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attractor in a low-dimensional dynamical sys-
tem. " The situation at large aspect ratio is not
yet clear.

We appreciate helpful conversations with E. D.
Siggia and D. Forster about this problem. Our
work was supported by the National Science Foun-
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It is usually assumed in both optical and acoustical holography that the resolution of a
reconstructed image is limited by the wavelength of the radiation. In this paper it is
demonstrated that this is not necessarily true in acoustical holography. A technique which
images the source vector intensity as well as the sound pressure amplitude with a resolu-
tion independent of the wavelength is presented. Application to electromagnetic radiation
may be possible.

PAQS numbers: 42.40.Kw, 06.90.+v, 43.60.+d, 43.85.+f

It is usually assumed in holography that the spa-
tial resolution in a reconstructed image is limited
by the wavelength of the radiation. This is cer-
tainly true in optical holography and is usually as-
sumed in acoustical holography, with the result
that acoustical holography has not been used in
otherwise natural applications such as low-fre-
quency-noise abatement and musical-instrument
research. However, the wavelength resolution
limitation is not intrinsic to the fundamental theo-
ries of holography but rather is due to experimen-
tal limitations which are present in optical holo-
graphy but are not necessarily present in acousti-
cal holography. In this paper we demonstrate ex-
perimentally that it is possible to obtain high-res-
olution images of sound sources regardless of
the wavelength, and that a single measurement is
sufficient to reconstruct the source sound pres-
sure, the particle velocity, the far-field radia-
tion pattern, and most importantly the source vec-

tor intensity. Our results should form a basis
for the development of powerful new tools for re-
search in both acoustic and electromagnetic radi-
ation, although the latter would require more con-
sideration of the vector nature of the field.

The theory underlying non-wavelength-limited
acoustic imaging is as follows: One assumes a
monochromatic source region (radiating into a
linear and homogeneous medium with a wave-
length X) located to one side of an infinite plane I
defined by z =zI. From Green's theorem, the
sound pressure amplitude and phase in the plane
I [represented by the complex quantity PI(x', y')]
can be used to calculate' exactly the sound field
P at any field point (x,y, z) to the side of the
plane away from the sources (z &zI):

P(x,y, z)

=ffPg(x qg )G(x —x qy
—y ~z —zg)dx dp
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where
1 s exp[i(2m/X)(x'+y'+ a')'~']

( ty j 2p s/ (/2/ya+ ~2)1/2 (2)

! Thus, if Eq. (4) were used, the exponentially in-
creasing part of G„' would yield meaningless re-
sults. In order to use Eq. (4), the hologram
must be recorded sufficiently close to the sources
so that the evanescent-wave information falls
within the dynamic range of the detector. It can
be shown that the resolution R (distance between
two resolvable point sources) of the reconstruc-
tion is given by'P~(x,y) =E '(P„(k„,k„)[G~(k„,k„)]

Physically Eq. (1) represents forward propagation of sound away from the sources.
If one now restricts the field point to lie in a second plane II defined by z =z„=z,+d, then Eq. (1) be-

comes an explicit two-dimensional convolution integral which can be inverted with use of the convolu-
tion theorem. Defining P„(x,y) =P(x,y, z„) and G,(x,y) = G(x, y, d), and letting f(k„,k, ) denote the two-
dimensional Fourier transform of f(x,y), we have from Eq. (1) P„(k„,k,)=P,(k„,k„)G„(k„,k, ) T.he trans-
form G„ is found analytically

exp(v[{2~/~)'-k']'"), k -2~/X,
exp( —d [k' —(2n/X)']'"}, k & 2m/Z,

(3)

where A2 k 2+ky2 It should be noted that Gd for
k &2m/X represents the radiation of sound into the
far field, and G, for k & 2m/h. represents the rapid
exponential decay of the nonradiating near field
of the sources, composed of evanescent waves.

Dividing the expression for I'„by G„and taking
the inverse Fourier transform (indicated by F ')
we have

Thus knowledge of the sound pressure in the B
(hologram) plane can be used to deduce exactly
the pressure in the I (image) plane. If the sound
sources are reasonably coplanar, then the plane
I is made to coincide with the source plane for
the reconstruction. The technique may be ex-
tended for nonplanar and nonmonochromatic
sources.

Equation (4) differs from an expression repre-
senting optical holography in that G„' contains
an exponentially increasing part for k & 2m/X

which takes the strongly decayed (but nonzero)
evanescent-wave components and restores them
to their exact values in the image plane. Physi-
cal reconstruction methods (e.g. , those with co-
herent light) must use forward-propagating waves,
which would be represented by G„*, the complex
conjugate of G„. This "propagator" retains the
exponentially decaying part, and for d &~, the de-
cay is so rapid that essentially all of the informa-
tion for k &2m/X is lost, and without these high
spatial frequencies the image resolution is limit-
ed. In order to have no such resolution limit,
Eqs. (4) must be evaluated numerically. How-

ever, it is then necessary that P~ faithfully rep-
resent the evanescent-wave information. In opti-
cal holography the wavelengths are so short that
the hologram is necessarily recorded many wave-
lengths from the sources with the result that the
evanscent-wave amplitudes fall well below the
noise level of the holograms recording medium. '

R = (20m/Din10)d„ (5)

where D is the dynamic range of the recording
medium in decibels. Equation (5) does not con-
tain ~ and indicates that good resolution is ob-
tained when d is small, that is, when the holo-
gram is recorded as close as possible to the
sources. For low-frequency sound (or electro-
magnetic) radiation it is experimentally possible
to have d sufficiently small so that R «A. . It
should be noted that having a small d virtually
eliminates the effects of a finite hologram aper-
ture. ' Another important aspect is that the dyna-
mic range D, which must include all effects
which result in a loss of precision in the meas-
urement of P» also limits the resolution of the
reconstructions. Thus applications of this tech-
nique may require more precision in amplitude
measurement than in the case of conventional hol-
ography.

When d is small, both P H and I'I are in the
near field and it may seem that little would be
gained in the reconstruction. However, our ex-
perimental results show that a significant in-
crease in clarity can be obtained even when d
= 0.04 X. More importantly, much more informa-
tion (in fact everything) can be calculated from
the near-field measurement of PH. Replacing G„'
with G, . in Eq. (4) yields the sound pressure at a
distance d+d' away from the sources; large d'
yields the far-field pressure. The expression
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for the particle velocity u in both the near field
and far field can be obtained by taking the gradi-
ent of the right-hand side of Eq. (4) and noting
that &/&s = —&/&d for the near field, and s /&s
=+&/Bd' for the far field. The near field u can
be used to obtain the modal structure of a vibrat-
ing surface. The vector intensity S=-, Re(Pu*)
can also be calculated. The directivity pattern
of the sources is found from S in the far field.
Of primary importance is the determination of
5 in the near field, because this is what images
the true energy-producing sources; the near-
field sound pressure (or its square) does not
yield this information. Usually only radiation
perpendicular to the source plane is of interest
so that calculating 8, is sufficient. The total pow-
er radiated and the source-radiation resistance
and reactance can also be determined.

Because of the exponentially increasing part of
t"„and the numerical derivative required for u
(and 5), there are potential problems with noise,
finite-aperture effects, numerical roundoff, etc. ,
and it is important to verify the practicality of
Eq. (4) and related expressions. We have accom-
plished this with an acoustic holographic appara-
tus consisting of a planar microphone array of
256 elements (inexpensive moving-coil devices)
spaced 20.3 cm apart in a 16&16 grid, resulting
in a 325-cm square hologram aperture. The ar-
ray and the sound sources to be measured are
housed in a quasianechoic chamber made out of
5-cm-thick fiberglass tiles. The microphone
signals are routed through a 256:1 multiplexer to
a lock-in amplifier which detects the in-phase
and quadrature parts of the signal. The neces-
sary reference signal is taken from a separate
microphone near the sources. The microphone
array scans the sources with a 4&4 pattern of 5-
cm increments to produce a 64&64 data array
which represents P~ discretely sampled every 5

cm. The data are fed directly into an on-line
minicomputer which evaluates Eq. (4) and related
expressions with a fast-Fourier-transform al-
gorithm. The various reconstructed images
(pressure, intensity, etc. ) are displayed with
computer graphics on either a color TV monitor
or a four-color plotter-. Further details of the
apparatus will be published elsewhere. '

To test the technique we used as sources two
small unbaff led speakers (5 cm diameter) mounted
20 cm apart. The two speakers were driven in
phase at 220 Hz, corresponding to a 156 cm wave-
length in air; it was assumed that the speakers
would act as point sources. The speakers were

FIG. 1. Holographic data for two point sources.
(a) Sound-pressure amplitude in the hologram plane.
(b) Conventional holographic reconstruction of the
sources. The resolution-limiting wavelength ~ is in-
dicated (c) Re. construction of the source intensity
with use of our technique. The two point sources are
clearly resolved.

situated in a plane 10 cm away from the micro-
phone array. Figure l(a) shows the sound pres-
sure amplitude IP~l measured by the array. Even
with the array as close as 0.06k. the sound field
is significantly spread out. It should be noted
that most of the irregular structure in the data
is due to the lack of calibration of the inexpen-
sive microphones. This unfortunately gives our
recording system an effective dynamic range of
only 30 dB. Figure l(b) shows the result of try-
ing to image the sources with the customary hol-
ographic technique, e.g. , by assuming that no
evanescent-wave information is recorded. The
resolution is clearly limited by the sound wave-
length. Kith the customary technique, the recon-
structed velocity at the source plane is nearly
proportional to P and hence yields no significant
information about the sources. Figure 1(c) shows
the reconstruction of the intensity S, with use of
Eq. (4) and related expressions. The two point
sources are clearly resolved and could probably
be resolved even if only 10 cm apart, as predicted
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by Eq. (5). Reconstruction of the pressure and
velocity are similar to Fig. 1(c). The actual am-
plitude of the peaks depends on the details of the
data processing; this will be discussed in a fu-
ture paper. '

We also tested the technique with a noise source
consisting of a blower mounted onto the side of a
wooden box (31 cmx41 cm&&29 cm) which was
open on one side. A harmonic of the blower's ro-
tational frequency, 120 Hz, excited a resonance
in one side of the box. A spearate microphone
monitored this frequency with a 50 Hz bandwidth
and provided the reference for the hologram.
The open side of the box faced the microphone ar-
ray and was a distance of 10 cm from the plane
of the array. Figure 2(a) shows the reconstructed
sound pressure in the plane of the box; the inset,
representing a top view of the three-dimensional
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figure, shows an outline of the box and the rela-
tive amplitude and phase of the sound pressure.
A dipolar pressure field generated by the resonat-
ing side of the box is clearly apparent. The large
sound-pressure amplitude near this side is ob-
served by a near-field listener. However, we
emphasize that this does not represent the ener-
gy-producing sources. Figure 2(b) shows the re-
constructed intensity S, in the plane of the box.
Prom the inset it can be seen that the source in-
tensity pattern is quite different from that of the
pressure. Inside the box there is a source (S,
&0) and a sink (S,&0, corresponding to a region
where the sound pressure and particle velocity
have a phase difference greater than 90'). This
asymmetry inside the box is caused by the pres-
ence of a block of Styrofoam wedged across the
width of the box which was used to dampen the
resonance; the positive intensity peak is directly
over the Styrofoam block. There is no evidence
of the Styrofoam block in the pressure-amplitude
reconstruction. Apparently surfaces which con-
trol the relative phase of the sound pressure
and particle velocity determine the energy-pro-
ducing regions.

In addition to illustrating the significant infor-
mation content of the intensity reconstruction,
Fig. 2 demonstrates the increase in resolution
over conventional holography; the resolution of
this figure is -10 cm, while the wavelength at
120 Hz is 286 cm, nearly the size of the holo-
gram aperture.

We would like to thank F. P. Finlon for moti-
vating some developments of our holographic sys-
tem. J. D.Maynard gratefully acknowledges sup-
port of an Alfred P. Sloan Fellowship.

FIG. 2. Holographic reconstructions of a noise
source consisting of a wooden box excited by a blower.
Note that the three-dimensional figures represent an
area which exceeds the area of the box. The insets
show an outline of the box and some relative amplitudes
and phases. (a) Reconstructed source sound pressure,
showing dipole nature of the sound field. (b) Recon-
structed source intensity, showing evidence of a Styro-
foam block inside the box which is not apparent in the
pressure-amplitude reconstruction.

'For a general reference on the theory underlying
holography, see J. W. Goodman, Introduction to
Fouriex Optics (McGraw-Hill, New York, 1968). How-
ever, there appears to be no text which discusses suf-
ficiently the evanescent-wave component, which is
crucial to our work here. Most references in the lit-
erature are concerned with optical holography where
it has been noted that evanescent-wave information
cannot be recorded. See E. Lalor, J. Math. Phys.
(N. Y.) 9, 2001 (1968); J. R. Shewell and E. Wolf, J.
Opt. 5oc. Am. 58, 159$ (1968); G. C. Sherman, J. Opt.
Soc. Am. 57, 1160 (1967).
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