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I present Monte Carlo evidence for a first-order phase transition in pure SU(5) lattice
gauge theory with Wilson s action in four space-time dimensions. Although less clear,
a similar transition is strongly suggested already with SU(4) .

PACS numbers: 11.10.Np, 64.60.Cn

Z = dv„e-'~')
fs.z)

(2)

where the links are integrated with the group-
invariant measure. To monitor the behavior of
this statistical system, I use the internal energy
or average plaquette

P = (1 —N 'Re Tr U&), (3)

where the expectation is with the measure of Eq.

Conventional lore on four-dimensional lattice
gauge theory is that for the non-Abelian groups
SU(N) there should be no phase transition separat-
ing the strong-coupling or high-temperature
regime from the weak-coupling or low-tempera-
ture domain. The latter should give an asymp-
totically free and confining field theory in a con-
tinuum limit. In contrast the U(1) gauge group
has a separate weak-coupling phase containing
massless photons as spin waves. Monte Carlo
studies have verified this canonical behavior f'or
U(1), SU(2), and SU(3) theories. ' In this paper,
however, I give numerical evidence that a new
transition appears for SU(N) theory for large N.
This behavior is clear at %=5 and probably
begins at N =4. After presenting the evidence I
speculate on the nature of this transition, which
is unlikely to represent a loss of confinement.

The model is Wilson's lattice gauge theory'
based on the gauge group SU(N). On each line
(i, jj joining nearest neighbors i and j of a four-
dimensional hypercubic lattice is an K &W unitary
unimodular matrix U, , The interaction of these
matrices is described by the action

S=(2N/g, ') P(1-N-'Re Tr V~) .
U

Here the sum is over all "plaquettes" or elemen-
tary squares of the lattice and U& is an ordered
group product of the U, , about the given plaquette.
The path integral or partition function under in-
vestigation is

(2). A strong-coupling expansion yields

P(g,') =1 —(g,'N)(I ——,
' 5„,)

—
q (go'N) 5~ 3+O((go'N) '),

whereas in the weak-coupling limit

P(g, ') = 8(1 —1/N')g, 'N+O((g, 'N)') .

I have studied this system on periodic finite
lattices using the Monte Carlo method suggested
by Wilson. ' A given link is multiplied by an SU(N)
matrix randomly chosen from a table of fifty. If
the resulting action is lowered, the link is re-
placed with this product. If the action is raised,
the change is accepted with probability given by
the exponential of the change in the action. This
procedure is applied twenty times to a given link
before proceeding to the next. A sequential pass
through the entire lattice represents one Monte
Carlo iteration in what follows. The SU(N) ma-
trices in the table are selected randomly from
the entire group but with a weighting toward the
identity. This weighting is coupling dependent
and selected to approximately optimize conver-
gence. For each element, its inverse is also in
the table. After each Monte Carlo pass through
the lattice an entirely new table is generated.
After each fifty iterations all link variables are
renormalized onto the group in order to eliminate
any accumulation of roundoff errors.

Figure I shows the average plaquette as a func-
tion of number of Monte Carlo iterations for the
SU(5) model on a periodic 3'-site hypercubical
lattice. All these runs have g, '=1.67 and repre-
sent four distinct initial conditions. The lowest
(open circles) and highest (solid circles) sequenc-
es correspond to the variables initially complete-
ly ordered or disordered, respectively. The
asymptotically lower of the intermediate runs
(squares) started with a superheated lattice that
had been ordered and Monte Carlo heating per-
formed at g, ' = l.4 until the average plaquette
exceeded 0.6. The coupling was then set to the
value g, '= 1.67 and the plotted iterations begun.
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FIG. 1. Four Monte Carlo runs for SU(5) lattice gauge
theory at gp = 1.67. The various initial conditions are
discussed in the text.

FIG. 2. The SU(5) internal energy as a function of
gp

The remaining run (triangles) was begun similar-
ly except that initially a random lattice was
supercooled at g, '=2. 5 until the average pla-
quette fell below 0.48.

Note that, of these four runs, two asymptotical-
ly approach a value of I' = 0.54 whereas the other
two tend toward a different value, & = 0.46. Note
also the crossing of the two intermediate runs,
showing that this system had been strongly super-
cooled and superheated. This figure represents
the evidence for a first-order phase transition in
SU(5) lattice gauge theory. From Monte Carlo
runs where after each iteration go' was adjusted
in an attempt to maintain I' =0.5, halfway be-
tween the stable phases, I am led to quote

g ~ =1.66+ 0.03

as the critical coupling.
A 3' lattice is rather small in linear extent.

However, Fig. 1 shows that thermal fluctuations
from the finite lattice size are smaller than the
latent heat. A larger lattice should only reduce
these fluctuations and make the latent heat larger.
As SU(5) has 24 generators, this system has
7776 degrees of freedom, of which 5832 remain
after removing the gauge freedom. Thus in some
sense the calculation is roughly comparable to a
simple two-dimensional model on a 75 &75 lattice.
Of course, a finite lattice may be regarded as
representing a finite physical temperature given
by the inverse of the temporal lattice extent. To
check that the effect is stable when the lattice
size is changed, I made short runs of 100 itera-

tions from both random and ordered initial states
on a 4' lattice. These sequences followed closely
the corresponding ones shown in Fig. 1, but with
smaller thermal fluctuations, and suggested a
slightly larger latent heat. In contrast, a finite-
lattice effect should have sharply shifted the slow
convergence to a new coupling regime.

In Fig. 2, I show the average plaquette for SU(5)
as a function of g, . The points at the critical
coupling are extracted from Fig. 1 whereas the
other points come from a rapid thermal cycle of
the model. On this graph, I also plot the expan-
sions in Eqs. (4) and (5). The approach to these
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FIG. 3. Two Monte Carlo runs for SU(4) gauge theory
at gp = 1.28.
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expansions is a check on the program.
Previous work' has shown that a similar tran-

sition does not occur for SU(2) or SU(3). Pre-
sumably this discontinuous behavior is a property
of SU(N) for large ¹ In Fig. 3, I show runs for
SU(4) on a 4' lattice with ordered and disordered
starts at go '=1.28. Convergence is unprece-
dentedly slow only very near this coupling. Al-
though any surviving latent heat is smaller than
for SU(5), a transition is strongly suggested with
X=4 at g, -'=1.28~0.04.

Since SU(2) and SU(3) gauge fields should be un-
able to support a massless-gluon phase, pre-
sumably these large-1V transitions are not con-
ventional deconfinement as seen for U(1). A

rather speculative possibility is that these large
gauge groups undergo spontaneous symmetry
breakdown along the lines of the currently popu-
lar unified theories but without the need for added
Higgs fields. As a more mundane possibility,
this phenomenon may be merely an artifact of
the Wilson form of the action. In the limit N-~ the two-dimensional Wilson theory develops
a third-order phase transition which is not de-
confining. ' However, the existence of this tran-
sition is known to depend crucially on the precise
action used. ' Any invariant action depending only
on the U& can be expanded in characters. This
suggests, as the simplest generalization of
Wilson's theory, the two-parameter action

S=plp(1 N'Re —TrU~)
0

+P„[1—(N —1) 'Tr„U~] j,

where Tr~ represents a trace of the matrix cor-
responding to U~ but in the adjoint representa-
tion of the group. By adjusting p„ it may be pos-
sible to remove the SU(N) transition discussed
here. If so, the rapid crossover in SU(2) and
SU(3) theories is probably due to a nearby critical
point in the (P, P„) plane, and a small P„can turn
on a real transition in these models. ' This is
currently under investigation. From this point
of view, the first-order transition in the SU(5)
theory could be an accidental consequence of
where a first-order line ends in this coupling
constant space.
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