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Ising Field Theory: Quadratic Difference Equations for the n-Point Green's Functions
on the Lattice
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For the two-dimensional Ising model at arbitrary temperature, a system of quadratic
difference equations is presented, involving the correlations of n order variables and

that of n —2 order and two disorder variables. With suitable boundary conditions these
equations specify the correlations.
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After. the famous calculation of the thermody-
namic properties of the two-dimensional Ising
model, ' relations between the various correlation
functions were studied in the early sixties. '
These relations have two characteristics:
(a) They are linear and (b) correlation functions
for n spins are coupled to those with more than
n spins.

Recently another type of relations is found with
different characteristics: (a) They are quadrat-
ic" and (b) they contain only the two-spin corre-
lation function. Considered as partial difference
equations these relations4 determine the two-spin
correlation function uniquely when suitable bound-
ary conditions are adjoined. It is the purpose of
the present paper to extend these quadratic re-
cursion relations from two-spin correlations to
n-spin correlations. ' We emphasize that the dif-

~

ference equations connect only correlation func-
tions of the same n, not different n's.

Historically such a nonlinear equation" was
first found for the two-spin correlation function
in the scaling limit, i.e., the limit where T -T,
and the distances between spine are 0() T —T, ) ').
More specifically, in this limit the underlying
equation is the Painleve differential equation of
the third kind. The generalization to the n-spin
correlation function in the scaling limit was car-
ried out in a remarkable series of papers by Sato,
Miwa, and Jimbo. ' Therefore, two special cases
of the difference equations to be presented here
are previously known: (a) n =2 for arbitrary T
and (b) the scaling limit for arbitrary n.

The interaction energy of the Ising model on a
square lattice with completely arbitrary interac-
tion energies is

8 = Q[E,(j,k)(x, ,o, „„+E,(j,k)(x, „o„,„],
j,k

where a& k =+ 1. We will write equations involving the correlation of n spins o~ „and the correlation
of n —2 spins 0~ „and two disorder variables p» as defined by Kadanoff and Ceva." We use the no-
tation

and

o'[M»N» .. .~™„N„]=(ou, nr, ou2 ~ n2
~ o'nn nn) (2)

t fi[Mlf 19 '' ' P™n9Nn] (+Ad&, N& t M&, N& t N~ ~ N~ Mn, nz) s

where in Eq. (3) the two disorder variables are associated with sites (M, , N, ) and (M, , N, ), the argu-
ments of o[ ~ ~ ~ ] and p, ~ [ ~ ~ ~ ] will not be explicitly given except when needed, and p„ is defined to be
antisymmetric in i and j.

For the interaction of Eq. (1) we introduce the notation S,(M, N) =sinh[2E, (M, N)/kT] for i =1,2 and
we obtain the following results:

S,(M), N))S, (M, , N, )f [ ~o]o[M),N)+1; M, +1, N, ] —g[M)&N)+1]cr[M. ,. +1,NJ ]]

=p); [ ~ . ~ ]pg~ [M) —1,N(,'Mq, NJ —1]—pq~ [M) —1,N(] p) [M, ,Nq —1]
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for z~j ~

S,(M(, N()S, (M, Ng)((x[ ~ ]o[M(,N(+1; M~, N +1]-cr[M(,N(+1] o[M, N +1]j
= P(~ [M( —1)N(] P(; [M; —1,N, ) —g(, [' ' ]p;, [M( —1,N;;M; —1,N ]

for i &j and (M(, N, ) &(M;,N;);

S,~„N,)S,(M, N, go[. "]o[M,+1,N„M., +1,N, ]- o[M, +1,N, ]o[M, +1,N, ]j
=p(r [M(, N( —1]p(;[M, , N~ —1]—p(J [ ]p(~ [M(,N( —1;M;, N~ —1]

for i &j and (M „N,) & (M, ,N,);.
S (M N )(o[" ]q [M, +1,N, ]-o[M, +1,N, ) p [ "]j

=p„[ ~ ~ ] p„[M(.,N( —1]—p„[M„N( —1]p» [ ~ ~ ]

for l &i, l &j, and i &j; and

S,(M„N)(( o[.-.]q„[ M„N(+1]-o[M„N(+1]q„[" ]j
=- q„["~ ]q„[M,—1,N, )+q„[M, —1,N, ]q„["~ ]

(4b)

(4c)

(4 )

(5b)

(5b)

(5c)

for l &i, l &j, andi &j.
In addition, because of the arbitrariness of the placement of the string in the definition of the disor-

der variable'0 a relative minus sign is appended to some pi& wherever lattice sites on both sides of the
string are involved.

These five equations cannot by themselves completely determine the correlation because no refer-
ence to T, is yet included. The needed extra equation(s) will not be the same for all arbitrary lattices.
We here specialize our attention to the translationally invariant Ising model where E, and E, are inde-
pendent of M and N. In this case it is notationally convenient to absorb a factor of (S,S,)'" into p(~ and
to define y, =2z, (l -z,'), y, =2z, (l -z,'), and z, =tanh(E(/kT), and rewrite Eqs. (4), respectively, as

(r[ ~ ~ ]o[M, ,N, + 1;M~+1,N, ] —cr[M„N,. +1]cr[M, +1,N~.]

=p„[.~ -]p„[M( —1,N, ;M, ,N, —1]—p(,..[M, —1,N, ]p(, [M, ,N, —1], .

o[ ~ ~ ]o['M(,N(+1;M~, N +1]—cr[M(, .N(+l]o [M~, N'+1]
=(y, /y, )4S (;[M( —1,N, ) g „[M,—1,Ng) —p(J [ ]p(;[M( —1,N„M~ —1,N, ]j,

o[ ~ ~ ]o[M, +1,N, ; M~ +1,N, ] cr[M(-+1,N, ]cr[Mq +1,N,.)

=(y,/y, )(p(, [M(,N( —1]p(; [M„,N; —1]—p„[.~ ~ ]p(~[M(, N( —1;M., N~ —1]j,
&I ~ ~ ~ ]4 (; [M, + 1,N(1 —cr[M ( + 1,N, ]p(,. [ ~ ~ ]

= (y2/»)'"~&(( ["') &(r [M»N( -1)—&(( [M(»( —1) &(y ['

o[ ~ ~ ]p(, [M„N, +1]—o[M„N(+1]p(, [ ~ ~ ]

=-(y /y )' {P(([ )p(([M( —1,N(] —p(([M( —1,N(]p(;[ ]j
For this translationally invariant case we obtain the extra equation

(y,/y, )'"(o[M„N(+1]p(, [M„N, —1]+o[M,, N, +1]p(,. [M, ., N, —1]j.
+(y, /y, )' 'Lo[M(+1, N, ] p(, [M, —1,N, ]+ cr[M,. +1,N, ]p(, [M, —1,N,.]j.
+ Z (V;[M,N -1]V„.[M, -I,N, )-y„[M,-1,N, ]( „[M„N,-I]j.

l ~i, g

=2o(y,y, ) '"o[~ ~ ~ ) ~„[~ ~ ~ ],
where c(=(1+z,')(1+z,'). Whenn =2, these equations reduce to the results of Ref. 4.
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There are several properties of these equations which should be noted:
(i) Because of the arbitrariness inherent in specifying the relation of the order to disorder variables

the equations remain valid if for any disorder variable the replacements M&-M& -1 or N& -V& -1, or
both, are made. Thus, for example, from Eq. (4c) we obtain

S2(M„Nr)(cr[. ~ ~ ]pr~ [M, +1,N, ; Mr —1,Nr) —o[Mr +1,N, ]pr~ [Mr —1,Nr]]

rr [M, —1,Nr]yr, [M. , ,Nr 1]—P«[M„N r-1;Mr —1,Nr]p» [ ~ ~ ] (7)

(ii) There is also a symmetry if we interchange order and disorder variables. For example, if in

Eq. (4b) we make the replacements o[ ~ ~ ]-p „[ ~ ~ ], pr [ ~ ~ ]-err, [M&+1,N&+1], and S,(Mz, Nz)
-S, '(M~, N, +1), we obtain

S,(M„N,)(q„[" ]p„[M„N,+1;M,N -1]—p „[M„N,+l]p„[M„N —ljj
=S2(Mg, Nj)( Prr, [ ~ ~ ]glrg, [Mr —1,N(,' M~ +1,N~] —glr„[Mr —1,Nr] pr» [M~ +1,N~]). (8)

Equations (7) and (8) are consequences of Eqs. (4).
(iii) Correlations involving four or more disorder variables can be expressed as Pfaffians of correla-

tions with only two disorder variables, e.g. ,

+~4jkl ~ijj kl ~kk~ jl +I fl I jk

Finally we take the scaling limit T-.T, . Define

y =[2(a-y, -y, )y, ']' 'M, x =[2(a-y, -y, )y, ']'~'N, o =SR "o, Pr; =9R

where

K = [ 1 —[ sinh(2E, /kT) sinh(2E, /kT)] (10)

Then in the limit a —y, —y, -o (where%-o) andM, N-~, with x, y, o, and prz fixed, we find that Eqs.
(5) become, respectively,

and

B 0 Bo Bg B p&& Bp.&~ Bp&&0'
Bxf Bg j BXg Bg j Bxj BPg BXj Bg f

B g Bg Bg BP]j BP(~ B
0'

BX& Bxj BX& BX& By& By,. By& By&
'

B'g Bg Bg Bp„Bp„B'p„0'-
By&By& By& By& BX, BX& BXBXj '

Bp& Bg Bp& By &&

BY
&&j =-&ls

B
+

B &rj ~
Yl Xl Xl

(11a)

(11b)

(1lb)

(11c)

&)j=&r»
B

—
B &lj ~

Xl Xl Pr Pl

Furthermore, Eq. (6) simplifies in this limit through the use of the above equations to

B P]g B P] ~ B Ply B Pgg y Ba' Bg Bg Bg
2 + 2 2 + 2 +2/gj 2 + 2+ 2+ 2Bxg BP] Bxj Bg j BX] Bgg Bxj Bgj

(11c)

B(x Bp] ~ Bg Bp~ - B(T Bpg ~ BQ' B p]~ —gp
Bxg BX~ Bg g BP ~ BXj BXj Bg j

It can be shown that Eqs. (11) are equivalent to those of Sato, Miwa, and Limbo. '
Tap separate derivations may be given for these equations, corresponding to the different deriva-

tions of the two-point-function results of Ref. 4. Equations (4) on the inhomogeneous lattice (finite or
infinite planar lattice) may be derived by applying the generalized Wick theorem" after expressing the
correlations in terms of Clifford-algebra operators. ' The violations in the equations are obtained by

759



VOLUME 46, +UMBER 12 P HYSICAL REVIE%' LETTERS 23 M~Rcxr 1981

invoking the ordering operator needed to go from
the transfer-matrix description back to the Ising-
model correlations.

On the translationally invariant lattice, Eqs. (5)
may also be derived by starting with the disper-
sion expansion integrals" and calculating suitable
first differences. In this derivation we may gen-
eralize the functions by introducing an appropri-
ate n-dimensional matrix A of constants into the
integrals (corresponding to the scalar X of Ref.
4). For all A the integrals satisfy the evaluations
but the violations will only be correct if A has
the Ising value.

For both methods of derivation an additional
calculation explicitly involving translational in-
variance is needed to obtain Eq. (6).

It is also worth making explicit that in none of
our derivations is the concept of monodromy used.

Detailed derivation of the results of this paper
will be presented elsewhere.
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