
VOLUME 48, NUMBER 4 PHYSICAL REVIEW LETTERS 25 J&NvARv 1982

Nonlinear Lattice Dynamics of Crystals with Structural Phase Transitions

H. . Bilz, H. Buttner, ' A. Bussmann-Holder, W. Kress, and U. Schroder
Max Pl-anck Qnstgtut fur Festkorperforschung, D 700-0 Stuttgart 80, Federal Republic of Gem&any

(Received 31 August 1981)

Exact periodic solutions are found for three-dimensional lattices with fourth-order
on-site electron-ion potentials. Numerical results are presented for ferroelectric SnTe.
The coupling of these nonlinear waves with phonons is investigated for phase transitions
with finite critical wave vectors. For K~Se04 both the paraelectric-incommensurate and
the incommensurate-commensurate ferroelectric transitions are analyzed. The cubic
power of the nonlinear force leads to a lock-in transition at the wave vector 2~/3.

PACS numbers: 63.20.Dj, 64.70.Kb

The lattice dynamics of crystals has been
treated for a long time in the harmonic approxi-
mation. In this paper we show that a systematic
extension to nonlinear potentials can be made for
crystals exhibiting structural phase transitions. '
The concept of soft modes' is extended to the
nonlinear case. In addition to the nonlinear con-
tinuum models (e.g. , the y models') we investi-
gate exact periodic solutions on the lattice. The
underlying physical ideas connected with ferro-
electric phase transitions have been discussed
in a recent paper. '

First, we compare exact nonlinear solutions
for a three-dimensional lattice ("periodons")
with the self-consistent phonon approximation
(SPA). Ferroelectric SnTe is discussed as an
interesting example. Second, we study the coup-
ling bebveen these nonlinear modes and the self-
consistent phonons leading to phase transitions
with a finite critical wave vector q, & 0. The case
of K2Se04 is investigated in some detail. Finally,
some general aspects of our results are dis-
cussed.

We focus on ionic solids, the dynamics of which
may be described in terms of dipolar ("shell" )
models with the harmonic lattice potential

(2)
+11 +Cl +CC

y;; denoting the ion-ion interaction, p„ the elec-
tron-electron interaction, and p „the electron-
ion interaction. We now extend the model by in-
cluding a local fourth-order anisotropic potential
in the electron-ion interaction:

V„"'=-'Z, .g. .(~) .'(L)

with w(L) =v(L) —u(L) and o'=~, y, ~. u(L) and

v(L) are the displacements of the ions and elec-
tronic shells at lattice site L = ( l, «), respec-
tively. This electron-ion interaction potential
leads to ferroelectric phase transitions in many
systems' at a critical temperature T, . Such
transitions are often treated in the SPA.' In our
case the SPA corresponds to the following sub-
stitution'.

zo '(L)= 3to (L)(to '(L))r,

with the thermodynamic average (w„'(L))r.
In addition, we consider exact solutions for

structural phase transitions at finite wave vec-
tors. Besides the solutions of kink type, ob-
tained in the continuum approximation, ' we study
nonlinear periodic lattice solutions for general
three-dimensional (3D) lattices ("periodons"). '
They are obtained from the following A.nsatz for
the displacements (x =u, v, to):

x(L) = Re[X, exp[i((ut —tl ~ R(L))] +X, exp[3i (&ut —tl ~ R (L))]] . (4)

X, and X, are determined by the equations of mo-
tion.

The dispersion relation for the periodons is
given by (see Ref. 4 for the 1D case)

(u~ (q) =-', (on(3'), (5)

where ~„(q) is the dispersion relation in the SPA
in the limit where the nonlinearly polarizable
ions (k) are replaced by rigid ions [g, „(~)- ~].

In Fig. 1 phonons' and periodons are shown for

! SnTe, a ferroelectric IV-VI material with the
rocksalt structure.

The interaction bebveen periodons and phonons
may lead to soft modes with transverse polariza-
tion and to structural phase transitions at q =q,
4 0. This mode-mode coupl. ing may be described
in a simplified pseudolinear model with one po-
larizable ion in the unit cell and nearest-neighbor
interaction only. The Hamiltonian of the model
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reads

II = —,Q„[(Mu„+m,,v„+f'(u„—u„,) + f(v„—v„,) +g2(v„-u„) + —'g (v„-u„) ].
The equations of motion are'

Mu„=g,ce„+g~w„'+ f'Du„,

m, &v'„= -g,w„-g,m„'+ fD(w„+u„) = 0 (adiabatic condition),

(6)

(7a)

(vb)

with u„=v„-u„and the difference operator D de-
fined by Dx„=x„„+x„,—2x„. An exact periodon
solution is then

! To describe the periodon-phonon coupling we
make the Ansatz

co„=A sin(~t -nqa+ 5), (s) ~n= W+ ns~ ~n=~W+ ns. (14)

M ~~'(q) = ~q(f + f')sin'(3qa/2)

and the amplitude

(10)

COA'(q)= -g, —M~&' 1—,~, , (11)
sg4 ' CO„' —(dp

'
where M(u&' = 4f sin'(qa/2) and M ~R' is the rigid-
ion limit [g(T)-~] of (12). B and C are func-
tions similar to A (q).' The stability of the static
periodon, co(2R /3) = 0, impl. ies sin35 = 0.

The dispersion in the SI'A is given by

M&u, '(q)

=M~, '(q)( [1+M~~'Ig(T)] '+f'/f't
with the thermal average'

g(T) =g. + 3g.&~.'&, .

(12)

(13)!

g(T), n= 0 (mod3)
g(T)+ 3g,w~'(2w/3) = 9

1lf+1lf' '

and causes a tripling of the lattice constant.
Here, the change of foxce constants has been
neglected in a first approximation. For high
temperatures the fluctuating periodons are ap-
proximated by a time-averaged solution, which
yields a q-dependent coupling' [ (sin'(~t —nqa)),

1],

g(T)+ 3g4m~ (q') =g(T)+ 2g~Ar (q') (1s)

with Ar'(q) from (11) and g, replaced by g(T).
In Figs. 2 and 3 the results for K,Se04 of Axe,

Iizumi, and Shirane' and Iizumi et al. ,"respec-
tively, are compared with calculations based on
our simple model. While g(T) determines the
temperature dependence of the commensurate
part of the phase transition, f'(T) describes the
incommensurate intersite elastic coupling which

u„=B sin(&ot -nqa+5)+C sin3(tot -nqa+5), (9)

with the dispersion relation

The resulting equations of motion can be grouped
in the following form:

Mu„, =(f+f')Du„, + fDw„, ,

0=[g(T)+3g,~~']w„, -fD(u„, +u„,),
Mu~ =(f+f ')Du„p+ fDso~,

O=g(T)Ã~ +g4K~ -fD(w~ +u~).

(15a)

(15b)

(16a.)

(16b)

In Eqs. (15) and (16) we have consistently used
the SPA, Eq. (3), for so„,. This results in tem-
perature-dependent periodon amplitudes, ob-
tained by replacing g, by g(T) in (11).

For the solution of (15) we have to insert w~'.
We distinguish between a low-temperature re-
gime which is governed by the static periodon,
~~ = 0 at q & 0, and a high-temperature regime
with self-consistent phonons in a fluctuating
periodon field. For low temperatures this yields
a site-dependent electron-ion coupling [cf. Eqs.
(S), (11), (14), and (15b)]

shifts the minimum of &u(q) away from qa = 2m/3
to a, higher value. " The extrapolation of f'(T)
and g(T) to zero values (Fig. 4) shows thatg(T)
governs the second-order phase transition at 127
K (T =T,)while the lock.-in phase transition at 93
K (T = T, ) can only take place after vanishing of
the coupling parameter f'.

The description of both the temperature-de-
pendent coupled phonon-periodon mode in the
paraelectric regime (Fig. 2) and of the three
split modes in the ferroelectric regime at 40 K
(Fig. 3) is satisfactory in view of the rather com-
plex lattice dynamics of K2Se04."

In addition, we have found that the phonon
anomalies in TaSe, and NbSe, (Ref. 13) may be
easily described in terms of our simple model. '4
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FIG. 2. Dispersion of coupled phonon-periodon mode
in the paraelectric regime (T & T~ = 127 K) of K28e04.
Parameters: f +f' = 0.9 (7Hz)~x (mass unit); f', g:
Refer to Fig. 4.

FIG. 1. Dispersion curves of phonons {Ref. 8) (dashed
lines) and periodons (solid lines) in SnTe at 100 K.
Capital (small) letters denote polarization of phonons
(periodons). Parameters are taken from Ref. 7.

This emphasizes the interrelation of our mode-
coupling treatment to the description of these
systems in terms of charge-density waves. ""

We have checked the stability of our solutions
by a mapping procedure. " They turn out to be
elliptically stable for the parameter regime
3 ~~g~(f '+ f' ') «4. Our fitted values yield 4.3
which is sufficient for the linear stability of
periodons and phonons. There exist other static
periodon solutions (e.g. , antiferroelectric, etc. )
stable for other nonoverlapping parameter re-
gimes. " Our treatment shows relations to the
current discussions of discommensuration, "of
details of the phase transitions, "and of frac-

tionally charged solitons. " They will be dis-
cussed in forthcoming papers. '"

In conclusion, we have shown that systems
with structural phase transitions such as Sn Te
and K,Se04 may be treated in terms of coupled
modes, one of which is a self-consistent phonon
while the other is R periodon, i.e., a nonlinear
periodic lattice wave. The magnitude of the wave
vector q, of the static periodon [&u(q, c)= 0] de-
scribing the commensurate part of the phase
transition at (q, ~ a/2n) '= 3 is determined by the
cube of w(L) in the nonlinear electron-ion force,
-dy„' '/dw(L) o- [w(L)]'. In general, a power
n+ 1 of w(L) in the electron-ion potential may
cause a static periodon at (q, ~ a/2m) '=n.

The authors acknowledge interesting and valu-
able discussions with S. Behnke, D. Strauch,
H. Frohlich, J. Keller, A. A. Maradudin, A. Mar-
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FIG. 3. Tripling of the transverse acoustic coupled
mode in the ferroelectric regime of K~SeO& at T = 40 K.
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FIG. 4. Temperature dependence of coupling param-
eters g(T) and f'(T) in the paraelectric and incom-
mensurate regimes (units: 10 g s ).
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Time-Resolved Optical Transmission and Reflectivity
of Pulsed-Ruby-Laser Irradiated Crystalline Silicon

Douglas H. Lowndes
~olid ~tate Division, Oak Ridge National Laboratory, Oak Ridge, Tennessee 37830

(Received 22 September 1981; revised manuscript received 30 November 1981)

The time-resolved optical transmission and reflectivity of n-'type crystalline silicon
has been observed during and after pulsed-laser irradiation. The transmission goes to
zero, and remains at zero, during the period of enhanced reflectivity, contradicting re-
ports of earlier experiments. Our measurements are in quantitative agreement with re-
sults of thermal melting model calculations and with known optical properties of molten
silicon.

PACS numbers: 68.55.+b, 78.20.Dj, 78.40.Fy, 81.40.Gh

The effects of pulsed-laser irradiation on semi-
conductors has recently become a topic of wide-
spread interest, both because of practical appli-
cations in device fabrication, and because of a

controversy which has. arisen regarding the new
physical phenomena involved. The thermal-melt-
ing madel' ' of pulsed-laser effects assumes that
the absorbed laser energy is transferred from
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