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experiment to realize the optical tristability in
which sodium vapor is used as a dispersive me-
dium. By filling He gas at pressure higher than
200 Torr as a buffer gas, y„ for D, line at 589.6
nm becomes larger than 2 6Hz, ' and we can ne-
glect hole burning effect and hyperfine pumping
especially for off-resonant light. Furthermore,
the buffer gas mixes the excited hyperfine and
Zeeman structure completely. Thus the situation
is very close to the model which me have used in
this paper. To satisfy the inequality (13), 21tl.
must be of the order of unity or larger, which
canbe achieved by choosing N-10" cm ', L, =10
cm, and ~b,

~

= 30y„. Then the absorption loss
2aL, is about 0.1 and will be neglected. The re-
quired optical power density of a cm dye laser is

of the order of 10 mW/mm'.

'H. M. Qibbs, S. L. McCall, A. C. Grossard, A. Pas-
sner, %.Wiegman, and T. N. C. Venkatesan, in Laser
SPectroscoPy IV, edited by H. Walther and K. W. Hothe
(Springer, Berlin, 1979).

Q,. Honifacio and L. A. Lugiato, Phys. Q,ev. 18,
1129 (1978).

3H. M. Gibbs, S. L. McCall, and T. N. C. Venkatesan,
Phys. Hev. Lett. 36, 1135 (1976).

R. Thorn, Structural Stability and MorPhogenesis
(Benjamin, Reading, Mass. , 1976); E. C. Zeeman,
Sci. Am. 234, 65 (1976).

~G. P. Agrawal and H. J. Carmichael, Phys. Hev.
19, 2074 (1979).

D. G. McCartan and J. M. Parr, J. Phys. B 9, 985
(1976).

Instability of the Brillouin-Flow Equilibrium in Magnetically Insulated Structures

John Swegle
Sandia ¹tional Laboratories, Albuquerque, ¹wMexico 872'85

Edward Ott
University of Maryland, College Park, Maryland 20747,

(Received 9 October 1980)

Presented herein is a fully electromagnetic and relativistic stability analysis of the
Brillouin-flow equilibrium for magnetic insulation in planar geometry. Instability of
TM waves propagating in the direction of the sheared electron flow is found. This in-
stability occurs at short wavelengths at frequencies above the cyclotron and plasma fre-
quencies relevant to the system. It is found that relativistic effects can make the maxi-
mum instability growth rate normalized to the cyclotron frequency substantially lower
than the nonrelativistic value (O.G6) .

PACS numbers: 52.35.Py, 52.35.Hr, 52.75.-d

In current electron and light-ion-driven iner-
tial-confinement fusion schemes, transmission
lines capable of carrying power densities of the
order of 1 TW/cm' at electric field levels ex-
ceeding 5 MV/cm are required. ' These stresses,
far exceeding the standoff capabilities of conven-
tional insulators, necessitate the use of a mag-
netic field applied perpendicularly to the electric
field in a gap to prevent breakdown by electrons.
Known as magnetic insulation, this method of
breakdown inhibition also finds useful application
in the production of intense ion beams in vacuum
diodes, in re1ativistic magnetrons, and in multi-
ple-stage linear accelerators for charge-neutral-
ized ion beams. An examination of the linear
stability of the magnetically insulated state is of
interest in helping to determine, as a function of

system parameters, the length of transmission
line over which breakdown should be inhibited
(or the time duration of the insulation), the quali-
ty of an ion beam which passes through an insu-
lated electron layer, or the linear startup state
of a magnetron device. In this paper, some re-
sults of the first solution of R fully relativistic
and electromagnetic treatment of the stability of
the magnetically insulated Brillouin-, or lami-
nar-, flow state' are presented. As the name im-
plies, electrons emitted from a cathode into this
state are confined to a sheath near the cathode in
which they drift laminarly along equipotentials at
the local, self-consistent E &B drift velocity
(which is sheared monotonically).

It is found that TM waves propagating along the
direction of electron flow are unstable to pertur-
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bations at frequencies above the plasma and cy-
clotron frequencies in the electron sheath (which,
when calculated relativistically, are equal and
homogeneous across the sheath) and for all wave-
lengths shorter than some maximum value. The
source of the instability is a resonant interaction
between the wave and those electrons within the
sheath having velocities such that a relativistic,
Doppler-shifted plasma resonance occurs. This
instability is to be distinguished from the longer-
wavelength diocotron instability, which dominates
in low-density beams' (plasma frequency,
«Q„ the cyclotron frequency), but which is sta-
bilized by the conducting cathode bounding the
sheath. In fact, the instability mechanism is
found to be identical to that of the short-wave-
length instability found by earlier workers ' in-
vestigating crossed field beams at nonrelativistic
velocities and in the absence of bounding conduct-
ing surfaces (although this analysis was later
generalized to include relativistic effects, no so-
lutions for- the resulting equations were present-
ed).

To briefly review the equilibrium state" prior
to a discussion of the stability analysis, consider
a planar system infinite along the y and z axes.
The electron sheath extends from the cathode
(x=O} to x~, while there is a vacuum region be-
tween x+ and the anode (x=d). Allowing quantities
to vary only with x, the equilibrium is derived
from the cold-fluid equations with use of the con-
servation laws for energy and canonical momen-
tum as well as Poisson's equation and Ampere's
law. It is assumed that the voltage is turned on
slowly compared to an electron cyclotron period
and that emission from the cathode is space-
charge limited. The state can be characterized
by two parameters: the sheath thickness, x+,
and an inverse scale length related to the equilib-
rium magnetic field at the cathode, P=e~B(x
=0)

~

/mc', where —e and m are the charge and
mass of an electron, c is the speed of light, and
the magnetic field Bo lies along y. In the sheath,
Eo=—(electric field) =x(- mc'P/e) sinh(Px), B
= j(-mc'P/e) cosh(Px), n, (electron number den-
sity) =(mc p'/4'') cosh( px), v,o (electron veloci-
ty) =ctanh(px), y, =(1 —v„'/c') '~'=cosh(px), and
~~' = 4',e'/my, = Q,' = (eB,/my, c)' = p'c'. In the
vacuum, E, and B, are fixed at the sheath values
for x= x~. Integrating Eo and B, across the gap,
one can calculate the voltage, y„and magnetic
flux, A„at the anode, which must obey the in-
sulation condition' (i.e., x~ &d} ey, /m~, + 1 ~(eAJ
mc )'+1.

The instability is caused by a TM wave along

2, the direction of electron flow. All quantities
of interest are expressed as an equilibrium quan-
tity plus a small amplitude perturbation; e.g. , E
=xE,+ 5E(x) exp[i(kz —vt)]. The set of relevant
terms is 5E =x6E„+26E„6B=y6I3„, &v=x&v„
+ z5v„5n, and 5y= y, 'v„5v, /c' .Independent
variables are normalized by defining u = Q, x/c,
K=kc/Q„w ~=&@/kc, and q

—= ~~'/Q, '=1. In the
sheath region, the governing equations come
from the linearized cold fluid momentum conser-
vation equation and Maxwell's equations with 8/
St -- i &u, &/&y -0, 8/Bz -i k, and d/dt -Gv„d/dx
+ i(kv„—&u). The resulting set of six equations
in six unknowns can be reduced to a single sec-
ond-order equation for the quantity

E -=[Ky,( w~ - w~) ] '5E,

(where w„=v„/c) which obeys

[a(u)F ']'-K'(1 —w ~') b(u)E = 0,

with b, =q -K'y, '(w„-w ~)' and d/du denoted by a
prime. Because 5E, (u=O) =0, E(0) =0. In the vac-
uum region, Maxwell's equations and the con-
straint that 5E, = 0 at the anode (u = u, ), imply that

6E„=iA„(1 —w„') ' 'cosh[K(1 —w~')' '(u, —u)],

5E,=i 5E„'/K, and i', =w~5E„,

with A.„a constant.
To complete the formal solution to the problem,

it remains to match sheath and vacuum solutions
at the boundary between the two regions. Because
5v has a component normal to the equilibrium
boundary at u+, the perturbation will sinusoidally
ripple the boundary with an amplitude $ = —i (K
& [w„(u*)-w~]} '5v„(u~)/c. Linearizing and ex-
panding the equilibrium fields about their values
at u+, the two independent matching conditions
are

[gE„(u )]„„=[5E„(u )+ $(dE /du)(u )],h„,h,

[6E,(u~) ]„„=[5E,(u~)],q„,q,

where the sheath fields and g are derivable in
terms of I' in Eq. (1). Taking a ratio of the two
terms and manipulating somewhat yields a dis-
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per sion relation:

D(K, w„) = (1 —w~')'~' tanh[K(1 —w~')'~'(u, —u~) j [2~(u~)E '(u~)E'(u+) + 6'(u+) j
—2Ky~'[1+ k'(1 —w~') j (w,* —w~)' = 0, (2)

where y~ = coshu+, w, + = tanhu*, and E '(u+)E(u+)
is determined from (1). The solution of Eq. (2) is
possible analytically only in the limit of very
small K under the assumption that Kso~-0 as K
-0. In this case, one finds' two real solutions
(indicating stable, propagating oscillations), w~
&w~, which are slow waves (~w„~&1). The so-
lution for arbitrary values of K is more compli-
cated since (1) is not solvable analytically in gen-
eral, and is, in fact, singular for certain ranges
of w„which make h(u) =0 for 0 ~u ~u~. These
singularities for k=0 occur when &u =kv„+e~/yo
(i.e., at layers where a relativistic Doppler-shift-
ed plasma resonance occurs) and lead to a con-
tinuous spectrum of localized oscillations which
decay secularly (a.s powers of t) at long times. '

Equation (2) describing the system's discrete
collective oscillations has been solved numerical-
ly with use of Muller's method to find w~ for K
&1 and a contour integration routine based on
Cauchy's theorem' for E «1. One finds that from
a stability standpoint, the modes of most interest
are those which correspond to the analytically
derivable modes as K-O, in particular the mode
denoted u~ . With zo~=u „+ice, and O=Ku~=0„
+ i 0;, plots of zv„vs K are shown in Fig. 1 for
three representative equilibrium values of u, and
u~. The stable mode, zv~', decreases with E un-
til at some point this root of Eq. (2) migrates
through the continuous spectrum branch cut and
transfers its contribution to system response to
the continuous spectrum. The unstable mode,

!zv~, is approximately the X=O value of ze~ for
small k and approximately w„(u+) for large K.
Calculation of m, reveals that the onset of in-
stability occurs within the transition region where
E -1, and that the system is unstable for all
equilibrium states defined by u, and u+ and for
all K greater than the value of E at the onset of
instability. The general behavior is illustrated
by the particular case of u, = 4.0, x~/d = 0.5 plot-
ted in Fig. 2: a rapid initial increase of se,. with

K, followed by a decrease roughly as K ' so that

0,. remains almost constant. This broadband
nature can be understood by bearing in mind the
fact that the mechanism which transfers energy
from the drifting electrons to the wave is an in-
teraction between a collective oscillation, u ~,
and a localized disturbance at a resonance layer
where cu„=kv~+ u&~/y, . At long wavelengths, w„
~ K ' and v„&e~, and so there is no resonance
layer in the sheath and no instability; at short
wavelengths such that ~„~K ' and v„
however, the resonance layer always lies within

the sheath.
At nonrelativistic parameter values (u~ «1),

the maximum 0,. is 0.06, corresponding to a max-
imum of w,. at ku+ =2.05, and w,. /w, =0.033, in
keeping with the. earlier electrostatic work on
crossed field beams. ' Advances in high-voltage
technology, however, have shifted interest to the
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FIG. 1. Real values of ~~ = ~/&c vs & = kc/0, for
slow TM waves in three representative equilibrium
states. The curve of He(~~) for u, = 4.0, x. /d = 0.5
corresponding to ~&+ as &—0 is not shown separately,
since it effectively coincides with the uppermost curve
(solid line for u, = 4.0, x./d = 0.3).
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FIG. 2. Imaginary values of m& and 0 =(d/~p vs
K for u, =Pd = 4.0 and x::/d= 0.5.
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relativistic regime, where it is necessary to
know the scaling of growth rates a,s u~ and u, (or
cp, and A, ) increase. Although a complete pre-
sentation of all results must be deferred to a
longer paper, ' several broad conclusions can be
formulated on the basis of calculated solutions to
Eq. (2) over a wide range of equilibrium parame-
ters. First, we find the important result that
relativistic effects can substantially decrease
0,. (growth rate normalized to ~~ or 0, ) below

0.06, a result which is encouraging from a pulsed
power, inertial confinement fusion standpoint.
For example, 0, =0.01 at u, = 5, x~/d = 0.5.' Sec-
ondly, for fixed gap spacings, ~,. is seen to scale
roughly with the velocity shear at the sheath edge,
dv„/dx=&u~sech'Px+. This leads to several con-
clusions: (1) at small u, =d, e,. increases linear-
ly through tv~, (2) at large u„ cu,. decreases rap-
idly, and (3) systems having p, «A, are among
the most unstable, since this condition can be
shown to increase the shear. This last conclusion
correlates well with the experimental observa-
tion' on the MlTE (Magnetically insulated Trans-
mission Experiment) generator at Sandia National
Laboratories that magnetically insulated lines
carrying power to short circuits (which implies
q, «A, ) experience much greater losses than for
lines carrying power to loads of greater impe-
dance. Third, defining an instability growth
length by dividing the growth rate into the group
velocity, one finds this length to vary monotoni-
cally from a fraction of the gap for thin sheaths
(x+/d «1) to many times d as x+/d -1. The im-
plication is that thick sheaths are more stable
than thin ones, and the reason is that the conduct-

ing anode provides a progressively stronger sta-
bilizing influence as the sheath edge approaches
it (similar to the effect by which the cathode sta-
bilizes the diocotron mode). Finally, similar
calculations' for two additional classes of waves,
TE waves along z™and waves parallel to B„are
found to be stable, so that waves propagating at
some angle to z should have reduced growth rates,
going to zero for k.~ =0.
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