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Baryon Masses in a Relativistic Quark-Diquark Model
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Masses of ground-state spin-~~ baryons are calculated in a relativistic quark-diquark
model with a potential motivated by QCD. The parameters of the model are determined
by fitting vector-meson masses, and so the calculation for baryons contains no free
parameters. Results are in rather good agreement with experiment. Moreover, starting
from dynamical quark masses close to the so-called current masses, effective quark
masses are obtained in the right range to be identified with constituent masses.
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In his original paper on the quark model, Gell-
Mann' raised the possibility of the existence of
free diquarks. Later, diquarks were considered
as bound constituents of baryons, "exotic mes-
ons, ' ' or other hadronic matter. ' ' During re-
cent years arguments have been given' ' for the
existence of diquark substructure in baryons.
Despite this fact, except for a nonrelativistic
calculation of P- and D-state baryons, "little
has been done in the way of actual quantitative
calculations of baryon masses in a dynamical
quark-diquark model. This is surprising, since
the use of diquarks considerably reduces the
mathematical difficulties by converting a three-
body problem into a two-body one.

Here we consider a baryon to be composed of
a quark and a diquark and calculate baryon
masses by solving a relativistic wave equation
for the motion of the quark and diquark in a
phenomenological potential which depends only
on their separation. The form and color de-
pendence of the potential are motivated by con-
siderations from quantum chromodynamics (QCD).
The parameters of the potential and the input
quark current masses are first determined from
the meson sector. With no free parameters left,
we calculate the properties of diquark states,
and then, using the diquark masses found in the
preceding step, we find the spectrum of quark-
diquark (baryon) states. In this way a relativistic
three-body problem is reduced to solving a two-
body problem twice. In this introductory note we
restrict ourselves to spin-independent interac-
tions and illustrate the method by calculating the
masses of the ground-state spin-& baryons. We

plan to include spin effects and calculate the
masses of other baryons in a more complete in-
vestigation in the future.

Our results can be summarized as follows:
(i) Using a potential containing two adjustable
parameters, we obtain a good spectrum of vec-

tor mesons (including mesons containing only
light quarks). (ii) Starting from current quark
masses, we calculate effective quark masses
which turn out to be quite close to the usual con-
stituent masses. (iii) Without any adjustable pa-
rameters we calculate the absolute spectrum of
the ground-state spin-+ baryons with surprising
success.

First of all we discuss the framework in which
these results are obtained. Although a nonrela-
tivistic Schrodinger equation is adequate to treat
mesons of the J/p and & families, which con-
tain only the heavy c and b quarks, this equation,
with a potential motivated by QCD, fails to give
even an approximately correct spectrum of
ordinary mesons containing only light quarks.
A relativistic generalization is thus needed. One
such possible- generalization, which as far as we
know is new, leads to a relativistic equation al-
most as simple to solve numerically as the
Schrodinger equation. We obtain our wave equa-
tion as follows.

In the center-of-mass system, the relativistic
expression for the total energy 8' of two free par-
ticles of masses m, and m, and three-momentum

p ls

IV = (p '+ m, ')'~'+ (p '+ m, ') '~'.

We denote by V an interaction which transforms
like the fourth component of a four-vector and by
S an interaction which transforms like a Lorentz
scalar. Because the total energy transforms like
the fourth component of a four-vector and the
masses transform as scalars, it is most natural
to incorpora, te the interactions V and S into (1) by
making the replacements

8'-8' —V, m, -m, +~S, m2-m2+~8,

where our reason for inserting the factors —,
' will

be made clear shortly.
We can obtain a second-order differential equa-
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tion from (1) by squaring twice and making the usual replacement p- i-V. Then, by making the
substitutions (2), we obtain the following wave equation:~

~

(W- V)' (m, +-,'S)'+(m, +-,"S)' I(m, +-,'S)'-(m, +-,'S)']' I
(3)

V= -F, F (6&/27)(1 -At' )/(t inAt),

S = —F, ~ F2[(6v/27)A(At —1)/lnAr + S~] .
(5)

(6)

Analogous splittings were previously used"'"
with Todorov's wave equation. '4

We can use (5) and (6) in (3) to calculate a
mass spectrum of meson, diquark, or baryon
states. The QCD color factor F, F, is -~3 for
a quark and antiquark bound in a meson, -+ for
two quarks bound in a, (color-antitriplet) diquark,

Because (3) is obtained from (1) by squaring
twice, it admits spurious solutions, which are
not solutions of (1). Except for the care we
must take to exclude such solutions, (3) is as
easy to solve numerically as the nonrelativistic
Schrodinger equation. In the limit of large masses
and small potentials V and S, (3) reduces to the
nonrelativistic Schrodinger equation with a poten-
tial U given by U= V+S. This is the reason for
the factors —,

' in (2).
The potential U(r) we adopt in this paper"'"

has a rather simple form in configuration space:

6~ 1-A
U(r) = —F, 'F, (

— +S),27 r ink. r
where F, ~ F, is a QCD color factor and A. and S,
are the two parameters of the potential. The pa-
rameter A is related to the QCD parameter AocD
by' A. =~Q+De, y being Euler's constant. The
potential is Coulomb-like at small r except that
it is weakened by a logarithm in accordance with
asymptotic freedom. " At large x the potential
is linear except for a logarithm. Many other
QCD-motivated potentials have been used in the
literature, of which we can cite only a few. "'"'"

In using the potential (4) in (3), we must pay
particular attention to its transformation proper-
ties Acco.rding to QCD, at small t the potential
arises from one-gluon exchange, and so trans-
forms like V. However, because of the form of
(3), a potential transforming like V cannot lead
to confinement. The reason is that if V goes to
~ as r-~, then the dominant term in (3) is -iV,
which goes to -~ and so is not confining. We can
get confinement, however, if we assume that at
large r the potential transforms like S. It is
therefore natural to split the U of (4) into V+S
as follows:

and -+ for a quark and a diquark bound in a
baryon.

Our detailed procedure is as follows. We con-
sider first the J/g and p' mesons, adjusting A.

and the linear combination m, ++S„where m,
is the mass of the c quark, until we obtain the
experimental values of the J'/P and g'. This
leads to A =731.3 MeV or ~QcD —411 MeV. We
then consider the p meson with the same value
of A. , neglecting the mass difference between the
u and d quarks. We find that in order to obtain
the experimental mass of the p, we must set
ply + 3 S, = -65 Me V. We next set the u and d
quark masses at 5 MeV, the average of the cur-
rent quark masses" of u and d. This gives S,
= -105 MeV and in addition the value of m, . Then,
from the experimental masses of the y and &
mesons, respectively, we obtain the masses of
the s and b quarks. The quark input masses ob-
tained in this way are very close to the usual
quark Icurrent masses, as shown in Table I.
Also shown in Table I are effective quark masses
m, ff obtained from the formula

m„(=m+-,'(S&, (7)

TABLE I. Calculated current and effective (constit-
uent) quark masses from meson data, with neglect of
the difference between the masses of the u and d
quarks.

+cu rrem
(MeV)

jeff
(MeV)

5 {input)
5 (input)

177
1407
4783

360-435
360-435
530-590

1700-1785
4995-5140

where (S) is the expectation value of the scalar
potential in the state considered. With this defini-
tion, the effective mass of a given quark, which
we identify with the constituent quark mass of the
literature, "varies from state to state, being
somewhat larger in excited states than in the
ground state. Also, the effective mass of a given
quark decreases if the mass of the antiquark with
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which it is bound increases. In Table I we give
a range of calculated effective quark masses ob-
tained from ground-state wave functions contain-
ing different antiquarks. Effective quark masses
determined from baryons turn out 30 to 40 MeV
lower and are therefore closer to the usual values
of the constituent quark masses determined from
the properties of baryons. "

Once the quark masses and potential parame-
ters A. and S, are fixed, then without any new pa-
rameters, we can calculate additional vector-
meson masses. We find that the agreement with
experiment" "is rather good. For example, ex-
cept for the excited p states (for which a long-
standing experimental problem exists), the error
never exceeds 2/0 for 8 states.

Using the same parameters found in the meson
case and the appropriate color factor, we next
calculate the masses of spin-one diquarks. The
ground-state diquark masses turn out to be simi-
lar to the meson masses, but in general the spac-
ing between diquark levels is less. With the cal-
culated diquark masses we can use our procedure
once more and predict the masses of baryons,
again without any new parameters.

Before presenting our results, we make some
cautionary statements. (i) Because the param-
eters of the potential were fixed from spin-one
mesons, the potential is appropriate for baryons
in which quarks have their spins aligned. This
means that we can calculate the masses of spin-+
baryons, but not of the spin--,' baryons until we
make the potential explicitly spin dependent.
(ii) In our model we can calculate the masses of
most baryons in more than one way. For exam-
ple, to calculate the mass of the Z*', which is
composed of (uus), we can first form a (uu) di-
quark which then interacts with an s quark, or
first form a (us) diguark which then interacts
with a u quark. In principle, these methods give
different masses, but somewhat surprisingly, we
get remarkably similar results using these two
methods. For example, for baryons containing
only u, d, and s quarks, the different configura-
tions give mass values which agree within I MeV.
For baryons containing two light quarks (u or d)
and one c quark, different configurations vary
in mass by 18 MeV, a difference of less than 1/~.

But there is also a question of principle: In a
baryon containing quarks with more than one
flavor, we can ask which two quarks form the di-
quark. In our model the diquark is not elemen-
tary but a dynamical cluster of two quarks.

TABLE II. Comparison of experimental baryon
masses with theoretical masses calculated without any
adjustable parameters.

Baryon
Theory
|,'MeV3

1282
1397
1511
1623
2450

1232
1385
1530
1672
2430

'Reference 27.
.This may be the mass of the Z, of spin 2 rather

than the mass of the ~,~ of spin ~ .

Under these circumstances it is plausible that,
on the average, any pair of quarks is equally
likely to comprise the diquark. We take this to
be the case and calculate baryon properties by
averaging over all possible diquark configura-
tions,

With these caveats, we compare in Table II the
predictions of the model with the observed mass-
es" of the ground-state spin-~2 baryons. The fact
that the predicted mass of the 4 comes out a
little high is understandable because coupling to
the decay channel, which we have not considered,
tends to lower the mass. " The poorest agree-
ment is in the case of the 0, where the pre-
dicted value is 3% lighter than the observed value.
Overall, we regard the agreement as quite good,
considering the fact that we have no adjustable
parameters and have not included any explicit
spin dependence in the potential.

We believe that the generally satisfactory
agreement with experiment indicates that our
relativistic treatment and our phenomenological
potential are a sound tool for an overall descrip-
tion of hadron spectroscopy. The more promis-
ing aspect of our analysis, however, lies in the
exciting future possibilities opened up by the
success of the quark-diquark picture of baryons.
We have, in fact, a simple prescription which
reduces the complexity of a relativistic three-
body problem by approximating it with a double-
step two-body problem. Admittedly, however,
we are still a long way from obtaining the de-
tailed results for baryons achieved by the cumu-
lative work of many authors within the frame-
work of the three-body problem. "
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