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Classical Derivation of the London Equations
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The London equations, which were proposed as restrictions to conventional classical
electromagnetism in order to explain the Meissner-Ochsenfeld effect in superconductors,
are derived from familiar classical action integrals. The equations of motion, from
which the London equations follow, should apply to some collisionless plasmas. Space
and thermonuclear applications are timely and significant.
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Outside of zero resistance itself, the most char-
acteristic phenomenon in superconductivity is the
Meissner-Ochsenfeld effect wherein a magnetic
field inside a resistive material is driven out, ex-
cept for a small penetration depth, when the ma-
terial becomes superconducting. ' Conventional
electromagnetism, which includes Maxwell's
field equations and the Lorentz force relation,
predicts that the field will be locked in.

In order to explain the Meissner effect, London
and London' in 1935 proposed ad hoc restrictions
on classical theory. ' Now known as the London
equations, these restrictions were later given a
quantum-mechanical foundation, first in phenom-
enological theories" and finally in the micro-
scopic BCS theory. '

The Meissner effect is of such significance that,
in terms of it, a distinction is often made between
superconductors and perfect conductors, ' a per-
fect conductor being defined as one having zero
resistance but obeying classical electromagne-
tism, whereas a superconductor is one having
zero resistance but obeying quantum mechanics.
The latter displays the Meissner effect, whereas,
according to the argument, the former should not.

Until recently, experimental tests of the asser-
tion concerning perfect conductors have not been

possible because of the unavailability of classical
systems having sufficiently low resistance, or,
equivalently, long particle-collision times. Now,
however, low-density plasmas in regions probed
by space vehicles have particle-collision times of
seconds and longer, and hot plasmas in thermo-
nuclear devices have collision times in the mil-
lisecond range. Hence tests have become pos-
sible.

Furthermore, this paper reports a fundamental
change in the theoretical picture: Despite the un-
successful early efforts to explain the Meissner
effect using classical electromagnetism, and
despite present confidence that quantum mechan-
ics is the only possible approach, the London
equations do indeed have a classical derivation
that applies to superconductors and to some col-
lisionless plasmas as well.

Many attempts have been made to formulate
action-based electrodynamics of a charged fluid
using Eulerian variables. Eckart' outlined a
procedure to use with field-theory Lagrangian
densities and he proposed various ad hoc altera-
tions to accepted, classical Lagrangian densities.
Many authors' have used the approach to describe
a charged fluid but have imposed Lin's constraint'
or a similar restriction in order to get the cor-
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rect momentum-moment equations for a fluid and
in so doing eliminated the possibility of deriving
the London equations.

Eulerian action integrals for collisionless fluids
at absolute zero of temperature are easily formu-
lated by transforming well-accepted, classical
Lagrangian actions into Eulerian notation. Af ter
that the equations of motion are obtained by ap-
plying the principle of least action.

We must remember that implicit in the aetion-
integral approach is the assumption that the total
energy is constant. Only with considerable dif-

ficulty can actions be used with dissipative sys-
tems, so that the derivation is limited to perfect
conductors, which for our purposes we define as
fluids composed of particles having mean colli-
sion times that are long compared with the per-
sistence times of the phenomena of interest. This
definition will ensure that losses are negligible.

Field-theory action integ~als. —We begin with a
well-known, field-theory action integral, "which
generates a complete, self-consistent set of sys-
tem equations with fully interacting fields and

source particles, the source current density be-
ing. expressed in Lagrangian notation. It is

I, = f(Fs~F '/4p, )d' x+ff gq, 5u., ,A'd~, d'x+f/ m,. c(u, u, ')'~'d~. ,

where

Fg~ =~gA. —8 As (2)

We wish to express the Eulerian equivalent to

I, . This is accomplished by transforming Eq. (1)
with use of Eq. (5) which gives

I = ' +~ ~'+ {~ ~'y'*)~» (6)
F F .g mc

2 4~ 8
q

8

where we have assumed that the fluid has a con-
stant ratio of rest-mass density to rest-charge
density, p, /p, =m/q. The Lagrangian density
L, obtained from Eq. (6) and I, = JL,d x is given
in a slightly different form by Panofsky and Phil-
lips. "

is the electromagnetic field tensor, A is the po-
tential, and q, , m, , u,. ' (=dx, '/d~, ), and ~,. are
the ith source particle's charge, mass, velocity
and proper time, the latter being the independent
variable for source quantitites expressed in La-
grangian notation. The Dirac delta function 5~(x'
-x,.") connects x", the independent variable for
field quantities, with the four-position of the ith
particle, x,"(~,). SI notation is used throughout.
We employ the Minkowski metric where x'= (i,
ct) and gss=(- 1~ —1~ —1~1).

If at this point we were to apply the principle of
least action treating A. and x,. as having inde-
pendent degrees of freedom, we would obtain, as
equations of motion, Maxwell's field equations
and the Lorentz force relation,

8~ Fso=Qjo&

m,. du, '/dT, . =q,.F,. 'u. ..
where the four-current density is given by

j '(x') =Qq,. fu,. '5'd~, .

! Equations of motion. —To derive the equations
of motion we apply the Euler-Lagrange equations
to I-„ treating Aq and j q as having independent
degrees of freedom. The variation with respect
to Az leads to Maxwell's equations as shown by
Panofsky and Phillips, "who, however, do not
complete the set of equations by taking the varia-
tion with respect to j~.

For the j~ variation the Euler-Lagrange equa-
tions become simply &L,/Bj s

—-0, which leads
easily to

A, + (m/q)u, =0, (7)

where we have used jzj =(p,c)' and j,=p, u, .
Equation (7) is very important in superconduc-

tivity theory and is usually derived from quantum
mechanics. It forms the crux of the present
thesis, and its easy derivation from a well-ac-
cepted, classical action, Eq. (6), establishes the
discovery that (a) superconductivity phenomena
following from Eq. (7) are classical in nature,
and (b) other fluid-type systems, including plas-
mas that satisfy the conditions controlling the use
of I„are also governed by Eq. (7) and hence
should exhibit the same superconductivity-type

phenomena.
Some properties of Eq. (7).—The Eulerian form

of the Lorentz force relation,

(8)

can be derived from Eq. (7) by use of Eq. (2) and

u s~us=2s (usu )=0.
On the other hand, if we attempt to derive Eq.

(7) from Eq. (8) we get only as far as u &(8 '[A
—(m/q)u j —& [A' —(m/q)u'])=0. From this it
is clear that, although solutions to Eq. (7) also
solve Eq. (8), the converse is not necessarily
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A', +& X+(m/q)u =0,

~6~ & a=6)~a~

(1o)

(11)

and the Lorentz-gauge condition.
Derivation of the London equations. —We derive

the London equations in their covariant form sim-
ply by using Eq. (7) to eliminate A, from (2)
which results in

F g, = (m/q)(&, u p,
—s,u, ), (12)

the three-dimensional, low-velocity form of
which is B = —(m/q)Vx u and E = (m/q)(&u/&t
+-,Vu'). Thus, the London equations, and con-
sequently the Meissner-Oschenfeld effect, have
a classical derivation.

Although one cannot claim that perfect conduc-
tors and superconductors are identical (there
are many superconductor effects, including the
occurrence of zero resistance in a solid material,
that result from the electron-lattice interaction
and are clearly quantum mechanical), we see that
they share many electromagnetic properties in-
cluding the Meissner effect. In fact, these very
properties, even in superconductors, are clas-
sically guaranteed once zero resistance is shown
to arise.

To ensure that the equations of motion are not
an artifact of the use of a particular theoretical
approach, I have derived them from direct-ac-
tion theory. When the Schwarzschild- Tetrode-
Fokker action, which was used by Wheeler and
Feynman" in their interparticle, direct-action,
electromagnetic theory, is transformed from
Lagrangian to Eulerian notation and the dependent

true. Of courseq Dlost solutions satisfy both Eqs..
(7) and (8), plasma oscillations for example, but
the few that do not, such as the Meissner effect,
indicate a fundamental, physically observable
diff erence between the equations.

The gauge in which A is expressed is not the
usual Lorentz gauge, 8 A' =0. Nor is it the
London gauge, V A = 0, although it includes the
latter as a special case when p is uniform. The
gauge is characterized by

s.(P,A )=0,
which is evident from Eq. (7), from which we al-
so note thatA, A = a space-time constant.

To transform Eqs. (3) and (7) to the Lorentz
gauge we use the gauge transformation A =A'
+~ A. and then impose O'A' =0 which determines
X. (Note that & &'A. w 0.) This results in modified
equations of motion which include

variables are varied according to the principle
of least action, the same Lorentz-gauge form of
the equations of motion, Eqs. (11) and (12), re-
sult as in the field-theory approach. The deriva-
tion will be reported elsewhere.

Kinetic effects and external fields. Th—e formu-
lation is not limited to fluids at absolute zero.
Certain kinetic effects can be incorporated into
the theory as long as the conditions to be dis-
cussed in the next section are satisfied. We can,
at the same time, extend the equations to include
external fields produced by constrained currents.

For a warm plasma having N free species, and
external fields arising from &C external, con-
strained currents, the low-velocity form of Eq.
(10) becomes

A+ (m„/q„)v„—vx„=0,

m„2 3k BA.„(P+2 ——'Uq +2 -- Tq+ =Opq„q„Bt
where the charge, mass, temperature, and mac-
roscopic velocity of species g are denoted by q „,
rn„, T„, and v„. There are N sets of equations.
A and p are the total fields produced by currents
j'=gj,.', where i extends to N+M. Equation (11)
holds for the total fields. Note that, in going
from microscopic to macroscopic variables, the
form remains the same except for the introduc-
tion of the temperature term.

With use of Eqs. (13) and (14) the collisionl. ess
form of the momentum moment equation can be
derived; hence Eqs. (13) and (14) restrict the
solutions of the momentum moment equation for
a collisionless plasma just as (7) restricts the
solutions of the Lorentz-force relation, Eq. (8).
The derivation of Eqs. (13) and (14) will be re-
ported elsewhere.

Free energy and other conditions. —As dis-
cussed earlier, the primary condition on the use
of Eq. (7) is that the fluid is nondissipative (col-
lisionless, in the case of plasmas), but there

. are other conditions as well. In superconductors
it is well known that above a critical value 8, ,
an applied magnetic field causes the material to
go normal (resistive) and Eq. (7) no longer ap-
plies. This occurs when the available free en-
ergy is less than the magnetic field energy and
consequently the field cannot be driven out as
required by the steady-state Meissner effect.

This condition is necessary (although not suf-
ficient) also for plasmas. " The dominant term
in the free-energy density for many plasmas is
nkT; hence, the free-energy condition becomes
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P &1 where P= n—kT/(B'/2p ). Thus, given appro-
priate boundary and initial conditions, high-P
plasmas should exhibit the Meissner effect for a
time on the order of the collision time, whereas
low-P plasmas should show the familiar frozen-in
field effect.

We must also insist that treating the ensemble
of particles as a fluid is a good approximation.
Effects causing the particles to move individually
rather than collectively could invalidate Eq. (7).

Classical tests and applications. —Magnetic flux
ropes in the Venerian ionosphere" "bear a
strong resemblance to fluxoids in type-II super-
conductors. " The London penetration depth, A.

= (m/p nq')' ', which is a. reasonable estimate of
the radius of fluxoids, varies with altitude from
3.8 to 7.7 km, in good numerical and functional
agreement with the 7.3- to 16-km variation ob-
served for the radii by the Pioneer-Venus space-

craftt.

The 0" ion has a sufficiently long collision time
(~, —20 s), whereas the associated electrons are
collision dominated (~, -0.08 s) which is also
necessary for the flux-rope solution. The free-
energy parameter p hovers near unity. In fur-
ther confirmation of the theory, perfect diamag-
netism and flux ropes appear when P &1 (observed
'; of the time), and magnetic penetration occurs
otherwise. Appropriate boundary conditions are
provided by the Venus bow shock and ionopause.
The ionosphere is perturbed from the frozen-in
field condition when P rises above unity. This
imposes Eq. (7) for approximately one collision
time, followed by a slower field diffusion back
into the region. A detailed report on the Venus
flux ropes is in preparation. "

The combination of conditions near Venus ap-
pears to be almost unique in the solar system
although under special perturbing circumstances
similar unconventional phenomena might be ob-
served elsewhere, especially near the P = 1
boundary surface of the solar wind plasma.

Applications in thermonuclear plasma research
are likely and preliminary studies show promise.
In hot deuterium plasmas, the deuteron collision
time approaches the containment time; conse-

quently, conventional solutions for high-P plas-
mas should be restricted. In fact, when we con-
sider the high degree of stability of supercon-
ductor fluxoids we are led to inquire whether or
not the formalism might generate new stability
criteria for thermonuclear reactors.
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