
VOLUME 45, NUMBER 10 PHYSICAL REVIEW LETTERS 8 SEPTEMBER 1980

There is extensive literature on the Kosterlitz-
Thouless transition, see D. J. Amit, Y. Y. Goldschmidt,
and G. Grinstein, J. Phys. A 13, 585-620 (1980); J. Jose,
L. P. Kadanoff, S. Kirkpatrick, and D. R. Nelson, Phys.
Rev. B 16, 1217 (1977); Phys. Today 31, No. 8, 17
(1978), and references therein. The RT is related to
the Kosterlitz- Thouless transition by duality.

S. Elitzur, R. Pearson, and J. Shigemitsu, Phys.
Rev. D 19, 3698 (1979).

Rigorous estimates of the Kosterlitz-Thouless transi-
tion temperature are given in M. Aizenman and B.Simon,
to be published. Accurate, but nonrigorous estimates
of ~c are also quoted there

J. C. Slater and J. G. Kirkwood, Phys. Rev. 37, 682
(1931).

The latent heat vanishes at T = 0 and T = 0.79 K [E.R.
Grilly, J. Low Temp. Phys. 11, 33 (1973)].

T~ of the Ising model can be pushed to ~ by imposing
a solid-on-solid condition preventing more than a single
spin flip in any column. This does not affect our esti-
mates of T~.

This means that, e.g., the 3D, sc, nearest-neighbor
Ising model has TI, & 0 only for the six principal planes.
C ompare with Bef. 1.

Mean field is an upper bound on &, . See R. Griffith,
Commun. Math. Phys. 6, 121 (1967). For extensions of

these results see, e.g. , B.Simon, to be published, and
references given there.

For a given plane, we retain only nearest-neighbor
interactions. This underestimates 2'~ . T~ for Ising 2D
models are given by I. Syozi, in Phase Transitions and
Critical Phenomena, edited by C. Domb and M. S.
Green (Academic, New York, 1972), Vol. 1.

The large heat conductivity of superfluid He ensures
the rmodynamic equilibrium.

C. Herring, in Structure and Properties of Solid
Su+aces, edited by R. Gomer and G. S. Smith (Univ. of
Chicago Press, Chicago, 1955).

If 0 was & dependent no conclusion could be drawn.
For a 1'-dependent 0, facets may disappear without RT,
e.g. , by adding a constant to a.

Gravity gives the vortex excitation a mass inversely
proportional to the capillary length. Finite mass de-
stroys RT in the strict sense. For crystals small com-
pared to the capillary length this is irrelevant.

J. Pipman, S. G. Lipson, J. Landau, and N. Bochner,
J. Low Temp. Phys. 31, 119 (1978).

The crystallographic details were determined by ob-
serving the crystal during growth, when it has a simple
pyramidal shape. The faces overlapping at D in Fig. 1(g)
are not exact crystallographic planes, but are in con-
tact with the glass windows.

Theory of the Surface Tension of Simple Liquids: Application to Liquid Metals

K. K. Mon and D. Stroud
Department of Physics, The Ohio State University, Columbus, Ohio 43210

(Received 20 June 1980)

This Letter presents an approximate closed-form solution to the density-functional
theory for the surface tension and surface width of simple liquids. The results for both
are in excellent agreement with experiments on Ar over wide range of temperature and
density. The theory is extended via an ion density-functional formalism to simple metals.
Good agreement is obtained for the surface tensions of ten liquid metals and for the sur-
face width of liquid Hg.

PACS numbers: 68.10.Cr, 61.25.Mv, 61.25.Bi

The thermodynamics and structure of liquid-
vapor interfaces are subjects of intensive experi. — In this Letter we present a simple and quite
mental and theoretical interest. ' Although vari- successful theory for the surface tension 7. and
ous theoretical methods have obtained very good width l of simple liquids, both metallic and non-
agreement with experiment for the surface ten- metallic. It involves a number of approximations
sion of liquid Ar, "it is commonly believed that which allow one to solve a density-functional
the surface free energies of liquid metals are theory in closed form and obtain simple expres-
dominated by electronic effects and that, there- sions for T and l. The results for both are in ex-
fore, theoretical techniques which are success- cellent agreement with experiment for liquid Ar
ful in treating simple nonmetallic surfaces can- over wide range of temperature and reproduce
not be used for metals. The work of Evans and the scaling results of Fisk and Widom. ' The re-
Kumaravadivel, ' which extends the theory of Lang suits for the surface tensions of liquid metals are
and Kohn' to liquid metals, does lead to a,gree- in good agreement with experiment, for all met-
ment with the surface tension in several cases als studied. The surface widths emerging from
but the predicted widths for the transition profile the calculations are of the order of one to two
are small compared with those of most other atomic layers in all cases and for Hg, the one
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metal for which an experimental width is available, are in excellent agreement with the results of Lu
and Rice. '

The basis of our method is the following expression for the Helmholtz free energy of an inhomogene-
ous classical fluid' of density n(r):

E[n(r)]= Jd'v f(n(r))+-,'kBT Jd'xd~r'C(r —r'; n)[n(r) —n(r') J'.

Here f(n(r)) is the free-energy density, T the absolute temperature, and C(r, i) the direct correlation
function at some intermediate density n ]for example, n —,'[—=n(r) +n(r )]]. This is the classical analog
of a treatment suggested by Hohenberg and Kohn' for the inhomogeneous electron gas. To apply (1) to
the present case, we have expanded n(z) in a Taylor series so that the last term in (1) can be expressed
in terms of the density gradient dn/dz. The surface tension becomes

r = f dz[f (n(z)) —pn+P, )+ JK'(n(z) )(de/dz)'dz, (2)

and the corresponding surface tension

(n, —I„)' K'
3v2 n, K, (4)

The coefficient K' in (3) and (4) is proportional
to the fourth moment of the direct correlation C.
We have approximated C as follows: C(r; n)
= C „,(x; n) for r (o„, and —V(x; n)/k ~T for r & v„„
where C„,(r; u) is the direct correlation function
for a fluid of hard spheres of diameter O„„as
evaluated in the Percus- Yevick approximation'

where K'(n) =~»kqT J d'xr'C(x; n), P is the pres-
sure, and p, is the chemical potential.

While there exist reasonably successful theo-
ries for the "grand potential" Q=f(n) —pn+P
near the equilibrium liquid density, extrapolation
to the vapor phase is much more difficult espe-
cially for liquid metals, since it would require
passing through an intermediate region where
there is, presumably, a metal-nonmetal transi-
tion. We have, therefore, fitted Q(n) to experi-
ment by expanding it in the form Q(n) =ao —a,n"
+a,n'~, where n'= n —~(—n, +n, ), n, and n„bei ng
the equilibrium densities of the liquid and vapor
phase. By requiring that Q(n) have a minimum at
the observed liquid density and reproduce the
measured liquid compressibility K~,, we obtain
a2 = K r '/4n, ', a4 = K r '/[2n, '(n, —n „)' J and ao = a, '/
4a,. Note that if a, o-(T, T), where —T, is the
liquid-gas critical temperature, this would be a
standard Ginzburg-Landau expansion; by fitting
a, and a4 in the manner just described, we effec-
tively produce an expansion which is adequate far
outside the critical region. If K' is assumed to be
a constant (evaluated at the density where the
gradient is maximum), then (2) is minimized by
a density of the form n(z) = 2(n, +n„)+ 2(n, —fl, „)
x tanh(so 'z), with

u =12[n,'/(n, —n„)'Jar, (5)

independent of any approximations used for K'.
Equation (5) can be viewed as a. phenomenological
relation from which m can be calculated given the
measured values of K~, n, , n„, and 7.

We remark that Eq. (4) has the same form as
that of Fisk and Widom, ' first derived from scal-
ing arguments. By introducing critical exponents
with f= i(T —T,)/T, i

where T, is the critical
temperature, namely (n, —n, )-f, Kr-t ~, 7-t"
and zv-t ', we obtain the Widom exponent rela-
tions p+ v= 2P+y and K'-t~ "from Eqs. (5) and
(3).

We have calculated the gradient coefficient K'
for the case of liquid argon by assuming a Len-
nard-Jones pair potential JV(x) =4@[(o'/~)» —(o/
x)']] with @=119.8 K and v=3.405 A, using num-
erical integration, K' is weakly density and tem-
perature dependent and varies by less than a few
percent over the temperature and density range
considered. At each temperature K' is evaluated
at half the liquid density with n, , n„and K~
taken from experiment. " The result for surface
tension is compared with Monte Carlo results in
Fig. 1. The agreement between theory and Monte
Carlo" "results is very good but there is a sys-
tematic deviation from the surface tension of
liquid argon. '4 This is a reflection of the inade-

and V(x; n) is the pair potential of the liquid. The
form assumed for the attractive tail correction
is exact in the high-temperature and low-density
limit; even at lower temperatures, it is in good
accord with the results of machine calculations. '
The hard-core diameter vh, was chosen as the
smallest interatomic separation at which the pair
potential equals 2k ~T; other reasonable prescrip-
tion led to similar results for 7 and zo.

Combining Eqs. (3) and (4) gives

818



VOLUME 45, NUMBER 10 PHYSICAL REVIEW LETTERS 8 SEPTEMBER 1980

I.O- +

This Work
& Monte Carlo

& This Work(scaled)—Exp't

(Tc =i.2579)

07 0.8 09 I.O
i )r I

I 2 I3

FIG. 1. Surface tension of liquid Ar vs temperature.
Triangles: Monte-Carlo results from Refs. 11, 12, 13,
and 15. Full circles: present work with Eq. (5) and
& =119.8 K, 0 =3.405 A. Squares: present work scaled
to experiment at one point to correct for three-body
forces. Full curve: experiment (Ref. 14) .

quacy"'" of the I.ennard-Jones potential in de-
scribing the surface properties of argon and is
most likely due to three-body forces. We have
accounted for these in an approximate way by re-
scaling K' and hence 7 by a constant factor of
0.83 over the temperature and density range con-
sidered. The agreement with experiment is then
excellent. This scaling factor is in agreement
with perturbation calculations" of the effects of
three-body forces which suggest a correction fac-
tor to T of 0.8.

Recently the 10@-90%width of the surface pro-
file of liquid Ar has been measured by Beaglehole"
at 90'K and 120 K to be 7.9 + 0.5 A and 15.2 + 1 A.
From Eq. (5) we get a 10%-90%width of 2w„»
-2.2n, '(n, —n„) ' ~ 12wKr which gives 7.45 A and
11.85 A at 90 K and 120 K, using experimental
values of K~ and v. m'4 This is very good agree-
ment especially considering the uncertainties in
the interpretation of the experimental data. "

To apply our theory to liquid metals near melt-
ing, we invoke the adiabatic approximation, "
which allows us to reduce the two-component elec-
tron-ion plasma, via many-body perturbation
theory, to a system of classical ions interacting
with an effective density-dependent ion-ion poten-

tial. We have computed V(r; n) according to the
standard prescription, "using an empty-core
pseudopotential" and including exchange -correla-
tion corrections via the Hubbard form" of the
irreducible polarization kernel. Unlike Ar, the
effective pair potentials of liquid metals are
strongly density dependent. ' We have, therefore,
evaluated the gradient coefficient K' at n = -,'(n, +n„)

+8 $
at which the gradient of the prof ile is maxi-

mum, so that the gradient contribution to the free
energy should be dominated by this density.

The results for v are listed in Table I. In all
cases but that of I i theory and experiment agree
to within 30%%uo, even though the experimental T's
themselves vary by more than an order of mag-
nitude. We emphasize that there are no adjust-
able parameters in the theory. The pseudopoten-
tial parameters are all taken from the literature'
and are based on various other experiments, and

n, and K~ are experimental" numbers. The Ta-
ble suggests that we have systematically under-
estimated K' somewhat. Most likely either (i)
the attractive part of the pair potential is too
weak, on account of insufficiently accurate ex-
change-correlation corrections, or (ii) our meth-
od of computing the tail correction to C(r; n) gives
too small a positive contribution to K' (an explicit
solution of the Percus- Yevick equation' probably
would lead to a stronger attractive tail and hence
a larger K'). Furthermore, the Li result would
no doubt be improved by taking into account non-
local or three-body effects; we have made no
attempts at any such adjustment. We have found
it crucial, however, to calculate C(r, n) at n= —,'n, .
If it is evaluated at the full liquid density, v is
usually too low; in contrast to Ar, the altered
(density-dependent) screening and corresponding-
ly deeper potential well for pseudoatoms near the
surface is evidently of prime importance in deter-
mining T for liquid metals.

The width of the surface profile of Hg has been
measured recently by Lu and Rice' at room tem-
perature (T'=298'K) to be 2m=5. 6+0.5 A, much
wider than the prediction of Allen and Rice" of
2.5 A using a theory based on the jellium model.
Our Eq. (5) gives 2ao=4. 54 A at 238'K with use of
the values v=498 dyn/cm, K~=3.8x10 "cm'jdyn
and n, =0.041 A '." If 7, K» n, , and n, were
available experimentally at 298'K, where u is ex-
pected to be larger, even better agreement is like-
ly.

The success of the present theory for simple
liquid metals suggests that many-body perturba-
tion theory is adequately convergent for liquid-
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TABLE I. Comparison of the theoreti. cal T's with experiments. There
are no adjustable parameters in the theory.

Tempe r-
ature

(K)

A~ +ec + /+0 Texpt {Ttheor)

{10 cm /dyn) (ao) (10 K) (a.n. ) (ao)

Li
Na
Na
K+

Rb+
Cs+
Mg 2

Zn
Cd
Al+'
I b'4

452
371
452
337
312
302
924
693
594
914
600

9.3
18.6
21.0
38.2
49.3
68.8
4.0
2.5
3~2
2.42
3.49

1,40
1.69
1.69
2.226
2.4
2.62
1.38
1.27
1.405
1.117
1.48

0.0867
0.228
0.242
0.579
0.792
1.02
0.154
0.0805
0.139
0.12
0.362

398 [ 242]
191 [151.6]
~ ' [143.8]
115 [88]

85 [74]
vo [5v]

559 [436]
782 [612]
570 [504]
914 [666]
468 [563]

5.11
6.39

7.63
8.28
8.91
3.96
3.47
3.66
3.66
4.46

'From Ref. 21.
b Empty-core radius in atomic units, from Ref. 20.
'From Eq. (4).
With use of Eq. (3).

'With (dT/dI) «&, = —0.1 dyn/cm K and {dT/dT), h~, = —0.09 dyn/cm'K.

metal surfaces. Since our calculated (and the
experimental) surface widths are reasonably
large (1-2 atomic layers), the liquid surface is
apparently a much weaker perturbation on the
electron gas than is the much sharper solid sur-
face. Indeed, Allen and Rice" find that the elec-
tron gas will leak out of this "smeared jellium"
to a much lesser extent than in the solid, thus
justifying the use of perturbation theory. In real-
ity, three-body forces undoubtedly play a role in
liquid metals near the surface, just as in liquid
Ar. But since reasonable results are obtained at
second order, the present theory may be useful
in estimating the widths of metallic surfaces, as
well as for other problems, such as the inter-
facial tensions of phase-separated liquid alloys.
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