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Recent experimental results of Kaminishi et al. on the photon statistics of a dye laser
are compared with the exact solution of a laser model with fluctuating pump parameter.
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One of the great successes of quantum optics
was the theoretical derivation of the statistical
properties of laser light and the subsequent de-
tailed experimental confirmation. The laser was
thereby established as a source of light with sta-
tistical properties fundamentally different from
all thermal light sources.

The well-known theoretical model which was
successful in explaining all details of the photon
statistics of a single-mode laser near threshold
is the simple Van der Pol oscillator in rotating
wave approximation':

p=t(~ +t~.) (A +fA. )lp-l']p+((t). (1)

Here p(t) is the complex amplitude of the laser
mode, ay a2 Ay, and A, are real parameters,
a, and A, are different from zero only for non-
zero detuning, a, is the pump parameter and pos-
itive (negative) above (below) threshold, and A,
&0 provides for stabilization above threshold due
to saturation. $(t) in Eq. (1) is a Gaussian white-
noise source with the properties ($(t)) =0, ($(t)

&& 8(0)) =0, ($*(t)$(0))=@5(f), which turns Eq. (1)
into a stochastic differential equation. Hence-
forth, we always use the Stratonovich calculus
of such equations.

Equation (1) should apply to any single-mode
laser, and is in this sense universal, provided
that the laser is sufficiently close to its thresh-

old, where corrections due to higher-order non-
linearities or to time derivatives and deviations
of $(t) from white noise become irrelevant. In

particular, the form of Eq. (1) is independent of
any microscopic details of the laser process,
and already follows from general symmetry prin-
ciples of the theory of continuous instabilities. '

Recently, Kaminishi et al.' reported very inter-
esting experimental results on the photon statis-
tics of a dye laser near threshold. Their results
differ completely from what one would expect on
the basis of model (1). For instance, in Ref. 3 it
was found that the relative mean square of the in-
tensity fluctuations (LI )/(I)' increases up to val-
ues of - 1000 for sufficiently small average pho-
ton number (n), whereas model (1) predicts an
upper bound (M')/(I)'& 1. The model which ade-
quately describes a dye laser near threshold
must therefore differ from Eq. (1) by terms
which do not become irrelevant, even very close
to the laser threshold.

In the present Letter we propose such a model,
which turns out to be exactly solvable, and com-
pare its predictions with the available experimen-
tal data. The good agreement which we find sup-
ports the idea that the dye-laser threshold be-
longs to the new class of continuous instabilities
with fluctuating control parameter which is de-
scribed, again in a universal way, by our model.
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More experimental work along the lines of Ref. 3,
which we hope to stimulate by the results present-
ed here, would allow tests of the very detailed
quantitative predictions of the model.

The model we wish to propose in order to de-
scribe a dye laser near threshold differs from
Eq. (1) in that the pumping parameter a, and the
frequency shift a, are both subject to rapid time-
dependent fluctuations around some fixed mean
values az „a,, Such fluctuations in gain and re-
fractive index naturally occur in a dye laser as
a result of turbulence and concentration fluctua-
tions in the dye cell. In fact, Kaminishi et al.
already interpreted some of their results by as-
suming fluctuations of the gain to be present, an
idea which we adopt and strengthen in this Letter.
However, these authors did not construct a dy-
namical model incorporating such fluctuations
and therefore did not attempt to interpret the
dynamics of the observed intensity fluctuations
of the laser light in terms of this idea.

Close to the laser threshold the fluctuations of
the light field are known to slow down. In our
model we assume that on this long time scale the
rapid fluctuations of gain and refractive index
may be considered as Gaussian white noise. As-
suming for simplicity that these fluctuations are
more important than the noise due to spontaneous
emission, we arrive at the equations of model
(2), given by (1) with $(t)= 0, and—

&lq(t) —,.ll, (0) —...])=@,,6(t). (2)

The model (2) has been solved exactly in earlier
papers. 4 ' The time dependence of the a, (t) does
not become irrelevant as the threshold a&0=0 is
approached. For example, the critical exponent
of (~P~) at threshold in the steady state is changed
from -', for Q, ~=0 to 1 for Q, ,v 0.' Here we want
to compare the predictions of the model with the
experimental results of Ref. 3 on the photocount
distribution, the relative mean square of the in-
tensity fluctuations as a function of the average
photon number, and the intensity correlation
function in the steady state.

The time-independent distribution W, (I) of the
intensity I =

~ P ~

' is given by

I
6(I), ~- 0,

W, (I) =

I [q"~r (n)]I 'exp(-qI), n&0,

with q = Q„/4A.„a= a, ,/Q». Small additive
fluctuations described by $(t) in Eq. (1) would
smear out the 5 function obtained for o ~0 but

would not affect the result for a &0 in an appre-
ciable way. ~ In the following, only the results for
n &0 will be needed.

The photocount distribution associated with (3)
is given by'

P(n) =(1/n. )f "dIW, (J)(yI)"e-&',

where y is the counting time (- 1 &sec) times a
constant, characteristic of the detector. We ob-
tain explicitly

(4)

5„0, @~0,
'

(1—C) r (n+n)(n) =.

~( ) t
C ) ct&0q

with C=@/(y+q). The pump parameter ot is re-
lated to the average photon number by

/

0, a~0,
(n) ='

DC/(1 —C), D &0,
(6)

and to the relative mean square of the intensity
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FIG. 1. Photocount distribution. Full line, experi-
mental result from Ref. 3; broken line, theoretical re-
sult Eq. (5) by fitting C.
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FIG. 2. Relative mean square of intensity fluctuations,
Eqs. (6) and (7), with & determined from Fig. 1. Ex-
perimental points are from Ref. 3.

FIG. 3. &(t) from Eq. (8) for & =~ by fitting Qff ~

perimental points are obtained from Ref. 8 after sub-
traction of a constant background.

fluctuations by

(7)

The photocount distribution (4) was measured in
Ref. 8 for (bI )/(I)' = 4 which implies n = —,

'
by (7).

In Fig. 1 we present a comparison with (5),
where C is determined by fitting.

The model is seen to describe remarkably well
the strong peaking of the photocount distribution
at zero photon number, which is qualitatively dif-
ferent from the photocount distribution of a usual
laser near threshold, and caused by the fluctua-
tions of the gain.

The relative mean square of the intensity fluc-

!
tuations was also measured in Ref. 3 as a func-

tion of (n). Since C is already determined by the
previous fit, Eqs. (6) and (7) may now be con-
fronted with experiment without any further fit-
ting. The result is shown in Fig. 2. In view of
the considerable scatter of the experimental
points, there is reasonably good agreement. This
lends further support to the result (5) from which
C was derived, and to the model (2).

The intensity correlation function&' K(t) =(AI(t)
&& M(0))/(I)' of the model (2) has been determined
in Refs. 5 and 6 up to quadrature by exactly solv-
ing the spectral problem of the associated Fok-
ker-Planck equation. In the domain o. (2 of pa-
rameter space, the Fokker-Planck spectrum was
found to consist of a pure continuum, which led
to the representation

(n'+ tc')v sinh(~v)I'(n +t~/2) exp( —g'~)
4I'(n )[cosh (n ~) —cos (rn )] (8)

with 7 = 2Q»t. The intensity correlation function
was measured in Ref. 2 for (M')/(I)'= 2, i.e.,
n = —,

'
by Eq. (7). The attempt to compare directly

with Eq. (8) meets with the following difficulty:
The experimental result yields a K(t) that decays
in about 30 p, sec to a finite background value,
which then decays only on a much longer time
scale, ' and may therefore be considered as con-
stant on the time scale of the initial decay.

Since the correlation function K(t), in any case,
must be extracted from the measurements by the
judicious subtraction of a time-independent back-
ground, "we have chosen, differently from Ref.
3, to include this constant background in the sub-
traction before comparing with Eq. (8). The com-
parison, shown in Fig. 3, is then made by fitting
q», the only parameter left. The experimental

curve is found to be in excellent agreement with
the nonexponential decay as given by Eq. (8). The
parameters Q» and yA, of the model are now
fixed and given by Q»=0. 18 (&sec) ' and yA, /q»
= 1.18.

In conclusion we note that our model is able to
explain from a unified point of view the available
data on the statistics and the dynamics of light
from a dye laser near threshold. The model has
only two adjustable parameters, as far as phase-
less quantities like photon number and intensity
are concerned, just as in the highly successful
model (1). Experimental results for the same
system with different values of the pump param-
eter are now predicted by the results of Refs. 5
and 6 without further adjustable parameters, and
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can be used to test the model further.
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