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Long-Range Spin-Spin Forces in Gauge Theories
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If the long-distance properties of pure gauge theories are described by thin strizgs,
then quantum fluctuations induce a long-range spin-spin potential between widely sep-
arated heavy quarks. This potential falls off as the fifth power of the distance between
the quarks and may be important in heavy-quark phenomenology.
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Recently the flux-tube (string) picture of con-
finement' has been refined significantly. On the
basis of classical field-theory models, the origi-
nal flux-tube picture suggested that when a quark
and an antiquark are separated a distance R in a
pure gauge theory, i.e., when quark-induced
vacuum polarization is neglected, a static flux
tube of finite intrinsic width will form between
them. The quarks would then be confined by a
linearly rising potential. However, studies in
string models' and lattice gauge theories' have
shown that when quantum fluctuations are ac-
counted for, the transverse spatial distribution
of the flux tube grows without bound when 8 —~.
It has been argued in all dimensions' and verified
in (2+1)-dimensional models4 that the mean
squared transverse width of the spatial distribu-
tion grows as lnR. One says that the flux tube
"wanders without bound" or is "rough. '"

This divergent spatial distribution can be re-
lated to the fact that the excitation spectrum of
an infinite-length flux tube has a vanishing mass
gap. The absence of a mass gap leads to power-

law corrections to the linear confining potential
V(R). String-model calculations have shown that'

V(R) = KR —y/R+

where n is the string tension, y =(d —2)n/24, and
d is the number of space-time dimensions. Thus,
quantum fluctuations give rise to a universal,
attractive A ' potential. The fact that y does not
depend on the gauge group or quark charges can
be understood as a consequence of the energy
scales in the problem. One pictures the string
as having a small intrinsic width of the order of
the reciprocal of the glueball mass I, but a
divergent spatial distribution. The R contribu-
tion in Eq. (1) is generated by the long-wavelength
vibrations of the string which do not excite the
internal structure of the string itself. In fact, y
can be computed from the Casimir effect in a
(1+1)-dimensional scalar field theory with d- 2

degrees of freedom. ' Equation (1) is expected
to apply to gauge theories when B»M

It is very tempting to pursue this physical pic-
ture further and search for additional power-law
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corrections to the static flux-tube model. We are
particularly interested in the possible existence
of long-range sPin-sPin interactions mediated by
the fluctuating flux tube. Recall that such effects
are absent in the static model because the tube
contains only static electric flux and because
magnetic fields which could be induced by per-
turbing the tube cannot propagate significantly.
It is plausible, however, that if the vanishing
mass gap of the flux tube is accounted for, then
magnetic effects could become long range. We
shall compute the magnetic-magnetic correlation
function below and verify this guess. Accounting
for the spins of the heavy quarks at the ends of
the flux tube, we shall find a contribution to the
heavy quark potential which behaves as

subject to the boundary conditions $(0, i) = $ (R, t)
=O. It is convenient to work in Euclidean syace-
time and we shall do so in all that follows. With
use of Eq. (3) the'correlation functions of $(z, i)
are simple to compute. For example, for z near
0 and z' near A,

(5;(z, f) k, (z', f'))

z(R -z')
cosh'[~(f' -t)/2R] '

where i and j run over the two transverse direc-
tions. Equation (4) follows from a simple exer-
cise in two-dimensional electrostatics.

Since the electric flux is confined to the string
and points along it, we have

o '~ R o &') .R/R' Z, (z, t)- s~,. /sz (5a)
for R» M ' where R = R / ~

R ~. Although the spin
and spatial structure of this contribution to the
heavy-quark potential will be found, the strength
of the effect is model dependent. However, we
compute its sign (positive) and find that it falls
off as the fourth power of the heavy-quark mass.
This potential may be comparable in importance
to short-range single-gluon exchange and it ap-
pears to improve our theoretical expectations for
P/J spectroscopy.

The magnetic-magnetic correlation function on
the string. —=-'n the static flux-tube approximation
the effect of any local disturbance falls off expo-
nentially with a decay length that is proportional
to the radius of the string. Magnetic and electric
correlations are short range. Consider how this
picture is modified by fluctuations of the string.
Now one describes the long-distance properties
of a flux tube (string) with a free, massless field
theory in 1+1 dimensions. I et the heavy quarks
be separated a distance A along the z axis. Then
the string is described by a two-component field
$(z, f) whose dynamics in the long-wavelength
hmit are controlled by the Gaussian action,

8= J dzdt &p$ (3)

(&;(z, f)&,(z', i'))

1
R' cosh'[~(t' —t)/2R) ' (5b)

where E,. (z, i)= fa'xdy E,(x, y, z, t). He. re and in
all that follows we shall use the notation of Abe-
lian flux. We believe that the SU(N) character
of the theory does not affect our considerations
in a serious way, and so we describe the fields
with Maxwell's equations. The Maxwell equation
7'&8 =E implies that a magnetic field will be in-
duced by fluctuations of the string. The fields E
and E in the vicinity of the fluctuating string are
shown in Fig. 1. We imagine that the string fluc-
tuates upward with the heavy quark fixed. Then
a divergenceless field of E occurs roughly as
shown. A chromomagnetic field is induced per-
pendicular to the figure. From Maxwell's equa-
tion and the string relation Eq. (5a), the magnetic
field in the vicinity of the heavy quark is

a,. —~„sj, (z, f)/Sz.

Therefore, the magnetic-magnetic correlation
function between the ends of the string is obtained

2

FIG. 1. The fields E and E in the vicinity of the
fluctuating string. The string is rotating upward in
the plane of the figure about the heavy quark.

FIG. 2. Fourth-order contributions to the spin-spin
interaction. The wavy lines indicate a magnetic-mag-
netic correlation.
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by differentiating Eq. (4):
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(7)

The tensor structure of Eq. (7) enforces the constraint R B =0. It is also convenient to write Eq. (7)
as

(B,(z, t)B,(z', t'. ))-(&&,, -R, R, )(j .(z, t)y, , (z', t')), (8)

where y, denotes sy/sz and y satisfies ay(z, t) = 0 subject to the boundary conditions y(0, t) = y(R, t)
=0.

Equation (7) applies at long distances R»M, . It has been assumed in the past that magnetic corre-
lations are short ranged in gauge theories and that the single-gluon exchange approximation is valid.
This assumption has been applied to studies of hadron spectroscopy. In light of Eq. (7), these calcu-
lations are incomplete and could be misleading.

Long-range spin spin in-teractions in gauge theories. —Using Eq. (7) we can calculate the spin-spin
interaction between two heavy quarks a and b. The quarks couple locally to the chromomagnetic field
through the interaction a.B. The second-order contribution to the heavy quark potential is

V&'&(R) =- »m f; dt, f «, o,. &'»o, &'&(B,. (R, t,)B,(0, t,)). (9)
co T Z

It is easy to see that Eq. (9) vanishes identically. Consider the integral over t, and the fact that B,(0,
t,) -e,, 8 j,. (0, t,)/Bz. Thus Eq. (9) is proportional to the mean velocity of a bit of string. But the
string is just an ensemble of simple harmonic oscillators, and so this time average is zero.

To obtain a nonvanishing result we must proceed to fourth order and calculate the graphs in Fig. 2.
Kith use of slightly abbreviated notation for clarity, the fourth-order shift in the action is

o,. & &o„& &o.&'&o &'» f dt " «(B,(1)B,(2))(B„(3)B,(4))8(3-1)8(4-2)
+o. &»o &»o &'&o &'» fdt "dt &B.(1)B (2))(B (3)B (4))8(3-1)8(2-4) (10)

With use of the identity o, cr, =o, o, +[o„o,] and the fact that fdt, (B„(3)B,(4)) =0, Eq. (10) becomes

o,. &'& „&'»[,&'&, . &'»] Jdt, .dt, &B,.(i)B,.(2))(B,(3)B,(4))8(3 —1)8(2-4).
Using the tensor structure of Eq. (8) one easily sees that only the antisymmetric part of o,&''o„&'» con-
tributes to Eq. (11). So we now have

.J « "«.&9,(I)&,(2) && '„(3)j,.(4)&8(3 —1)8(2-4).

The t, and t, integrals are trivial:

j .(3) dt, =-y .(1), f (p, (t,)dt, =-«, (4),
1

and the Pauli algebra can be simplified to give

—e,.„,o, &'& e„.,o, "»(&&,, —R,R, )(&»„, —R,R, ) Jdt, ~ dt, (&&,(1)q, (4))(&t,(1)&I,(4)) .
But

(y, (I)y, (4)) = -(y, (I)q, (4)) = —,
[ (, )/ ]

1 sinh[v(t' —t)/2R]

(12)

(i3)

(14)

so that Eq. (12) becomes

-o"& Ro "» R J dtdt, y&, (1)y.( )4 (17)
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which behaves as

-(0" R o "& R/R')T.

Dividing by the time interval T and changing the sign gives the potential

(18)

(20)

which is valid in a subspace of angular momentum I, and the identity"

s,(')s,. )+s,(')s, ) =- —'5, , + —'(S, S, +S,S,.),
where s ' = —,

' o ', s ")=-,'o ', and S=s ' +s ', then Eq. (19) becomes

V(R) =g'o&' Ro ') R/R' (19)

where g' is a positive coupling constant whose magnitude is model dependent. ' We note that V(R) fa-
vors antialigned spins. It falls off as R and can be understood as a van der Waals interaction. Note
also that g'-rn 4, where m is the heavy-quark mass, since Fig. 2 contains four magnetic moments.

IIeavy qua-rk Phenomenology. —It is interesting to see how V(R),p~ effects heavy-quark phenomenology,
Unfortunately Eq. (19) only applies when R»M, and so its detailed form may not be revealed in
heavy-quark spectroscopy which requires a potential for distances ~Sf. However, if M, -l.5 GeV an
application to p/J spectroscopy may not be too unreasonable and so we consider it briefly. First we
need the matrix element of Eq. (19) in states i JLS). If we use the identity'

R;Rg —3 5;„=- (L;Lg+LpL; —3~ 5;pL )/(2l —1)(2l +3),

V(R) s~ = ~5L(L 'S) +2(L 'S) —2L' —s ' s (2l'+2l —I)]/(4l'+4l —3).

It would be interesting to include Eq. (22) into a potential-model calculation of the g/J family of L =0,
1, and 2 states. We will limit our discussion to a few observations. Consider the y family of I'„
states. Equation (22) gives a splitting pattern

r = lm('P, ) —m('P, ) ] /Lm('P, ) —m('P, ) ] = —~ (23)

if (R ') is taken to be the same for all members of the multiplet. Pure L S coupling expected from
the classical spin-orbit effect gives x=2 while pure one-gluon exchange gives x= ~»." Since the ex-
perimental value is r,„~=0.506+0.018, some admixture of V, ~h as suggested by Eq. (22) is welcome.
Perhaps the unexpectedly small value of r,„z is evidence of the dynamical character of the quark™con-
fining mechanism of gauge theories.
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