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Renormalized Thermal Distribution Function in an Interacting Electron-Phonon System

Warren E. Pickett
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The electron-phonon interaction is used to demonstrate the important effect of inter-
actions on the electronic distribution function at finite temperature. It is shown that the
usual picture of "thermal (Fermi) smearing" is a greatly oversimplified one. The dis-
tribution function resulting from an Einstein spectrum with various coupling strengths is
presented and interpreted, and an exact expression for the spin susceptibility is used to
illustrate the utility of this novel viewpoint for thermodynamics.

PACS numbers: 65.50.+m, 63.20.Kr, 71.38.+i

One of the primary characteristics of a metal
at a finite temperature T is that the crystalline
electronic eigenstates (labeled by index k) of en-
ergy E„areoccupied according to a thermal dis-
tribution f(E, ). Almost universally. in the theory
of metals this distribution is taken to be that of
nonintemcting fermions, i.e. , the Fermi-Dirac
distribution f,(E„).Typically this assumption ap-
pears as a thermal broadening ("Fermi smear-
ing"), given by df, (E)/-dE, of some quantity over
a region around the Fermi energy E F. The effect
of interactions, if included at all, is not intro-
duced into the occupation function. For systems
where the density of states (DOS) function%(E)
varies sufficiently slowly near E F thermal. averag-
ing is expected to be insensitive to the actual form
of f. For varying DOS systems, however, of
which the A15 class of compounds provides the
canonical. example, ' the understanding of their
anomalous thermal behavior may depend critical-
ly on the proper description of f and df/dE.

Two questions arise: What is the effect of in-
teractions on the thermal distribution f, and is
our understanding of thermodynamic properties
clarified by a viewpoint which includes interac-
tions in+ In this paper we use the example of
the electron-phonon (EP) interaction to show that

f, and thereby the interpretation of thermodynam-
ic quantities, can be radically altered by interac-
tions.

The distribution function f(E„)is defined as the

thermal expectation of the number operator n, .
For T )0, f is given in general in terms of the
thermodynamic Green's function G by the rela-
tion

f(E~) =T Q G(k, i&a„)expire„q,

where (u„=(2n+1)mT and q is a positive infinites-
imal. {In our units 8 =As =1, and for simplicity
an isotropic approximation for el.ectrons will be
used. ) It is easily verified that (i) in the absence
of interactions, f-f„and (ii) by converting the
sum to a contour integral f can be written

f(E, ) = f „d(sf,((u)A(k, cu) (2)

in terms of the spectral densityA. Evidently f
=f, if and only if A. is a & function at ~ =E, . When
A is broadened by interactions, f can differ con-
siderably from f, (a result not often stated in
quantum statistical theory texts), as I now ex-
plicitly demonstrate.

For simplicity let us initiall. y consider a con-
stant-DOS electronic system interacting with an
Einstein phonon spectrum with EP spectral func-
tion o'E given by

n'F((u) = (Xn/2)5((u —n),

where 0 is the Einstein frequency and A. is the EP
coupling constant. A straightforward calculation
of the electronic self-energy ~ =M —iI" on the
real. axis gives, with energies measured relative
to EF,

I ((u) = (m Xn/2)( f,(A —(u) +f,(Q + ~) + 2n, (0)) sgn(&u).

Here ( and n, denote the digamma and Bose-Einstein functions, respectively. The spectral density is
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given simply by (g = chemy = chemical potential )

A(k, ~) =—Im -(E, -~)-~( )

In Fig. 1 I dis laisp ay M(~) and I' &u() o
ec r functions
lby y Engelsber an

an I ura, who find that,
p g

cs further increas0
F'

e increasing width

' creased because of
e in i I'(v) (Fig. I .

te
p ious studies h ave noted t

'g. . Neither of th' 't
the e distribution f

se
in'~ due to EP i

/EK -=—I"I.
I

The resul. ts, for sever

[Note that f'(E)=f'(-8 . — ' . a '-
di t th t p

s2
.ton dhlo e states) from gio

ig er excitation en ' . T
/2 [

' . 2(b)] th b h

q dy e eco mes

, qualitatively new b
've weightin

w e-

, as shown in Fi
occur at

This unusual b h
Stel

e avior is exagg y E
used here alth, a ough similar be-

M';
OZ

I o-
O 'h&.6

E/T
10

T=n/Z

I o-
C7 'k=1.6

havior ma y occur even
at lower t

or a realisti p

incl.ude these' ' enera at high ener
so -f'

ecreases as a Lo
st

.%)1 ~n r an exponenti

, — ' is essentially Lorentzian

p

es that the Fa, which indicat
iscontinuity of (I+X) '

ermi surf ace re-

i
'

ht X/(I+Xmai
' ' I+X) displaced over thr e range

Z=M —lI, E inst ellnstein Spectrum

C
hl—

3

(a)

0/8

(b)
7=Q/16

C7
O

02

I o-

o
C)

T=Q/4

I I I
I

I

1 2

FIG. l.
Q)/0

. 1. EIectron self-en

r = l.
or zonal to A, and

2 4 86
E/T

The derivative—
thermal distribution funotion f al ul

) I ~

' ' '"""'""
values of A,

-energies of Fi
qs.

Th d hd line shows -f '(=-
honon inte t'

roaden the thermal

res.
s v ues of A, at al l tempera-

1549



VOLUME 48, NUMBER 22 PHYSICAL REVIEW LETTERS 31 MAY 1982

[E -E,f
~n.

For systems in which the electronic spectrum
varies on the scale of 0, Z becomes a functional5
of N(E) and the computation of f becomes corre-
spondingly more involved. However, because of
the substantial widths in the spectral density
peaks for finite &u and/or T, the qualitative be-
havior of -f' will generally reflect that of the
constant-DOS model. The proper interpretation
of thermodynamic properties, however, can be
substantially altered in nonconstant-DOS systems,
as will. now be shown.

The case of the spin susceptibility X,&
will be

used to demonstrate that the renormalized ther-
mal smearing function —f', rather than —f,',
often arises naturally in the formalism. That this
should be the case is suggested by the relation-
ship [Eq. (1)] between f and the (renormalized)
Green's function G on the one hand, and the ex-

in terms of a noninteracting electron distribution
over a broadened and renormalized DOS' X given
by

gi(~+g) = fdEN(E)a(E -g, ~). (8)

This is simply a question of whether the ~ or E
integral is carried out first. However, from the
magnetization It', given by'

pansion of the thermodynamic potential, which is
accomplished most concisely' in terms of G (rath-
er than G,), on the other. The conservation of
electron number N, j, for example, is given nat-
urally as the thermal redistribution of crystalline
states:

N„=2fdzf(Z -C)N(E),

although it can also be written

N„=2fd(u f,((u —&gc((u)

9R = pB Q oN = pB Q oJdEN(E)TQG (E,iv„)expire„q,

in terms of the number N of spin o' electrons, X,~ can be written exactly (within this isotropic treat-
ment) as

p, B Q o dEN{E)TQG, '(E, iu&„) „™ expie„ri H,
d% dG '(E, iu)„)

=2p&' dEN(E} — „[1+K(E,T)],d

where —df/dE is identified by differentiating Eq. (1) with G, (E,ice„)=in„—(E —& —o'p PB) —Z, (tu„),
and the thermal average K of the field derivative of the self-energy is defined by

&%,T) =-TZG'%, i~. )„,Z, ,—.[TZG'{E,i~. )] '
n d(( ~ ~~) FI-0

Equation (10) gives an interpretation of X,p
as arising from the bare DOS, appropriately enhanced by

1+& and averaged around 0 according to theinteracting thermal smearing function. Equation (10)
gives directly an enhancement due to the EP interaction of the T dependence of X,p arising from a peak
in N(E), as surmised by Bhatt' for low temperature.

Essentially all other interpretations of X,z(T) have assumed a form like Eq. (10) with f-f, By.
means of the standard analytic continuation' to express the frequency sum in Eq. (9) in terms of an

integral over real frequencies, X,~
can be written in te~ms off, as two contributions g, ~'" +X,~'":

y, ~"'
=2p~*jldv(- ")x(a+f), (10')

which is reminiscent of but not identical to the first (unenhanced) term in Eq. (10), and the "enhance-
ment"

oo t

X,p"' = — Im) d(u dE N(E)G" (E, (u) f,((u)

where Z„'=dZ,"/d(o p~H)~„-,and Z„'=&Zs/8 ~ (superscript R denotes retarded functions).
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The simplicity of Eq. (10), and a general knowl. -
edge of the behavior of -3f/3E from Fig. 2, al-
lows one to identify the underlying causes of ther-
mal, anomalies in exotic systems. In Vg com-
pounds, for example, the strong T dependence of
X correlates closely" with high superconducting
T, , and thus with large X, exactly as Eq. (10),
with a peak in N(E) near g and broadening propor-
tional to A. , suggests. It is also evident that the
incluence of the lattice should lead to an isotope
effect on the critical temperature for itinerant-
electron magnetism distinct from that proposed
by Hopfield. " Neither of these properties is evi-
dent in the form given in Eqs. (10') and (10").

In terms of the two questions posed at the out-
set, (1) the behavior of f is qualitatively as shown
in Fig. 2 and is of itself useful and perhaps neces-
sary in interpreting thermodynamic behavior, .

and (2)f has been shown to arise simply and nat-
urally in the expression for X,&. In general, each
thermodynamic quantity must be investigated in-
dividually for a useful expression involving f and/
or f,. It is encouraging that Lee and Yang" have
shown that thermodynamics can be formulated
exactly in terms of f, although the author is un-
aware of any application of their very formal ap-
proach to metals.

A contrast can be drawn between the present
viewpoint and that of Fermi-liquid theory. ' The
latter approach describes the low-temPerafuxe
thermodynamic properties in terms of noninte~-
actiqg quasiparticles described by f, and a se
normalized quasiparticle density of states X.
Typically X is a constant for excitations of inter-
est, and this approach has been very successful
for phenomenological descriptions It is p.ro-
posed here that viewing the interactions as dis-
tributing the excitations over the noninteracting
spectrum will prove a more useful approach when
variation of N(E) is important. This formulation

provides a conceptual basis as well as a compu
tatiomrl approach for the detailed understanding
of many classes of interesting compounds.
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