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on the right side of Eq. (6), for these sites. This
equation for Z„ implies a discrete diffusion equa-
tion for u(r, n) =Z„(r)/ c":

u(r, n+ 1) -u(r, n)

= c ' P, [u((r +o ), n) —u (r, n) ],

with the boundary condition that u = 0 on perimeter
sites. The left side of Eq. (1) is a discrete de-
rivative in n. and the right-hand side is the dis-
crete Laplacian operator. The probability v„+,(x)
that the perimeter site at x grows in the (n+ l)th
step is

v„„(x)=P u„(x+a)/c

C

=c ' g [u((x+a), n) —u(x, n)].

This is a discrete gradient at x. Thus our model
is a discrete version of the dendritic growth mod-
el described above.

In the study of this system by Langer and Mul-
ler-Krumbhaar, 4 they discovered that a smooth
interface is unstable against wrinkling at all
length scales; its growth depends on fluctuations
in the diffusing field. Our findings describe the
limit where these fluctuations are dominant.

The Monte Carlo study reported here may be
extended to three or higher dimensions. We can
study the effects of extending the size of the seed
to simulate a finite tip radius of a dendrite. Re-
alistic dendritic growth with surface tension can
be simulated by making the sticking probability
of particles smaller or larger for perimeter sites

with fewer or more neighbors. Finally, the mod-
el can be used to predict the time-dependent
growth rate of real random aggregates, as well
as their mechanical and transport properties.
The predicted features may appear in many proc-
esses, including gelation, condensation polymeri-
zation, and agglutination of biological molecules.
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Spontaneous Decay of High-Frequency Acoustic Phonons in CaF2
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The decay of high-frequency acoustic phonons in CaF2 at low crystal temperature
is studied with use of an optical technique of tunable phonon detection. . A strongly fre-
quency-dependent lifetime is found for phonons at frequencies v & 10 Hz. The lifetime
decreases proportionally to v, indicating spontaneous phonon decay by anharmonic
three-phonon processes. These results suggest that nonlinear elasticity theory is ap-
plicable to describe anharmonic interactions of high-frequency acoustic phonons.

PACS numbers: 63.20.Hp, 62.20.Dc

Anharmonic lifetimes of high-frequency acous-
tic phonons at low crystal temperature were first
studied by Slonimskii' using nonlinear elasticity

theory. He performed calculations for an isotrop-
ic dispersionless solid, which has a longitudinal
phonon branch and a degenerate transverse pho-

Oc 1981 The American Physical Society 1403



VoLUME 47, NUMBER 19 PHYSICAL REVIEW LETTERS 9 NovEMBER 1981

non branch. The calculations showed that longi-
tudinal phonons can split into two phonons of low-
er frequency and have a lifetime decreasing as
v '. The theoretical results were confirmed by
Qrbach and Vredevoe' and by means of a simpli-
fied calculation also by Klemens. ' Transverse
acoustic phonons cannot decay by splitting proc-
esses because of energy and momentum conser-
vation laws (assuming sufficient dispersion to for-
bid collinear transverse phonon decay). ' Recently,
extremely long-lived high-f requency transverse
acoustic phonons have been observed in crystal-
line quartz' and in GaAs' by time-of-flight experi-
ments. Various attempts have been made to de-
tect spontaneous decay of longitudinal acoustic
phonons without, however, conclusive results. '
A study on SrF, (Ref. 7) seemed to indicate that
the frequency dependence as well as the absolute
values of experimental lifetimes disagree with
the predictions of theory. We report in this Let-
ter the first experimental evidence of strongly
frequency-dependent anharmonic lifetimes of
high-frequency acoustic phonons at low crystal
temperature, and we show that our results, ob-
tained for Cap„can be described by nonlinear
elasticity theory.

We have chosen CaF, for our study because re-
cently developed techniques' of tunable phonon
detection are applicable. The acoustic dispersion
curves are almost dispersionless up to large
wave vectors' [Fig. 1(a)] and have a relatively
small anisotropy. It follows from the elastic
constants" that the velocity of sound for longitu-
dinal phonons [L in Fig. 1(a)] varies for different

crystal directions by only +10% around an aver-
age value c~= 6.9 &&10' cm/s and that the velocity
of transverse phonons (T) also varies by +10%,
around cT=3.9&&10' cm/s. Therefore, a com-
parison of experimental results with elasticity
theory of the isotropic dispersionless solid is
justified.

The principle of our experiment is shown in
Fig. 1(b). Uniaxial stress is applied to a CaF,
crystal doped with Eu" ions. The lowest excited
state level of Eu" (a 4f '5d level, 24.200 cm '
above the 4f' ground state) is split to a doublet
by uniaxial stress. The energy splitting hv (h
= Planck's constant) increases linearly with stress
applied parallel to the [001] axis of CaF, .""
This system is used for tunable phonon detection
up to a frequency v of 3.2 THz which is reached
at a stress of 8 kbar. The crystal is optically
excited with laser radiation absorbed in broad
absorption bands of Eu'+. Nonradiative transi-
tions [dashed lines in Fig. 1(b)] lead to population
of the doublet levels and also to phonon genera-
tion. In the nonradiative transitions to the stress-
split energy levels mainly optical phonons are
created, which decay very fast into acoustic pho-
nons. Additional phonon generation is due to one-
phonon spin-lattice relaxation in the doublet lev-
els. Since the spin-lattice relaxation is very
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FIG. 1. (a) Dispersion curves for acoustic phonons
in CaF2 from neutron data (Ref. 9) and (b) principle
of phonon generation and detection in CaF2:Eu + (see
text). S2 Quorescence occurs at a wavelength of 413
nm.

FIG. 2. I'honon-induced S2 fluorescence signals after
optical excitation at time t = 0 for two different detec-
tor frequencies. The inset shows the optica1 configur-
ation.
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fast (&10 ' s, as concluded from an optical ex-
periment), the relative population of the doublet
levels is in equilibrium with phonons at the reso-
nance frequency v and is a measure of the pho-
non occupation number. By observing S, and S,
fluorescence [Fig. 1(b)] the relative population
of the doublet levels and therefore the phonon oc
cupation number can be determined. Phonon life-
times are obtained from the decay of the S, fluo-
rescence after optical excitation.

The optical configuration is shown in the inset
of Fig. 2. Uriiaxial stress is applied to a CaF,
crystal (doped with 0.003 mole/o Eu'+, size 3.4
x 10 mm'). The crystal is surrounded by liquid
helium at 2 K. A large part of the crystal is op-
tically excited by radiation from a nitrogen laser
(wavelength 337 nm, pulse length 1 ns, pulse en-
ergy typically 10 ' J). S, and S, fluorescence
radiation is separated by a double grating mono-
chromator and detected with a photomultiplier.
The photomultiplier pulses are analyzed by pho-
ton counting technique using a Biomation tran-
sient recorder (time resolution 5 ns).

Phonon-induced signals are shown in Fig. 2.
For a detector frequency of 1 THz the S, signal
(upper curve) decreases with a time constant
(550 ns) which is only slightly shorter than the
time constant (670 ns) of the S, fluorescence de-
cay. For a detector frequency of 2.4 THz, how-
ever, the S, signal (lower curve) decreases much
faster. This indicates that phonons at 2.4 THz
have a much shorter lifetime than phonons at 1
THz. The signal for 1-THz phonons shows in ad-
dition to a fast increase also a slow increase (for
about 200 ns). We think that the slowly increasing
signal is caused by phonons created by the decay
of acoustic phonons at higher frequencies. The
signal curve for 2.4-THz phonons indicates that
these phonons are generated immediately after
the optical excitation. We have also detected
phonons by the method of vibronic sideband spec-
troscopy. ' Phonon-induced signals observed in
the anti-Stokes sideband of the 4f'5d -4f' fluo-
rescence line at zero stress were one to two or-
ders of magnitude smaller, but showed the same
slope of the signal curves. This indicates that
the stress applied to the crystal has no influence
on the phonon lifetimes. Furthermore, we found
that an increase in the concentration of Eu" ions
by an order of magnitude has no influence on the
decay.

From the decay times r, of S, signals (Fig. 2)
phonon lifetimes v are obtained using the relation
v, ' = v '+ T, ', where v, is the (stress-indepen-
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FIG. 3. Lifetimes of acoustic phonons in CaF& at low
crystal temperature. ~z" is the (average) time of
Qight of longitudinal and vz~ that of transverse phonons
out of the excited volume. The curves are discussed
in the text.

1405

dent) decay time of the S, fluorescence. Experi-
mental results obtained for different detector fre-
quencies are shown in Fig. 3 (points). We find
that 7. is only weakly frequency dependent at small
frequencies, but shows a strong decrease for
v&1.5 THz. At the smaller frequencies 7 is an
order of magnitude longer than the ballistic time
of flight of the phonons out of the crystal (Fig. 3).
We find that the experimental lifetimes at v &1.5
THz are independent of the size of the optically
excited volume (for diameters of the excited vol-
ume larger than 0.5 mm). This indicates that the
phonons are not able to escape spatially, but are
diffusion trapped. We think that the diffusion is
mainly caused by elastic impurity scattering and
we estimate that the scattering time is less than
10 s. This is qualitatively confirmed by heat-
pulse experiments in which we found also a strong
impurity scattering for phonons at lower frequen-
cies. We therefore conclude that the observed
phonon decay at high frequencies is mainly caused
by frequency-conversion processes. The experi-
mental data of the phonon lifetimes at v&1.5

THz can be described by a v " dependence where
a best fit gives n =5.1 &0.4. The data are there-
fore consistent with a v ' dependence (solid line
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in Fig. 3), which gives strong evidence that the
phonon decay at high frequencies is due to phonon
splitting by anharmonic three-phonon processes.
The reason for the almost frequency-independent
phonon decay at lower frequencies (v(1.5 THz)
is not known. The decay may be due to inelastic
phonon scattering at impurities.

We point out that mode mixing can occur be-
cause of the fast elastic impurity scattering. We
assume that the mode mixing is sufficiently rapid
to equilibrate the various phonon modes at fixed
frequency. For a comparison with theory' ' we
attribute the observed phonon decay of the phonon
mixture to the decay of the longitudinal phonons
and we assume that decay of transverse phonons
can be neglected. By a detailed balance it follows
that the total phonon population decays with the
time constant r(v) = [1+DT(v)/D„(v)) v~(v), where
DT(v) =B'av'/cT' and D~(v) =4mv'/c„' are the den-
sities of states of transverse and longitudinal
phonons, respectively. According to the average
sound velocities, we obtain DT(v)/D„(v) =13 and

vz (v) =(1/14) v(v). This analysis leads to a fre-
quency-dependent lifetime v„(v) of longitudinal
phonons, which is also proportional to v ' (dashed
line in Fig. 3).

We compare our result with the predictions of
elasticity theory for the isotropic dispersionless
solid. Accordingly, the lifetime of longitudinal
phonons is given by the expression' ' ~„'(v)
=(h/32m'p) p'q'. In this expression (in cgs units)
p= 3.21 g/cm' is the mass density of CaF„q
= 2mv/cL is the (average) wave vector of the longi-
tudinal phonons and y is a dimensionless anhar-
monicity parameter which is a measure of the
strength of the anharmonic three-phonon inter-
action. By comparing the experimental curve for
v „(v) (dashed in Fig. 3) with the theoretical ex-
pression, we obtain @=1.3. The theory shows
that q can be expressed by a quantity depending
on second- and third-order elastic constants
and on the sound velocities. " It follows from
theory that p has the same order of magnitude as
the mode Gruneisen parameters for acoustic pho-
nons, which, however, are expressed by differ-
ent combinations of second- and third-order elas-
tic constants. " In CaF, an average value of the
low-temperature Gruneisen parameter is y= 1.2."
Our experiment therefore gives direct evidence
that the anharmonicity parameter y is close to
y, as predicted by theory. "

We note that we have also performed experi-
ments on SrF, (doped with 0.003 mole%%uo Eu' ').
Due to an additional fluorescence signal of un-

known origin the experiments were more difficult
to perform. The results indicate, however, a sim-
ilar behavior of the phonon lifetime as for CaF, .
The lifetime is also independent of frequency for
v(1.5 THz and decreases strongly at larger fre-
quencies. The frequency-dependent lifetimes are
smaller by about a factor of 2 than for CaF,. This
is in agreement with theory, because the density
p is larger by 30%%uo and the sound velocities are
smaller by about 15% than for CaF, . We suggest
that in the recent experiment on SrF„' where on-
ly a weak frequency dependence of the phonon life-
time was found, mutual interaction of the phonons
may have influenced the phonon decay. In this ex-
periment phonons of a relatively high density were
generated at a crystal surface by the heat-pulse
method. Our experiment was performed with
small phonon energy densities. %e estimate that
by the laser excitation a total phonon energy den-
sity of 3& 10 ' J/cm' is generated. According to
specific-heat data" this leads, in case of fast
thermalization, to a temperature increase to only
3 K in the crystal. The nonthermal phonon occu-
pation numbers determined from the ratio of S,
and S, fluorescence intensities" immediately after
laser pulse excitation were of the order of 10 '
(at 3 THz) to 10 ' (at 0.5 THz). We found by ex-
periments with higher laser pulse energies that
the phonon occupation numbers increased linearly
with the energy density and that the phonon decay
times (at v) 1.5 THz) were independent of the en-
ergy density which we varied by a factor of 30
(up to 10 ' J/cm'). We conclude therefore, that
phonon combination processes played no role in
our experiment. We point out that, because of
the weak optical excitation, resonance trapping of
the phonons due to scattering at excited Eu'+ ions
was negligible in our experiment.

In summary, we have observed for the first
time evidence of a strongly frequency-dependent
lifetime for the spontaneous decay of high-fre-
quency acoustic phonons in the regime hv»k T.
Our analysis suggests that nonlinear elasticity
theory is applicable for the description of the
anharmonic interaction of high-frequency acoustic
phonons. We have shown that experimental life-
times in CaF, at low crystal temperature are in
close agreement with predictions of elasticity
theory for an isotropic dispersionless solid. A
more quantitative theory for the spontaneous de-
cay of a phonon mixture as observed in our ex-
periment should, however, include the decay of
transverse acoustic phonons, because in an an-
isotropic crystal such as CaF, the phonons of the
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upper transverse-acoustic-phonon branch are
also allowed to decay spontaneously.
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New x-ray diffuse scattering results are presented that show that the layer structure in
stage-2 alkali-metal graphite intercalation compounds is almost commensurate with a
(~7&& ~7)819.11 superlattice. Through model calculations, features of the in-plane dif-
fraction patterns are associated with a hexagonal array of discommensurations oriented
parallel to the real-space graphite [110' directions. The array appears to be disordered
down to at least I'=10 K. Several previously unexplained results are understood through
our model.

PACS numbers: 61.60.+ m, 61.10.Fr, 64.70.Kb

The physics of systems with competing perio-
dicities is currently a very active research area.
Of particular interest is the transition, or se-
quence of transitions, from commensurate to in-
commensurate structures. ' Studies of monolayers
of adsorbed gases' and of charge density waves
in layered chalcogenides' have proven especially
interesting in that much direct information can be
obtained by various diffraction techniques. How-
ever, in spite of several recent theoretical pre-
dictions'4 relating to the commensurate-incom-
mensurate transition (CIT), experimental tests
are very limited at this time.

In this paper we describe x-ray diffuse scatter-
ing experiments on a set of materials, related to

adsorbates but not previously discussed in this
context, in which monolayers of alkali metal (AM)
ions are intercalated into the graphite structure. '
We find that in some cases such materials are
zoeakly incommensurate and, in single-crystal
form, may provide important testing grounds for
theories of the CIT. Our findings suggest a new
structural interpretation of dilute AM graphite
intercalation compounds (GIC's) which can explain
several controversial and poorly understood as-
pects such as the origin of structural modulations
and the interpretation of unusual diffraction ef-
fects.

The incommensurability of stages n ~ 2 of the
Cs, Hb, and K GIC's has been recognized for
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