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the vector-meson dominance®'® or the yGF*°
models. If one ignores any yGF-model uncer-
tainty, this result rules out the choice |gq,| =%
with 85% confidence. With 67% confidence, the
data disfavor the existence of similar bound
states of a second charge-% quark in the T mass
region.
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It is argued that the ratio I'((QQ)’ — (?Q) 1) /T{(QQ)’ —(Q)7) of hadronic transition
rates between heavy quarkonium states is calculable within quantum chromodynamies in
terms of triangle anomalies in the divergence of the axial current and in the trace of the
energy-momentum tensor. In the case of transitions between ¢’ and J/¥ the present anal-
ysis is consistent with the data. More reliable test can be provided by experimental study

of the transitions between T’/ and T.
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Hadronic transitions between quarkonium levels,
like ¢’ = (J /¥ )rm and ¥’ ~ (J /P)n decays, can pro-
vide an insight into gluonic physics. Indeed, the
transition can be viewed as a two-step process:
first, emission of soft gluons by heavy quarks,
and then conversion of the gluons into light had-
rons.! As realized first by Gottfried,? the gluon
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emission can be described by the gluon multipole
expansion.?”* The point is that heavy quarkonium
is a rather compact object in the typical hadronic
scale. On the other hand, gluon conversion which
effectively measures the gluon admixture in ordi-
nary hadrons is a large-distance process and is
most difficult to trace theoretically.
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Here we argue that at least in two particular
cases the theory can be completed and gluon con-
version in the 7 meson and into a two-pion low-
mass state is calculable in quantum chromodyna-
mics (QCD). We show that for transitions be-
tween S states of nonrelativistic heavy quarks
the multipole expansion implies that the gluon
conversion is governed by the matrix elements

(1lg*G,,*(x)G, , “*)0),
(@ g%G (%G, (%) 10),

where G, ,(x) is the gluon field stfength operator,

G,, ='1i€uv70G10’ and g is the QCD coupling con- ‘

<(7m)-l=0|g26uvac Ao |0>=A(gu)\gvo 'gp;xgvx)+B(gp Mv9o=8pcqvdrnt8vodpd x—8v a4 o)s

where ¢ =¢, +4q, is the total four-momentum of
the pions and we omit higher powers in g. The
Adler theorem?® requires both A and B to be pro-
portional to g2 so that the B term is actually of
higher order in ¢ and is neglected henceforth. A
further constraint comes from the triangle anom-
aly in the trace of the energy-momentum ten-
sor® 6,,, which in the chiral limit is given by

6,0 (0= = (%/321%)G,,, “(¥)G ., (), (2)

where b is the coefficient in the QCD B function
[Blg)=bg?/16n%; b=11-%n,]. Note, that we have
omitted the nonanomalous contribution of heavy
quarks in Eq. (2). The reason is that in the low-
energy matrix elements of 6,, the contribution of
heavy quarks to the anomaly is canceled by that
of loops generated by the corresponding nonanom-
alous part of the 6,,.° Therefore in the problem
discussed, only the term (2) is relevant with b in-
cluding the contribution of the light quarks only,
so that b=9. Equation (2) and the low-energy pi-
on Lagrangian imply that

— (nm|(bg?/327%)G, , "G, ,°| 0)

=(r]0,,100=0%Ge %0 ),  (3)

o

where ¢ ;% is the pion isotopic amplitude (¢ %@“
=2¢%¢ " +¢%?) and we neglect for a while the pi-
on mass {,. Thus, comparing Eqs. (3) and (1)
we arrive at the following low-energy theorem:

( (‘”ﬂ)J=ol gZG uvaG koa| 0>
== (8”2/3bnz(%¢ﬂawna)@p )\gyo _guogu }\)- (4)

Moreover, the conversion of gluons into the pseu-
doscalar 7 meson is described by single irreduci-
ble amplitude which is fixed® by the SU(3) symme-

stant: g®=4ra,. Moreover, the matrix elements
turn out to be calculable through the use of trian-
gle anomalies in the axial-vector current® and
the trace of the energy-momentum tensor® as
well as the use of low-energy theorems (the re-
sult for {(nlg2GGl0) is actually not new).” The
quarkonium parts of the transition-matrix ele-
ments turn out to be proportional to each other
so that the dependence on the exact form of the
wave function is canceled in the ratio of the rates
of the n and mm emissions.

We concentrate first on gluonic matrix elements
for light mesons. In general the matrix element
for conversion of gluons into a low-energy S-
wave two-pion system has the form

(1)
| try and the axial current triangle anomaly:
(T] IgZGpvaéxca|O>
=(8/21)2n%,m (8, v o = 8o B )Pn)s ()

where f, is the pion decay constant (f, ~130 MeV)
and ¢.(x) is the 7 field.

We pause here to make some remarks concern-
ing the matrix elements (4) and (5). First, we
point out that the coupling constant g2 is included
into the definition of the gluonic operators, g°GG
and g%GG, to make them renormalization invari-
ant so that there is no question at which point g2
is normalized. Since gluons have to transform
into light mesons, one would naively expect the
gluonic matrix elements to be small. This is
not the case, however, and the gluon operator,
e.g., is “responsible” for the whole invariant
mass of the pion system [Eq. (4)]. The same is
true for the nucleon mass in the chiral limit.°
Thus, there seem to be a few gluonic operators,
related by the equations of motion to anomalies
in quark operators, whose matrix elements over
ordinary hadrons are not small (a similar re-
mark concerning the matrix element {0|GGln)
was recently made by Goldberg).!° Second, we
would like to mention that the matrix element in
Eq. (4) which governs the form of the 77 spec-
trum does agree with the general current-alge-
bra result.!

We next discuss the interaction of the soft-glu-
on fields with heavy quarkonium. Since quarkoni-
um is a compact object the expansion in powers
of its radius seems well justified® and, e.g.,
emission of the 0* gluon system occurs in the
second order in the electric-dipole-type interac-
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tion?"*
5, = — 3 g£% » £9(0), (6)

where E;*=G;* and £°=t,°-1,,%t, ,* are the col-
or SU(3) generators acting on the quark and anti-
quark indices, respectively (e.g., ¢,°=3X,%). Note
that the total color generator ¢t*=¢,%+¢,* vanishes
when applied to a colorless quarkonium state.

In the case of 0° gluon-system emission, one
looks for interference of the electric- and the
magnetic-type interactions. To find the corre-
sponding magnetic term in the Hamiltonian we
use the Foldy-Wouthuysen expansion in the in-
verse heavy-quark mass mq. The relevant term
has the form

e=- (4mq)'gS;t% D H ,;%0), (7

where _§=%(51 +3,) is the total-spin operator.
Note, that we do not keep here terms proportion-
al to &, - 3, or to ¢ since they drop out in the
case considered.

A standard calculation of the transition ampli-
tudes between %S, quarkonium states arising in
the second order in the Hamiltonian (6) and (7)
results in

A =AW3S, = m3S,7m)
=(rml g*BeEe10)(JP)A /4 (8)
A, =A@R%S, ~mS)
=(n| £%E, °D H,| Oymq i€ 3,0, 'Y Ao/ 4. (9)
Here 9’ and § stand for spin amplitudes of the ini-
tial and the final states of quarkonium, and
Ay=(24)"1mS|E ,G(e ) i ,£%nS). (10)
In the latter expression the bra and ket states
are deprived of their spin variables and depend

on 7 only, while G(€,) denotes the nonrelativistic
quarkonium Green’s function® at the energy €, of |

Ay =(12/9)(3/2)2 fom o®my Y€ 0 @i () ) Ao,

the nth S level. In derivation of Eqs. (8) and (9)
it is taken into account that in the nonrelativistic
limit the spin and the spatial parts of the wave
functions factorize. Therefore for the transi-
tions between S levels the spatial part of the
quarkonium matrix element adds no angular mo-
mentum to the hadronic system emitted (also the
color dependence of the matrix element is re-
duced to 5% for trivial reasons). This matches
well the phenomenological observation of the ab-
sence of the nm D wave in the ¥/ = (J /¥ )wm decay.

The gluonic matrix element entering Eq. (8) is
readily found from the relation (4). Thus the am-
plitude A ;; can be written in the form

Ay =21% 4% = A AP D)0 0n" WA
Note that we have included here the term propor-
tional to the pion mass squared which does not ap-
pear in the chiral limit, but can be determined
from phenomenological analysis. In the chiral
limit only the leading term proportional to ¢2 is
calculable so that, strictly speaking, we find the
slope of the spectrum which is unaffected by cor-
rections proportional to u,2.

As for the matrix element in the pseudoscalar
case it is transformed as

(nl &%E ,°D H,°|0)
=(nl g% (E ,°H,*)| 0) — (n| g*(D,E ,*)H,*| 0).

The first term in the right-hand side of this equa-
tion is determined by Eq. (5), and we neglect the
second one. The reason for the second term to
be comparatively small is twofold. First, the ma-
trix element (5) is enhanced by one power of N,
=(number of colors) with respect to the naive
counting. A nice explanation of this enhancement
is given by Veneziano'® in terms of mixing with
the ghost gluonic state. Second, equations of mo-
tion imply that D E,? is proportional to the coup-
ling constant which is small inasmuch quarkonium
is a compact object. Thus, we get finally

(11)

(12)

where (p,), is the 7 three momentum. To eliminate the quarkonium matrix element A,, which cannot be
calculated reliably at the present state of the art, we consider the ratio

I'(®3S, - m3Sm)

(13)

. b\2 P \2P m.2 2 4u .2 -1/2
= 2(2 2Ly 7 _2Hdq
dT (S, =~ m3S n*n~)/dg? 167 (9) fx (M) I_“qrrlt(qz—)\uﬂz) (1 q° ) ’

where M~ 2mgq is the quarkonium mass and q%=wm 2.

Since the derivation of this relation rests on the

low-energy theorem (4) for the n7 matrix element, it cannot be applied at too high g2. For large Iql

the multipole expansion for the gluon-quarkonium interaction also breaks down since the gluons are no
longer “soft.” Therefore, Eq. (13) is most reliable when the kinematics in the two decays is similar,
i.e., when m *=m 2, and to a good approximation it can be also used in other parts of the nn spectrum
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where the linear ¢® dependence of the matrix ele-
ment persists.

In conclusion let us give a few applications of
Eq. (13). At present only experimental data on
charmonium transitions are available and they
can be confronted with the following theoretical
estimate obtained by integrating Eq. (13) over
the phase space:

L@~ /4)m

~ fﬂ?p'ﬂsm'ﬂ *
r@Q -/ ")

M3M ;0 —-M ;)

1672 %x19.6.

This gives numerically 0.10 if M =M, and 0.14 if
M =M ,;;, which also shows the theoretical uncer-
tainty arising from application of the nonrelativis-
tic picture to charmonium. Experimentally the
ratio is equal to 0.12+0.02 according to the Ta-
bles'® or 0.09+0.01 as is extracted from more re-
cent data.'® In any case we find the agreement
seems to resolve the long-standing puzzle of the
charmonium phenomenology, that is, the relative-
ly large rate of the ¥’ - (J /)1 decay. Indeed, the
amplitude A, [see Eq. (12)] contains the dynami-
cal damping factor p,/M and is also proportional
to m,? which vanishes in the SU(3) limit. Still nu-
merically it fits the data well. The field-theoreti-
cal reason behind this is the above mentioned N,
enhancement of A,. Theoretical uncertainty dies
away for heavier quarks. In particular we pre-
dict

(T’ - Tn)/T(T" -Tr*r")=~0.020, (14)

where A=4 is assumed™ and Mg, —M =891 MeV*®
is used. The T'—T, decay rate depends rather
crucially on the mass difference A=M ¢, —M o
which is about 555~560 MeV'°*® and falls close
to the n mass. With A-m, <11 MeV we find that
the ratio of the n and n* 7~ transition rates is
<4,5x1072, '

Although experimental verification of the pre-
dictions (13) and (14) might be difficult, we be-
lieve it is worth efforts since the ratios consid-
ered measure the triangle anomalies associated
with quark and gluon color charges in much the
same way as the famous 7°—~ 2y decay measures
the triangle anomaly associated with electric
quark charges.
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