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The two-impurity Kondo problem is studied by use of perturbative scaling techniques.
The physics is determined by the interplay between the Ruderman-Kittel-Kasuya-
Yosida (RKKY) interaction between the two impurity spins and the Kondo effect. In
particular, for a strong ferromagnetic RKKY interaction the susceptibility exhibits
three structures as the temperature is lowered, corresponding to the ferromagnetic
locking together of the two impurity spins followed by a two-stage freezing out of their
local moments by the conduction electrons due to the Kondo effect.

PACS numbers: 75.20.Hr, 72.15.Qm

In this Letter we discuss the possible tempera-
ture-dependent susceptibilities for two Kondo im-
purities separated by a distance R imbedded in a
metal of noninteracting conduction electrons. The
various behaviors depend on the relative magni-
tude (and sign) of the Ruderman-Kittel-Kasuya-
Yosida (RKKY) interaction compared with the
Kondo temperature of an isolated impurity.

The essential ingredient of this work is the abil-
ity to trace the evolution of an effective Hamil-
tonian that describes successively lower energy
(and hence temperature) scales. For a given tem-
perature 7', the effective Hamiltonian is obtained
by integrating out the conduction electrons and
holes of energy bigger than a cutoff D=~ 10T'. Us-
ing a thermodynamic scaling method,"'? we are
able to describe the variation of the effective
Hamiltonian with decreasing cutoff. In this Letter
we exhibit only the most important interactions
in the effective Hamiltonian. Further, we choose
the parameters of the problem so that the rele- |

vant energy scales are well separated and can be
estimated analytically.

We start with two spin-# impurities §; (i =1,2)
at R, =R/2 and R, =~ R/2, respectively, and a
conduction-electron Hamiltonian H.;(D,) corre-
sponding to a half-filled band of energies —D <€
<D,, with a constant density of states p. ¥ §; is
the conduction-electron spin density at the site
_f{i, then the starting Hamiltonian, corresponding
to cutoff D, is

AD) =He (D) = Jo(8, 8, +5,+5,), )

where J, is assumed to be negative (antiferromag
netic).

Two-impuvity local moment (2LM) regime
[max(2] 71,107 ) <T].— K we integrate out the
higher-energy conduction electrons and holes
down to a cutoff D =107 <D, then we generate an
effective Hamiltonian A, (D) with a changed val-
ue J(D) of the coupling J,, as well as new inter-
actions not present in (1). Keeping only the most
important of these interactions,® we have

HzLM(D) =Hel(D) _I§1 '§2 "Js(§1 +-§2) : (§1 +§2) - Ja(_él _—éz) : @1 "'Sz)- (2)

We can show that J, =J, = (J,+J,)/2=J/2, where to second order J satisfies the recursion relation

[with (D) =J,]

() /d In(D /D) == (pJ). ®
Further, I is just the RKKY interaction, given by
1= Dn,exp(ik-R) 23 (1 —n,) exp(= ik’ - R) (€, — €,) (4)
k k!
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with the integration range restricted so as to ex-
clude the region where both | €, - €| and | €,
- €g| lie between 0 and D.

We note that two important characteristic ener-
gy scales have naturally arisen in the renormal-
ization process. The first is the Kondo tempera-
ture

Tx~Doexp(l/pJy), (5)

which is the energy scale at which Eq. (3) breaks
down.* In the absence of any other effect, this is
also the temperature at which the local spins
would be screened by the conduction electrons
(i.e., the Kondo effect).

The second important energy scale is the RKKY
interaction / itself. Figure 1 depicts I(D=0) vs
kpR for two model band structures (see figure
caption). For small kzR, I is ferromagnetic as
both the local moments then interact with essen-
tially the same conduction electron. For large
keR, I oscillates with an envelope that falls off as
(RrR) 3. For D <D,, the D dependence of I(D) is
quite negligible.®

At high temperatures [D,>7 > max(2|7],107T )],
the 2LM regime is obtained. Then |1/D| and | pJ|
are small compared with unity and thermodynam-
ic properties can be calculated by treating all the
interactions in (2) perturbatively. For instance,
the susceptibility is given by Tx;mp/ @k~ (1
+I/4T + pJ), where the zeroth-order term corre-
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1/leq(pJ,)"

05 7
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FIG. 1. The RKKY interaction! for two model band
structures. The solid curve corresponds to a linear
dispersion €y — € =v (¢ —ky) and a constant density of
states p; the dotted curve corresponds to a free elec-
tron band. Both bands are cut off at D= ep = kpv /2.
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sponds to® two free local moments.

But as T decreases, and hence D (since we al-
ways take D ~107'), either | I/D| or |pJ| will be-
come large, whence there will be a crossover to
new regimes of behavior. Two possible charac-
teristic cases are easy to discuss. In case A4,
|71 <<Tx. Then |pJ| grows to order unity while
| 1/D| remains small, whence the Kondo effect
suppresses the local moments, and the RKKY
interaction plays a very minor role. The tem-
perature dependence of Ty in this case is shown
schematically by curve A of Fig. 2. In case B,

I is antiferromagnetic and —7>> T . In this case,
as T gets small compared with -7, the two im-
purity spins are locked antiferromagnetically into
a singlet. Consequently T'x drops rapidly as de-
picted schematically in curve B of Fig. 2, and the
Kondo effect plays a minor role. Note that in
case A Ty drops slowly, logarithmically, with
temperature, whereas in case B it drops quickly,
roughly as 1/T.

Case C, when 7 is ferromagnetic and /> Tk, is
the most interesting, and will occupy the bulk of
the rest of this paper. As T gets small compared
with I, the two impurities are locked ferromag-
netically into a triplet state described by an ef-

| Cross | | Cross: ICross.
2F1: over !SQ2! over: FF2 tover'2LM
: T N — T T
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FIG. 2. Schematic plots of TX imp for the two-impuri-
ty Kondo problem for the three cases considered in
the text. In case A, where Tx > | I |, there is a slow
crossover from the 2LM to the two-frozen-impurity
(2FI) regime due to the Kondo effect. In case B, there
is a rapid crossover from the 2LM to the 2FI regime
as the antiferromagnetic RKKY interaction locks the
impurity spins into a singlet. In case C, that of fer-
romagnetic I >7y, we have the various regimes in-
dicated at the top of the figure. The temperatures
Tk a and Tx. refer to this case.
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fective spin-1 operator 8. Necessarily Tx rises
rapidly (as 1/T) from a value of %, characteristic
of the 2LM regime, to %, characteristic of a
spin-1 impurity, as depicted in curve C of Fig. 2,
but does not reach %, because the interactions
present in (2) generate interactions between §
and the conduction electrons. Indeed, the effec-
tive Hamiltonian for D s 1, i.e., just after the
crossover to the new regime, which we will call
the ferromagnetically frozen two-impurity (FF2)
regime, is essentially given by’

Hppp(D) =H (1) = I *(5, +8,) - 5, (6)

where® J* is J evaluated at D ~ 1.
Fervomagnetically frozen two-impuvity (FF2)
vegime (10T x<T <I/2)— For the purposes of dis-

cussing the evolution of Hyp,(D) it is convenient

to define two orthogonal conduction-electron chan-
nels which are even and odd with respect to the
midpoint between the two impurities; in terms of
which®

(51 +-§2) =2u +2§even +2u. 2goclcl ) (7)
where
2,%=1% sin(k:R)/ksR. @)

Then the most important terms in Hrr,(D) are
given by

Hy Fz(D) zHel(D) -, (D)—éeven -8
-J_(D)Sous S, (9)

where the “starting” values for J.(D) and J. (D),
at D sI, are given by [cf. Egs. (6) and (7)] J,(2)
=2u,?J *. Furthermore, the recursion relations
for J,(D) up to second order are identical to (3).

It follows that two new energy scales now arise,
namely the even- and the odd-channel Kondo tem-
peratures:

T .~ T expl1/(2u,20d *)]. (10)

Thus in the FF2 regime defined by max(10T y,)<T
<I/2, thermodynamic properties can be calculat-
ed by treating J, perturbatively. In particular,
Tx =% +pJ.+pJ_), so that as T decreases Ty de-
creases logarithmically.

If I/T is sufficiently large, then T, and T .
can be well-separated energy scales.!® In such a
case, there will be a fwo-stage Kondo effect. In
the first stage, as T approaches Tx., pJ. grows
to order unity while pJ, is still small. In this
crossover  unit of the spin-1 impurity will be
compensated by the odd-channel conduction elec-
trons, which reduces the impurity degrees of

freedom to an effective spin-% operator 7. Con-
sequently, Tx drops to 4+, as depicted in curve C
of Fig. 2. Note that the crossover for T'~Ty_ is a
many-body effect, and that 7 is a complicated
spin-% object: the triplet combination of the im-
purity spins antiferromagnetically clothed by a
spin-5 cloud of odd-channel conduction electrons.
Semiquenched two -impurity (SQ2) regime (5T g,
<T <Tx.).— For temperatures well below T k.,
we have a new regime, the semiquenched two-
impurity (SQ2) regime, in which the effective
Hamiltonian corresponds to interactions between
7 and the even- and odd-channel conduction elec-
trons given by [compare Eq. (9)]

HSQz(D) =Hel(D) _JF_éodd'?

- JASeven *T.

(11)

With use of the same logic as before, just after
the crossover into the SQ2 regime, i.e., at T
STy, J4(Tk.) is essentially equal to'* $J,(Tk.).
However, Jp(D < Ty.) is ferromagnetic, since it
is the residual coupling of § to the odd channel to
which it is already strongly bound antiferromag-
netically.'® The recursion relations for pJ (D)
and pJ (D) are also identical to (3), but now, as
D decreases, while |pJ,| increases, pJp de-
creases. Consequently Tx = (1 +pJ , +pJ5) de-
creases slowly with temperature. When the tem-
perature decreases to'® Ty, =T k. expl1/pJ 4(T )],
| pJ Al grows to order unity, and the remaining im-
purity spin 7 is compensated by the even-channel
conduction electrons. With decreasing tempera-
ture Tx drops to zero as the system crosses over
to the two-frozen-impurity (2FI) regime. See

_curve C of Fig. 2.

Two-frozen-impuvity (2FI) vegime [5T <min(Tx,,
Tg,-1I)]—TFor all the cases we have considered,
in the very low-temperature regime (i.e., for T
KTk, =1, and T, in cases A, B, and C, respec-
tively) the impurity degrees of freedom are com-
pletely quenched. In this regime, the effective
Hamiltonian has only residual self-interactions
among the even- and odd-channel conduction
electrons. This leads to a constant susceptibility
Xx~1/T*, and a linear specific heat C ~k 2T /T *,
where T* is the final energy scale at which the
crossover into the 2FI regime takes place (i.e.,
T*is Tk, =1, or Ty, for the cases A, B, or C).

The above methods may prove useful in study-
ing concentrated systems of local moments such
as spin-glasses, valence fluctuators, and mag-
nets.
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>This method is an extension of the “poor man’s
scaling” approach of P. W. Anderson, J. Phys. C 3,
2436 (1970), made in the light of the later work of
K. G. Wilson, Rev. Mod. Phys. 47, 773 (1975).

3Apa.ri: from a constant term, there are eight other
interactions not displayed in Eq. (2).

“This is seen by integrating Eq. (3) to get pJ (D)
=pdy/[1+pdyIn(D /D)1, and noting that as D approach-
es Tk, |pJ| becomes large.

For example, if RD/vy << 1, one has |1(D)—I (0)1/D,
= - (pJ0)22 In2[ sin(kFR)/kFR]z(D/Do). Note that in our
model I (D) = 0, but we could easily include a direct
interaction at the outset.

bThe various zeroth-order results that we quote for
Ty are easily obtained by calculating (S, %, where S
is the fotal effective impurity spin, for a noninteract-
ing situation.
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"The result (6) follows from (2) by noting that, with-
in the triplet subspace of the impurity states, (S;+$S,)
is identical to §,. S-S, is identically zero, and
IS8, is just a constant, /4, which can be ignored.

8Using Ref. 4 and Eq. (5), we can estimate that
pds* =pJ()/2 2 ~[2In(I/T¢)]" L In all estimates we
omit, for simplicity, all numerical factors multiply-
ing I, etc.

%The even- and odd-channel conduction-electron
operators to which the impurity couples are defined as
% Yeven =2y cos (k- R/2)ay, # -Poaq = Zy sink- R/2)ay;,
where«, are normalization factors given by Eq. (8).
The conduction-electron operators at sites 1 and 2 are
hence ¥ (+R/2) =u Y eyen it _Poqq. Equation (7) follows
from the definitions §, =3 ¥* (R/2)0 ¥ (R/2), etc.

0From Eqgs. (10) and (8) and Ref. 8, we get Ty, ~I(T'x/
DV¥:%, so that Ty /Ty, ~ (I/T) 4sin ke /ke R “The en-
suing discussion refers to ZzR near the first maxi-
mum in Fig. 1 where sin(?;R)/kR ~ —0.2. Near the
second maximum, sinkgR >0, and hence the roles of +
and — channels would be reversed.

Uhe factor of % comes from projecting S into the
subspace of 7.

2This point has been made in other contexts by D. M.
Cragg and P. Lloyd, J. Phys. C 12, L215 (1979), and
P. Noziéres and A. Blandin, J. Phys. (Paris) 41, 193
(1980).

3Using earlier quoted results, we can estimate that
pJ+(TK..)% ! (l¢+-2—Z{_“Z)IIZI(I/TK)]-Ig —{[4sin(kFR)/
keR1In([/T)} L. Hence Ty 4 ~ Ty (I /Ty) " 35In®r R/RF R

Note that Tx 4 is higher than Ty, : Tk 4/Tk, =/
TK)- sin( FR)Ifk FR.



