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where

THIT. = (~/e)'".

Note that again if we expand the result in the
coupling constant we find the same nonanalytic
relation between J and the conventionally defined
coupling constant g.

Now from the two universal numbers T K/Ts
and T„/T, we may deduce a third one:

K K H 2 1/2 ~ 9/4-T=T T=
0 H

which appears in the famous relation'

and we find, substituting the values in@ =0.577216
and lnP = 0.662 122, that W/4m = 0.102 676 in agree-
ment with Wilson's numerical answer W/4n
= 0.1032+ 0.0005.

We would like to thank E. Witten and L. Yaffe
for illuminating discussions and M. Croft for a
timely question. We are grateful to J. Sak and
K. G. Wilson for useful criticism and to P. W.
Anderson for his support.

One of us (J.H. L.) did some of the research re-
ported on in this article while a summer visitor
at Brookhaven National Laboratory. This work
was supported in part by the National Science
Foundation under Grant No. PHY-78-21503.

N. Andrei, Phys. Rev. Lett. 45, 379 (1980). See also
P. B. Wiegmann, Pis'ma Zh. Eksp. Teor. Fiz. 31, 392
(1980) (JETP Lett. , to be published).

J. Kondo, Prog. Theor. Phys. 32, 37 (1964).
K. G. Wilson, Rev. Mod. Phys. 67, 773 (1975).
Note that the impurities have no three-dimensional

analogs for N; ~1 and that the electrons move in one
direction only.

Note that the formula for c given in Ref. 1 was er-
roneous. We thank those readers who called it to our
attention.

M. Gaudin, Phys. Rev. Lett. 26, 1301 (1971);
M. Takahashi, Prog. Theor. Phys. 46, 401, 1388
(1971).

C. N. Yang and C. P. Yang, J. Math. Phys. 10, 1115
(1969).

The magnetic field is expressed as a multip1e of p,
the magnetic moment of a single electron or impurity.
Note that our definition of p differs by a factor of 2
from that of Ref. 3.

~P. W. Anderson, G. Yuval, and D. R. Hamann, Phys.
Rev. B 1, 4464 {1970).

See Ref. 3 and references therein, e.g., M. Fowler
and A. Zawadowski, Solid State Commun. 9, 471 (1971).

N. Andrei and J. H. Lowenstein, Phys. Rev. Lett. 43,
1698 (1979), and Phys. Lett. 90B, 106 (1980), and 91B,
401 (1980) .

P. Morse and H. Feshbacb, Methods of Theoxettcal
Physics (McGraw-Hill, New York, 1953), Chap. 8.

C. N. Yang and C. P. Yang, Phys. Rev. 150, 327
(1966).

Expression {12)was independently derived by Weig-
mann, Ref. 1, and to be published.

Observation of a Non-Ohmic Hall Resistivity at Low Temperatures in

a Two-Dimensional Electron Gas
D. J. Bishop, D. C. Ysui, and R. C. Dynes

Bez/ Laboratories, Mm.my Hiz), Nese dempsey 07974
(Received 24 July 1980)

Hall measurements of electron inversion layers at Iow temperatures and electric
fields are reported. For resistances of =- 10 kA/ a logarithmic dependence of the
Hall coefficient on temperature and Hall voltage is observed. This indicates that the
logarithmic dependences observed for the resistance of metal films and metal-oxide-
semiconductor field-effect transistors are not evidence for the scaling theory of locali-
zation. These results are also difficult to resolve within the theory of interaction ef-
fects by Altshuler, Aronov, and Lee.

PACS numbers: 73.40.Qv, 73.25.Ti

Several experiments have recently observed
logarithmic dependences of the resistivity on tem-
perature and electric field which scale with sheet
resistance Rp for two-dimensional (2D) systems
at low temperatures. " In addition, for silicon
inversion layers, Kawaguchi and Kawaji have re-

ported a negative magnetoresistance. ' Although
these observations qualitatively agree with the
basic predictions of the scaling theory of local-
ization by Abrahams, Anderson, Licciardello,
and Ramakrishnan (AALR)' there is now an al-
ternative theory by Altshuler, Aronov, and Lee
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(AAL)" based on the effects of Coulomb interac-
tions in two dimensions which is equally capable
of describing the experimental results. Even
though both theories predict similar behavior for
the logarithmic corrections to the conductance in
zero field, they predict significantly different
Hall-effect behavior. Therefore a measure of the
Hall effect should allow one to determine which,
if either, theory is correct.

In this paper we report measurements of the
Hall effect in Si metal-oxide-semiconductor field-
effect transistors (MOSFET's) at low tempera-
tures and low electric fields. We have observed
logarithmic dependences of the Hall coefficient
R„on temperature and Hall voltage which are in
disagreement with the predictions of the sealing
theory of localization. According to this theory,
localization effects change the mobility of the 2D
electron gas, and the Hall coefficient R„which
measures the electron density should be unaffect-
ed. Therefore the theory anticipates no logarith-
mic temperature dependence to the Hall resis-
tance, in contradiction to our observations. The
magnitude of the voltage and temperature depen-
dences of Rp is the same as that predicted by the
interaction theory of AAL. However, we are in
a screening regime where the effects predicted
by their theory should vanish. We conclude that
the previously observed logarithmic rises in re-
sistance are not evidence for the scaling theory
of localization and that the interaction theory of
AAL might be able to explain our results but not
before a further understanding of 2D screening
evolves.

Our measurements were performed on N-chan-
nel MOSFET's fabricated on (111)surfaces of p-
type silicon with peak mobilities of - 1000 cm'/V
sec at 4.2 K. The devices were similar to those
studied in Ref. 2 and the zero-field logarithmic
slopes of resistance were in quantitative agree-
ment with the results of Ref. 2. The measure-
ments were performed in a 'He-'He dilution re-
frigerator at temperatures from 50 mK to 1 K.
The conducting channels were 0.25 mrn wide and
1.0 mm long, with potential probes arranged in
the usual Hall geometry. The two potential probes
were separated by 0.25 mm and the Rg quoted
here is the resistance of a 0.25' 0.25 mm' area
at 1 K. The Hall voltage was measured as a func-
tion of Hall current using a bridge circuit de-
scribed previously. "The measurements were
performed in both positive and negative magnetic
field configurations and carefully averaged to
eliminate effects due to Hall probe misalignment

and nonuniform current paths. The field was sup-
plied from a superconducting solenoid and meas-
urements performed to 30 kG in the low-field
limit pH (0.3.

Figure 1 shows the deviation of Hall voltage
from linearity as a function of current at differ-
ent temperatures with a constant resistance R,„b
=445 0 subtracted off. Note that the curves be-
come non-Ohmic at extremely low values of cur-
rent which implies that the Hall coefficient R„
has a nonzero temperature dependence. For R~
z 10 kQ the Hall resistance is logarithmic in Hall
voltage at the lowest temperatures and logarith-
mic in temperature at the lowest voltages as is
shown in Fig. 2.

Therefore, as for the conductance, one ob-
serves that the Hall coefficient depends logarith-
mically on both temperature and voltage. This
voltage nonlinearity is due to a temperature-de-
pendent RH and simple Joule heating of the elec-
tron gas. As pointed out by Anderson, Abrahams,
and Ramakrishnan' the ratio of the coefficients of
inV and lnT should be a constant given by 2/(2
+P'), where P' is the temperature exponent of
the electron-phonon scattering rate. This ratio
should be independent of the physical mechanism
which determines the coefficient of the lnT de-
pendence. For our data this ratio has a value of
-0.45 which implies that I"- 3. This value is
consistent with previous measurements in Ref. 2

and reflects the 2D nature of the electron-phonon
interaction.

In the scaling theory of localization by AALR,
the conductance at T =0 K of a disordered system
depends in a universal manner on its length scale
L. They argued that the logarithmic slopes ver-
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FIG. 1. Hall voltage shown as a function of Hall cur-
rent at different temperatures. The data shown have
a constant resistance A, „b = 445 ~ subtracted off.
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FIG. 3. The ratio (~RH/~)/(~A~/A~) shown as a
function of A~ for a field of 27.3 kG.

FIG. 2. The logarithmic dependences of the Hall
resistance from Fig. 1 shown as a function of tempera-
ture (upper scale) and voltage (lower scale).

sus temperature should be given by (e'/m'@) (nP/
2)R~. AALR expect a = 1 for two noncommunicat-
ing gases of spins up and down and n = —,

' if the
elastic spin-flip scattering length is short in corn-
parison with the other lengths in the problem P.
is the exponent for the inelastic scattering rate,
v.. -T ~. For electron-electron scattering in the
presence of impurities one expects P-, - 1.' There-
fore the theory of AALR is consistent with the
value nI' - 1 as determined by the experiments. "

However, it has been shown by AAL that Cou-
lomb-interaction effects in disordered Fermi
systems in two dimensions also give logarithmic
corrections to the resistance whose slopes ver-
sus temperature are given by (e'/w'h)(2)Rg,
which is similar to the scaling theory and the re-
sults of the experiments. We have a situation
where two distinct theories describe quantitative-
ly the same behavior. The scaling theory ignores
the effects of particle interactions while the Cou-
lomb-interaction theory of AAL takes no account
of localization effects.

Despite the similarity of the predictions for the
conductance the two theories have radically dif-
ferent expectations for the Hall effect. In a re-
sult first obtained by Fukuyama" the localization
theory predicts 6RH/RH=O, where 5R„ is the log-
arithmic decrement per decade for the Hall coef-
ficient. In other words the localization theory

predicts no logarithmic corrections to the Hall
coefficient. This comes about because localiza-
tion effects manifest themselves in the mobility
and not the density of the 2D electron gas. How-

ever, it is clear qualitatively from Fig. 1 that
this is not the case as nonlinearities are ob-
served, i.e., there is a temperature dependence
to R,.

The Coulomb-interaction picture predicts a
much different result. AAL4 have shown that
their theory predicts a logarithmic dependence
of the Hall coefficient on temperature. These
workers are able to calculate these dependences
for their model in the limit of weak screening,
small magnetic fields, and small Rg. In these
limits AAL predict that the ratio (5RH/R H)/(kg/
R ) should be 2. This factor of 2 comes about
because corrections to the Hall current are found
to vanish and the Hall constant R„ then goes like
the square of the resistance. The calculation is
perturbative and is not easily extended to the gen-
eral case of finiteH and R

From data such as shown in Fig. 2 we can de-
termine this ratio as a function of H and R~. In
Fig. 3 this ratio is shown as a function of R for

H =27.3 kG. Note that in the limit of R& -0, the
data are clearly consistent with lim„, (ratio)
=2. Shown in Fig. 4 are data at R -4100 0 as a
function of magnetic field. These data show that
the limiting behavior of the ratio as H-0 is also
consistent with 2 despite the large error bars
which are due to the difficulty of measuring the
Hall effect with high resolution at low magnetic
fields. Therefore our results are consistent with
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FIG. 4. The ratio (6AH/RH)/{&Ho/Ao) shown as a
function of magnetic field for a channel resistance of
4100 a/' .

the behavior predicted by AAL and the ratio shows
the same limiting values as expected by their
theory.

There still, however, remains a problem with
this interpretation. This theory predicts these
effects in the limit of a long screening length,
i.e. , 2kf/z»1 (~ is the screening constant). In
the other limit 2k&/a & 1, the Hartree term is op-
posite in sign to the exchange term responsible
for these corrections and exactly cancels it. This
implies that in this limit, these logarithmic terms
should not be observed. Our estimates indicate
that for these devices we are in the range 2k~/a
-0.1-0.3. In other words screening should be
very effective. This agreement with the theory
of AAL in a regime where the effect predicted by
their theory should diminish is disturbing.

There are several possible explanations. One
is that we simply do not understand screening in
this limit. From previous measurements, it is
established that exponential localization does in-
deed occur in the range R&&10 kQ. In that re-
gion we would expect the screening length to di-
verge in analogy to the situation in three dimen-
sions, "because of a reduced ability of the elec-
trons to respond to a point charge. The details
of the nature of this divergence in tmo dimen-
sions, the relationship of this to the Coulomb ef-
fects, and the localization transition have not yet
been determined. Another possibility is that nei-
ther theory is complete and correct and that the
agreement with respect to these ratios with the
theory of AAL is fortuitous. A more complete
theory would then be needed taking into account
both interaction and- localization effects in order

to explain the observations of these logarithmic
dependences.

In conclusion, we have measured the Hall ef-
fect in silicon inversion layers at low tempera-
tures and low electric fields. In the regime
where logarithmic behavior is seen in the con-
ductance (R~ ~ 10 kQ) we have observed logarith-
mic dependences of the Hall resistance on tem-
perature and Hall voltage. Our observations con-
flict with the expectations of the scaling theory
of localization which in its present form predicts
no logarithmic dependences. In the limits of R&
-0 and H-0 we obtain the value for the ratio
(5RH/R„)/(6R~/R ) =2 predicted by AAL. How-
ever we estimate that we are in a regime of 2k&/

& where the effect predicted by AAL should van-
ish. It is possible that in order to explain our ob-
servations a more complete theory is needed
which includes both Coulomb interaction and lo-
calization effects. We conclude that the previous-
ly observed logarithmic dependences for the re-
sistance of thin metal films and Si MOSFET's
are not evidence for the scaling theory of local-
ization in its present form.
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