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Magnetic Spectra and Electron Transport of Current-Carrying Plasmas
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(Received 4 June 1981)

A statistical theory for the properties of current-carrying plasma is postulated. The
small-scale magnetic turbulences are isotropic in k and have a wave-number spectrum
similar to that of black-body radiation. The electron transport coefficient is found to
have an n dependence and a numerical value remarkably close to that of the empirical
Alcator scaling. The frequency spectrum (as seen by a magnetic probe) is also calcu-
lated and is in good "greement with experimental results. Some unresolved questions
are discussed.

I'ACS numbers: 52.25.-b

Current-carrying plasma has been used for
magnetic fusion research in several approaches,
e.g. , tokamaks and different types of pinches. In
these devices, gases are ionized and heated by
discharge currents to form high-temperature
plasmas. In most cases the self-fields of plasma
currents also play an essential role in confine-
ment. Because of the way plasmas are created,
it is conceivable that plasmas probably will be in
turbulent states in these devices. Indeed, experi-
mental results accumulated from tokamaks dur-
ing the past few years indicate that the electron
transport follows a persistent anomalous n ' scal-
ing, the Alcator scaling"

nD„= (5-80) x10"/sec cm,

where n is the plasma density in units of cm '.
At the same time, the importance of magnetic
field fluctuations on electron transport has been
stressed theoretically. ' " Recently, experiments
aimed to correlate the magnetic fluctuation and
transport have shown that broadband magnetic
spectra exist in tokamaks. "'"

Here I postulate a statistical theory which gives
an n ' scaling and a broadband magnetic spectra.
The results are in good agreement with experi-
mental observations.

Evidence and arguments favoring the statistical
mechanics treatment of plasma turbulence can be
found in an excellent article by Montgomery,
Turner, and Vahala. " The invariance of magnetic
helicity" "

8„=JA. BdV

is the foundation of our calculation. When we
drive a dc current in a plasma, the = 0 collec-
tive plasma modes are preferentially excited.
These collective modes are able to exchange ener-
gy and magnetic helicity with the external circuit.
I hypothesize that these = 0 magnetic fields in

plasma interact continuously with the external
circuit and approach an equilibrium. This situa-
tion is analogous to that of electromagnetic radia-
tion inside a blackbody cavity where photons are
continuously absorbed and reemitted by the walls
and eventually reach. an equilibrium which de-
pends solely on the temperature of the walls of
the cavity.

I adopt the Chandrasekhar-Kendall functions ~*'

for the representation of these &= 0 magnetic
fields. Namely, I expand the magnetic fields in
terms of the solutions of the eigenvalue equation

&+B =&sB s~ (8)

with

B, n=0 (4)

iB I' p, - - H,
dV= —' A B dV=p

m
s s —

s8V (5)

Based on this observation, we may visualize the
magnetic fields as a collection of magnetic struc-
tures, which we will call "magnetors. " Each
magnetor carries a magnetic helicity ho and an
energy e, =k,(h, /8&). Here we use the convention
h, o 0 to ensure that energy &0. By postulating
that the magnetors (in equilibrium with the exter-
nal circuit) obey the Gibbs distribution, we have
for the mean number of magnetors in a particu-
lar state s

1
exp(k, /k r) —1 ' (6)

on the plasma boundary, where n is a unit vector
normal to the plasma, and B, and p, are the eigen-
function and eigenvalue of state s, respectively.
It can be shown" that%, B,=O and k, =~%,~

=~ p, (,
where 0, is the wave vector of field B,. It is also
straightf orward to show that
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total magnetic helicity

hoH =fA ~ BdVQ
( / ) 1,

and total magnetic energy

k, h, /S~sm, exp(k, /kr) —1 ' (s)

where k~ is a constant characterizing this equilib-
rium. Notice that E /H is a monotonically in-

creasing function of k~. Because of the boundary
condition B.n =0, there are relatively few allow-
able long-wavelength (comparable to the plasma
dimension) modes, and, in general, they are not
isotropically distributed in % space."'" Qn the
other hand, small-scale (high-energy) modes
which are important for transport are not sensi-
tive to the boundary condition and therefore are
distributed isotropically in% space. For these
short-wavelength modes, the summation over
state s can be converted into integration in k
=I&I. Thus

k,ho/sr (kho/8&)V d k Vh2 k2dk

exp(k, /kT) —1 exp(k/kr) —1 (2~)2 2(27()2 exp(k/k~) —1 '

where Q, means summation over the short-wave-
length modes and V is the confinement volume.
This wavelength spectrum is the same as that of
blackbody radiation.

Because of their considerably smaller mass,
the plasma current is primarily carried by elec-
trons. In the presence of magnetic turbulence,
the magnetors, the electron fluid acquires random
velocities along the small-scale magnetic field
lines,

~e

g 1
'

Q
k

B kne, one (10)

The diffusion coefficient can be calculated from

D =f (v, (t) v„(t+7.))dT. (11)

By substituting Eq. (10) into Eq. (11) and using
the diffusing orbital theory, '" we have

D = (e/one)b, (12)

where b = (Q, B,')"' is the rms total small-scale
field. Since the turbulence is isotropic, the ra-
dial diffusion is D„=TD, and

nD„=1. 66&&10"[b/( 1G)] (cm sec) '. (l3)

Order-of-magnitude estimates of & range from a
tenth of a gauss to several gauss in tokamaks.
With these values Eq. (13) gives nD„'s that are not
far from the Alcator scaling Eq. (1). However,
since the relation between b and other plasma
parameters (n, T,B,etc.) has not been established
yet, Eq. (13) may not be viewed as a "true" scal-
ing law. The confinement time T, can also be cal-
culated from Eq. (13):

7, =g'/D„=6.03x10 "na'/b sec (cgs).

Because of electron transport, an individual
mode has a correlation time of (Dk') ', i.e., it
decays in this time scale. However, since it is

where

Vh P r4 (m/&or )
ex l(~/~ )"*1—i)"

&ur =&Dk r——&kr g /T .
Operationally, we can adjust two parameters in

Eq. (16), &ur and amplitude, to get a best fit of ex-
perimental data, and then we can determine the
corresponding 7, and kr a from Eqs. (9), (12),
(14), and (17). Here we proceed differently to
demonstrate the theory. We notice that the rela-
tive fluctuating amplitude b/B, is a very sensitive
function of k~ a. From theoretical calculations,
kra 0.8 gives b/B, 10, a typical value for
tokamaks, and kra 1.2 gives b/B, 10 ' to 10 ',
values appropriate for pinches. Therefore, we
simply use k~a =0.8 for tokamaks and k~e =1.2
for pinches, and we then calculate ~ from Eq.
(17) by using either experimental T„ if available,
or 7, from Eq. (14). We first compare our pre-
diction with the Macrotor tokamak measurements"
of B„((d}.B„(&u) can be calculated from Eq. (16}:

eXp T
~

~ ~

Vh P 4 1/2 (~/+ ) I, /2

exp[(~/~, )" ]-i
247

in equilibrium with external circuits, it is regen-
erated on the same time scale to maintain a con-
stant average amplitude. Therefore, to the mag-
netic probe, it appears to have an effective fre-
quency approximately

(d = 'Dk
k

Substituting this frequency into Eq. (9), we trans-
form it into frequency spectrum for the small-
scale modes:
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FIG. 2. Comparison of the theoretical B„(~)
=~ B„(~) and the measurement at the California In-
stitute of Technology (Ref. 13).

FIG. j.. Comparison of the theoretical B„() and the
measurement on Macrotor (Ref. 12).

By using k~a =0.8 and ~, =10 ' sec,"we have ~
=10 Hz. Using this ~~ and adjusting the ampli-
tude of the theoretical curve to the experimental
data at 30 kHz, we have the comparison of B„(~)
in Fig. 1. We next consider a measurement by
Hedelnann and Gould. " The measurement is at
7 msec in a tokamak discharge with 25-kA plasma
current. With n =2x10"/cm', a =15 cm, and b

=1 G, T, is estimated from Eq. (14) to be 2.7
&10 4 sec." Using k~a =0.8, ~~ is calculated to
be 3.5&10' Hz. The theoretical result is shown
together with the experimental data for B„'(&u)
=~'B„'(&u) in Fig. 2 where the theoretical curve
is calibrated with the experimental data at 100
kHz. As we can see, the agreement in both cases
is unusually good.

A broadband magnetic spectrum has also been
observed on the reversed-field pinch ZETA.
With n = 5 x 10"/cm', a = 45 cm, b = 10 G, the con-
finement time is estimated from Eq. (14) to be
6.1 msec. By taking k~a =1.2, ~~ is calculated
to be 354 Hz. The comparison of B'(~) is shown

in Fig. 3. The calibration of the theoretical
curve to the experimental point is made at 15 kHz.
The broken line is the theory of Eq. (16) whereas
the solid line is the experimental fitting of the
data points (dots).

It is amazing that this simple, homogeneous-
fluid treatment gives such a good fit to all these
experiments. However, some questions remain
to be solved. For example, this theory cannot
account for the two-dimensional features as seen
in experiments, "'"' and kinetic effects have not
been studied yet.
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FIG. 3. Comparison of the theoretical B (~) and the
measurement on Z ETA (Ref. 23) .

In summary, a statistical theory for magnetic
turbulence of current-carrying plasmas has been
presented. The wavelength spectrum is similar
to that of blackbody radiation. By use of diffusing-
orbital theory, the electron transport and fre-
quency spectrum of small-scale magnetic fluctua-
tions are calculated and both are in good agree-
ment with experimental results. The electron
transport scales like n 'h.
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Drift-Wave Spectra Obtained from the Theory of Nonlinear Ion-Landau Damping
in Sheared Magnetic Fields
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The local character, in poloidal mode-number space, of the resonant nonlinear inter-
action of drift waves with ions in a sheared magnetic field permits an analytical determi-
nation of the spectrum. Important processes underlying the stabilization are energy cas-
cade and transfer, respectively, in close" (ks' =kg} and distant" (ks'a~ =1/ksa~) inter-
actions. The spectral index n =4 of the high-mode-number tail is independent of the ex-
citation mechanism.

PACS numbers: 52.35.Kt, 52.35.Mw

The nature of the mechanism by which drift
waves saturate has been a subject of much con-
troversy in recent fusion research. ' ' Already
in 1969 Sagdeev and Galeev' considered the non-
linear scattering off ions (nonlinear ion-Landau
"damping") in shearless plasmas. Later Dupree
and Tetreault' and Krommes' presented a re-
normalized version of ion Compton scattering.
We develop the idea further for more realistic
fusion environments with magnetic shear. The
approach is that of weak turbulence theory, but
we retain the scattering contribution of the shield-

ing cloud. There are essential differences from
previous works. First, the random-phase ap-
proximation is now inadequate in the radial direc-
tion since it postulates the statistical indepen-
dence of the Fourier components. Second, in
contrast to the shearless case for which &~/&k„

go, the condition for nonlinear scattering to be
efficient, namely that the beat frequency of two
natural modes is small in comparison to the in-
dividual frequencies, implies for the poloidal
mode numbers of the interacting waves either
ks' —-ks or ks'a, =1/ksa, (in the limit T;/T, «1,
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