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Zeros in dipole matrix elements for high-Z elements are found to occur at significantly
higher energies in our relativistic calculations than in nonrelativistic results. The ener-
gy separations of the zeros of the relativistic matrix elements are substantially magnified
(a factor of & 10) compared to the initial bound-state spin-orbit splitting.

PACS numbers: 32.80.Fb, 31.30.Jv

One of the interesting aspects of the cross sec-
tions for photoionization of atoms is the appear-
ance of minima which are not due to any sort of
resonance effect, but rather to the dipole matrix
element going through a zero as it changes sign
[typically in a nl- e(l+ 1) transition], as a func-
tion of energy. "' These minima (generally re-
ferred to as Cooper minima but perhaps better
called Ditchburn-Bates-Seaton-Cooper minima')
are pervasive in outer and near-outer shells of
atoms throughout the periodic table. They often
have a significant effect on the shape of the cross
section, ' and they have an even greater effect
upon the character of photoelectron angular dis-
tributions' ' and subshell branching ratios. " As
a general rule, it has been observed that the min-
imum in the cross section for a given subshell
first moves out, then moves towards threshold
with increasing Z (although not exactly mono-
tonically) until it moves into the discrete. +' This
behavior is to be understood from the xelative
shift of bound and continuum wave-function nodes,
both of which are moving in with increasing Z.
Here we report that the position and dependence
of minima can be dramatically altered by rela-
tivistic effects.

For high-Z elements, relativistic effects be-
come important in the photoionization process,
even for outer electrons and at low energies. '
(For inner-shell electrons in high-Z atoms, mul-
tipole effects with retardation remain important
down to threshold, but for outer shells relativis-
tic dipole approximation appears to be adequate
in the low-energy regime. ) Relativistic effects
enter via the change in the central potential itself
due to the contraction of the inner shells and re-
sultant relaxation of the outer shells. " Relativis-
tic effects also enter through the separate char-

aeter of large- and small-component radial wave-
functions, 6 and I, respectively, which the rel-
ativistic interaction connects. Although in a non-
relativistic reduction the large component G re-
duces to the nonrelativistic radial wave function
R, and E is proportional to (d/dr+0/r)rG, in
fact in heavy elements the separate character of
E and 6 and the differences from R are impor-
tant, especially at small distances (different pow-
er dependence for j =l + &, with j =l + & closer to
nonrelativistic) and large distances (differential
exponential decays due to different binding ener-
gies). As a result of the relativistic spin-orbit
interaction, these wave functions are different
for j =l + —,'. Finally, relativistic effects enter
through the relativistic interaction n ~ 0' which has
replaced P e, through the use of relativistic kin-
ematics in energy conservation, etc.

When these relativistic effects are considered,
each of the nl —el' (l' = l+ 1) nonrelativistic radial
matrix elements splits, in general, into three
relativistic radial matrix elements, as one ap-
plies dipole selection rules to the two initial
states j =l+ 2, and the four final continuum states
j' =l'+ 2. Among the three relativistic matrix
elements (which may have zeros) corresponding
to a nonrelativistic l- l+ 1 transition which has a
minimum, the separation (in energy) between the
zeros of the nl; , „,—e(l + 1).. .+,&, and—the
nl, , +,&,

—e (l + 1), , +,&, radial matrix elements
(representing transitions from differing initial to
the same final state) reflects the spin-orbit split-
ting of the initial bound state of orbital angular
momentum 7. A much smaller separation is found
between the zeros of the nl,=,.+„,—e(i+1),.~,+,~,
and nl, ,+„,—e(i+1),.i,+„, radial matrix ele-
ments (same initial, differing final states), due
to the difference in j ' = l + 2 and l + 2 relativistic
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tion moves toward the nucleus with increasing en-
ergy, so that we may expect that a change in sign
of the matrix element occurs first for 6p», and
then at a higher energy for 6p„, (which can be un-
derstood by assuming that the position of the zero
is controlled by the region of the outer lobes).
Since the d-wave potential has a large centrifugal
barrier, we can expect that the continuum energy
must be increased significantly for the ed wave
function to move in a small distance in the re-
gion of p-wave nodes, thereby magnifying (in the
matrix element) the consequences of the spin-
orbit splitting of the initial bound state.

With similar arguments we may discuss the
smaller 6p,~, -ed splittings, for which the initial
state is the same but the final continuum states
differ by a spin-orbit interaction, attractive for
d31 2 but repulsive for d,j,. For the same ener gy
we may expect the d,~, continuum state nodes to
be shifted toward smaller distances in comparison
with those of d,~» consequently we expect a zero
in d,~, at lower energy. However, since the spin-
orbit interaction for a higher -angular -momentum
state (d waves) is smaller than for p waves, a
smaller shift in continuum energies suffices for
the two continuum states to have the same overlap
with the bound state, explaining the much smaller
splitting of these minima. The fact that the 6p, ~,
matrix elements are closer to the nonrelativistic
6p matrix element than the 6p,~, matrix element
reflects the fact that 6p,~, nodes are closer to
nonrelativistic, while 6p,~, has been pulled in be-
cause of the very different small-distance behav-
ior.

Other relativistic effects may also contribute
to these features. Since the change in potential
causes outer-shell relativistic wave functions to
be more extended this will shift zeros to higher
energies. However our calculations indicate that
this shift due to the change in potential is only
about a rydberg, small compared to the observed
shift of the zero for the p,~, state. Other effects,
such as those arising from the breakdown of the
nonrelativistic limit connection between small-
and large-component wave-function shapes, need
to be investigated.

At present there is a paucity of experimental
data on high-Z atoms, where these relativistic
effects are important. The behavior of these
minima presents an experimental opportunity to
gain insight into relativistic effects, since the
positions of the minima can be obtained quite well
via photoelectron spectroscopy through angular-
distribution'~ or electron-spin-polarization

measurqrnents. "
Finally, it is important to note that a more

proper inclusion of some of the interactions ap-
proximated in these calculations, such as ex-
change or interchannel coupling, is likely to
change the results quantitatively, but not qualita-
tively, just as is the case for nonrelativistic cal-
culations. "'" Thus we expect that the effects
described here are real and we would strongly
urge some exploratory experimental studies.
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