.

This result is slightly modified by factors of g~
=1.25 when the o model is renormalized so that
(11) corresponds to a renormalized mass m,
-600-700 MeV. As a last piece of evidence,
simultaneous fits to r&-&v, KK data" require
an I= 0 resonance in the 700-800 MeV region
(the v?). The associated large decay width I',
=800+400 MeV is not incompatible with the theo-
retical 0-model value of I",-400 MeV. Never-
theless, analyses of v-~'&' (which is not con-
taminated by the p background as is v-v'm ) via
four-photon detection devices" should be carried
out to further constrain the 0 mass and width.

If in fact the v meson is finally confirmed in the
600-700 MeV region, then our above analysis
suggests the following theoretical conclusions:

(a) Because the dynamical binding-equation rela-
tion (2) is a model-dependent result, the present-
ly accepted theory of asymptotically free QCD
with a low energy A scale would then be indirect-
ly verified in that it, and perhaps few other re-
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normalizable field theories, requires that a 0'
0 meson should exist with m -600-700 MeV.

(b) Such a massive scalar qq meson is the
chir al-symmetry -spontaneous -breakdown analog
of the Higgs meson (minus the Schwinger mechan-
ism giving mass to the vector bosons) now sought
after to verify the SU(2) SU(1) spontaneously
broken gauge theory. " If indeed the latter Higgs
meson does exist, then perhaps its mass can be
dynamically determined" as the 0 mass is by
@CD. This may be done in conjuction with the
gauge technique. "
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